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Preface

Classical economic thought about value and distribution, growth and
technical change was revived after the Second World War in a period
of rapid accumulation. It gave rise to intense debates about the theory
of capital in the 1960s, about joint production in the 1970s, and sub-
sequently about the relation between the short and the long period, in
particular about the contrast between classical and Keynesian approaches
and, more specifically, about the gravitation of market prices to natu-
ral or normal prices. The relation between the classical conception of
equilibrium and intertemporal general equilibrium models has been
addressed more recently. This revival of classical economic thought
has not led to the establishment of a new economic paradigm but it is
being discussed in many universities all over the world. It is not only
influential in the interpretation of the history of economics but it has
had an impact on a number of economic disciplines like the theory of
economic growth, which has to face the problem of the aggregation of
capital.

The chapters in this volume are more concerned with the positive
than with the critical aspect of the revival of classical thought. They
were written during the last twenty years in an attempt to contribute
towards a solution of some key problems of theory, notably in the
domains of the influence of distribution on prices, joint production,
choice of techniques, the determination of distribution and of the com-
position of output. They therefore encompass a wider scope than my
Mr Sraffa on Joint Production and Other Essays, the first and third
parts of which may be used as an introduction to the present volume.
A more detailed analysis of fixed capital and technical progress is pro-
vided, also a more comprehensive analysis of rent, and pieces touch-
ing problems of applied economics are added in order to illustrate the
use of the classical approach for the understanding of joint production,
with particular application to environmental issues.

Chapter 18 presents the main new contribution. Its introductory sec-
tions deal with the different properties of neoclassical and classical
long-period equilibria, and of intertemporal equilibrium models which
approach such permanent states. The second part of Chapter 18 (Sec-
tion 18.2) is presented here for the first time. It proposes a new method
to construct intertemporal equilibria in which reswitching of techniques

XI
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xii Preface

and more general paradoxical effects known from the capital theory
debate are represented. It dispels a widespread notion according to
which general equilibrium is immune to the critique of capital theory.

Two applications of the classical approach to economics have been
particularly important to me during these last twenty years: the com-
parison of different scenarios for energy use with their implications
for economic, social and environmental conditions, and the re-inter-
pretation of the history of economic thought, not only in order to trace
the debate about capital to its origins but in order to understand the
evolution of the perception of economic phenomena which has ac-
companied transformations of economic systems and which is related
to the changing forms of production and distribution.

The former endeavour resulted in my Wie mochten wir in Zukunft
leben? and Die Grenzen der Atomwirtschaft (both written jointly with
Klaus Meyer-Abich) and in other publications. The second is reflected
in my introductions to the companion volumes of the series Klassiker
der Nationalokonomie, in my Wirtschaftsstile (two volumes), and in a
collection of essays on the history of economic systems (in preparation).
The present volume contains two earlier illustrations of this work (Chap-
ters 19 on Schumpeter and Keynes and 20 on problems of ecology).

The book opens with an essay on the modern relevance of Sraffa's
theory. It is also an introduction to the themes addressed subsequently,
and it is based on my Sraffa Memorial Lecture presented at Trinity
College, Cambridge, in 1992.

Chapter 2 points to some joint production systems with properties
which are similar to those of single product systems, and it is proved
that most joint production systems are increasingly like single product
systems as the rate of profit approaches its maximum (it may be use-
ful to study this theorem in relation with the results of Part II).

Chapter 3 analyses prices as a function of the rate of profit and uses
the results so obtained to prove that reswitching is not merely a fluke.
The question of the likelihood of reswitching and of other phenomena
of capital theory has been receiving more attention recently.

The importance of the standard commodity introduced by Sraffa has
been doubted by a number of authors. Whatever the justification for
their objections, the construction of the standard commodity is based
on a deeper analysis of capital than is commonly thought (Chapter 4).

Chapters 5-8 form a coherent group dedicated to the analysis of the
influence of changes in the rate of growth and of the rate of profit on
the choice of technique. Chapter 6 provides an interpretation of the
results of Chapter 5 which is mathematically more involved so that
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Preface xiii

many readers will prefer to read Chapter 6 first. The limitation of the
golden rule assumption i£ overcome in Chapter 7, which also contains
an analysis of the relation between different theories of demand and
distribution in the Appendix, and Chapter 8 proposes an assessment of
the results.

Fixed capital is easier to analyse than joint production. Readers not
familiar with the theories under consideration are therefore advised to
start there (Chapters 9 and 10). The analysis of the effect of different
forms of technical progress on accumulation was one of the crowning
achievements of classical theory; Chapter 11 attempts to reproduce the
main results in a modern formalisation. Chapter 12 shows that difficul-
ties with the concept of capital are also relevant to the classical ap-
proach. I still maintain the conclusions drawn in that article regarding
the importance of simple forms of technical progress, but not those
regarding the utility of the labour theory of value.

A commodity must be useful in order to have value, according to
Adam Smith; its cost of production (including normal profits) then
determines its natural or normal price. But costs may vary with the
scale of production, hence the importance of a theory of effective de-
mand which explains the level and composition of output. Part IV contains
a preliminary attempt to represent some aspects of the theory of effec-
tive demand and of its impact on normal prices, especially in the pres-
ence of joint production. These articles were first published in the Italian
journal Political Economy which had only a small circulation and which
has ceased to appear (a shorter version of Chapter 13 was published in
the Proceedings of the Sraffa Conference at Florence, 1985).

Chapter 15 extends these considerations by introducing land in a
model in which the representation of the demand deriving from workers,
capitalists and landlords is characteristically different: workers con-
sume a necessary wage, landlords spend what they get, while the de-
mand from capitalists is autonomous.

Chapters 16 and 17 relate the discussion of classical theory to mod-
ern theories of distribution and to modern Keynesian analyses of equi-
librium and disequilibrium. The special functions of the last three chapters
have already been mentioned.

The majority of the articles assembled in this volume were pub-
lished in journals or in Festschriften, but not all of them are easily
accessible. With the exception of Theorem 4.2 in Chapter 2, nothing
has been changed in the articles published previously, apart from the
correction of some misprints, adaptations of references and the elim-
ination or correction of few obsolete remarks relating to past debates.
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1 Introduction: Sraffa's Theory
Today*

1.1 THE TEACHER

'Piero Sraffa was one of the greatest economists of this century', wrote
P.A. Samuelson, one of Sraffa's greatest critics, in his obituary in the
Italian newspaper Corriere delta Sera. Anyone who is familiar with
the very large literature on capital theory, in which Sraffa's name is
most prominent, and has seen the possibly still larger literature on
Sraffa's own theory, with books, articles and comments written in many
languages, might be very surprised to hear, if he had not yet been
told, how modest and unpretentious Sraffa was. Friendly, with shining
eyes, he was always prepared to engage in a discussion when students
met him walking in the backs of Trinity College.

Nothing was more characteristic of him that the rigour of his theorising
which banished the invocation of authorities and personal sympathies
as well as empty formalism when a theoretical question was to be
cleared up. He liked to see others develop their ideas, and he helped
by asking questions rather than by answering them. Whatever the truth
about the importance of Sraffa's influence on Wittgenstein and the
conjectures about Sraffa's theory as an application of Wittgenstein's
message, there can be no doubt about a profound affinity in their way
of thinking. In consequence, Sraffa was most effective through his criti-
cism: of neoclassical theory, in a different way also of classical and
Marxian theory. The positive and constructive aspects of his work are
more difficult to identify and, in spite of decades of research, Sraffa's
impact on textbooks of modern economic theory has remained quite
limited. Yet, research on a reconstruction of classical theory on lines
indicated by Sraffa continues in many places. As evidence, I may mention
the proceedings of the Sraffa conference in Florence (Bharadwaj and
Schefold, 1990) and the influence of Sraffa's work manifested in The
New Palgrave: A Dictionary of Economics (Eatwell, Milgate and
Newman, 1987), probably the most authoritative compendium of the
modern state of economics.

'Based on my Sraffa Memorial Lecture, Trinity College (3 November 1992).
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2 Introduction: Sraffa's Theory Today

1.2 THE EARLY CRITIQUE

It may be best to follow Sraffa's lead by starting from a critique. Con-
sider his argument in his early article of 1925, entitled 'Sulle relazioni
fra costo e quantita prodotta - on the relations between cost and quan-
tity produced'. In Marshall's theory the supply of a commodity in a
particular market can be represented by a curve indicating the cost of
production which corresponds to the quantity produced when all firms
have adapted to that level of production, while the demand curve indi-
cates the price consumers are prepared to pay. At the equilibrium price,
demand and supply coincide: the price leads to a demand which can
just be satisfied by the producers who receive a price covering their
normal costs, that is including normal profits. Usually, the supply curve
is drawn as rising (to produce more requires a greater effort in some
sense), and the demand curve as falling (at a lower price one is more
inclined to buy more of a commodity by forgoing other consumption
opportunities) so that the equilibrium is found at the intersection of
two curves, one rising, one falling - a symmetry which never fails to
baffle beginners when they see the diagram for the first time.

In a letter, written in 1971, Sraffa objected

You say 'I don't see how demand can be said to have no influence
on . . . prices, unless constant returns' . . . I take it that the drama is
enacted on Marshall's stage where the claimants for influence are
utility and cost of production. Now utility has made little progress
(since the 1870s) towards acquiring a tangible existence and sur-
vives in textbooks at the purely subjective level. On the other hand,
cost of production has successfully survived Marshall's attempt to
reduce it to an equally evanescent nature under the name of 'disutility',
and is still kicking in the form of hours of labour, tons of raw ma-
terials, etc. This, rather than the relative slope of the two curves, is
why it seems to me that the 'influence' of the two things on price is
not comparable. (Sraffa, quoted in Bharadwaj and Schefold, 1990,
p. 342)

Sraffa probably felt already some fifty years earlier that the formal
symmetry of demand and supply concealed a substantial heterogeneity
in the conceptual foundation of the two curves, but it was character-
istic of his argumentative style to avoid the frequent verbose exchanges
on the somewhat tautological explanation of demand through prefer-
ences. Nor did he dwell on the difference of rationality between the
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Introduction: Sraffa's Theory Today 3

economic subsystem of society and what has been called the life-sphere,
although this subject was much discussed with the emergence of socio-
logy. Instead, he argued that the Marsh alii an theory of perfect com-
petition worked only under specific circumstances regarding the more
tangible conditions of technique. The supply curve will be falling if
there are advantages to mass production in a given market, and if these
advantages are internal to the firm, perfect competition is impossible.
The supply curves are rising only if some factor of production is scarce
so that firms and industries have to compete for its use. But if the
industry under consideration is small in relation to other industries, an
expansion of its production will have no appreciable effect on the quantity
of the factor demanded so that costs per unit of output will not in-
crease in that industry, for that reason. By a further differentiation of
the possible cases, Sraffa was able to show that there are not many
plausible constellations in which a rising supply curve is matched by a
falling demand curve, as shown in the introductory textbooks. There is
a rather curious case where a falling supply curve is cut from above
by a falling demand curve. This is possible with perfect competition,
if the economies of scale are external to the firm but internal to the
industry. The external effects, which have recently come back into fashion,
are characteristically not confined to any one industry. However, the
most plausible case of all those at all compatible with Marshall's as-
sumptions, Sraffa argued, was that of constant returns. With cost per
unit of output independent of the level of production, a horizontal supply
curve is cut from above by the demand curve which thus determines
only the amount produced, not the price of the commodity.

In the following year, in an article published in the Economic Jour-
nal which rendered him famous, Sraffa turned to the theory of imper-
fect competition which yielded in particular a solution to the problem
of increasing returns in the presence of falling costs. The idea was
taken up by numerous writers, in particular by J. Robinson in England
and by E.H. Chamberlin in the United States. This story is very well
known to economists (Sylos Labini, 1990).

It is also known that Sraffa remained dissatisfied with the theory of
imperfect competition which provided explicit solutions only for par-
tial equilibria. He explained to Keynes that he had focused on the
horizontal supply curve, not because he held that case to be most re-
alistic but because it was almost the only case of importance which
could be analysed rigorously within Marshall's framework. It is also
clear that Sraffa knew the Walrasian theory - he had studied the
Italian followers of the Lausanne school - but he was not satisfied
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4 Introduction: Sraffa's Theory Today

with general equilibrium analysis in which the notion of cost is even
more difficult to grasp than in Marshall (Roncaglia, 1978).

1.3 PRODUCTION OF COMMODITIES

Sraffa had the courage to start afresh, and in the late 1920s he had
worked out a scheme which allowed him to determine prices in an
interdependent system of competitive industries without explicit re-
course to demand functions and utility. It is not entirely clear why
Sraffa withheld his discovery till 1960 when he published his celebrated
Production of Commodities by Means of Commodities, after having
completed in the meantime his monumental edition of Ricardo. It is
usually, and correctly, stated that this book represents a return to the
classical principles of the determination of prices used by the classical
authors from Petty to Ricardo, and later by Mill and Marx. It is not
often observed that a certain continuity of liberal classical thought
also existed afterwards, in spite of the marginalist revolution, with such
authors as Wagner and Oppenheimer (Wagner was the colleague and
rival of Schmoller in Berlin). While their work was more important
because of their discussions of institutional developments, they con-
tinued to have an interest in Ricardian economics. In the 1920s, analy-
ses in mathematical economics appeared which show some similarity
with Sraffa's ideas, notably by the mathematicians Remak and the young
von Neumann.

Sraffa's idea was to focus on the industrial production of commodi-
ties, supposed to be technically homogeneous, like wheat or iron. The
production of services is not considered. Or, perhaps, it would be bet-
ter to say that only processes of production are being considered whose
productivity can be measured in physical terms. We might have fewer
environmental problems if more of our effort was directed towards the
creation of intangibles like knowledge and music, but Sraffa is con-
cerned with industry (see also Chapter 20 in this volume). Commodi-
ties are produced by means of commodities and labour. Different kinds
of labour are aggregated by assuming that relative money wages are
given and constant. Assuming first that each industry produces only
one commodity, its price can be said to be equal to the cost of produc-
tion, composed of the prices of the commodities used as inputs, to
which the wage cost must be added, and a profit, in proportion to the
capital advanced. The rate of profit is assumed to be uniform as a
result of competition. The surplus product of the economy, the excess
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Introduction: Sraffa's Theory' Today 5

of the commodities produced over the commodities used for produc-
tion, will have a total price equal to the wages and profits paid. The
first question then is: how are prices determined, in different states of
distribution?

If prices are expressed in one of those commodities, e.g. if one of
the industries produces gold so that we can reckon in terms of gold
prices, we find that we have as many industries as there are prices to
be determined, including the wage rate. Sraffa allowed the rate of profit
to be varied in a thought experiment. He showed that, given the tech-
nical methods of production, the wage rate fell and that prices changed
with a rise in the rate of profit. One expects the price of the product of
one industry to rise relative to the price of another if its means of
production are more expensive relative to labour than in the other in-
dustry, or, one may also say, if it is more capital-intensive. But
contrary and counterintuitive movements may also happen, in an inter-
dependent system, since the prices of the means of production, loo.
are variable with distribution.

The quantities used and produced have simply been kept constant in
the thought experiment. This is adequate for Sraffa's critical purpose.
Although linear models of the type he discusses in the first part of his
book had been used by some very eminent mathematical economists
for more than ten years prior to the publication of Production of Com-
modities by Means of Commodities, Sraffa's exposition was by far the
best in showing how the value of capital depends on the rate of profit.
Hence all those theories move in a circle which take the value of capi-
tal as given in order to determine its price in terms of demand and
supply (Garegnani, 1990b). For the same reason, it is not possible to
measure the stock of capital in terms of labour values in order to ar-
rive at prices including normal profits, as Marx had attempted to do in
his so-called transformation of values into prices.

One practical implication is this: if there is unemployment, e.g. be-
cause of a large immigration, it is usually argued that wages should be
lower so as to make the use of more labour-intensive techniques more
profitable. A substitution of labour for capital takes place and the un-
employed are absorbed. Sraffa has shown, however, that the depen-
dence of the value of capital on prices may be such that the lowering
of the wage rate leads to the adoption of methods of production with
a higher value of capital per man. While neoclassical economists may
find some comfort in the fact that there are mathematical reasons as
well as empirical indications that this effect is not very likely to be
encountered in reality, Sraffa's attack on the claims of the neoclassical

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



6 Introduction: Sraffa's Theory Today

theory to generality were perfectly effective, and I believe that his ob-
jection applies not only to those versions employing the aggregate pro-
duction function but also to general equilibrium, although in a different
way.

1.4 INTERTEMPORAL EQUILIBRIUM

I can touch on this point only briefly since my main concern is with
the positive, not with the critical development of Sraffa's theory.
Intertemporal general equilibrium models of the Arrow-Debreu type
assume given endowments of capital goods and of non-produced means
of production. Let us start by assuming that the time horizon is 'far
away', that population is constant, that preferences do not change over
time and that natural endowments are also immutable. The amounts
and the distribution of initial capital goods are, by contrast, arbitrary
at the beginning. If, for example, the economy has inherited a large
stock of grain from the past, grain prices first will be low, which in-
duces consumers to demand more grain, and similarly, more of it may
be used in production so that the initial disparity gets corrected. The
holding of speculative stocks, by contrast, is not part of the neoclassi-
cal story.

It is clear that, as time proceeds, in the absence of disturbing events,
like changes of factor supplies or of the available technology, supply
will adapt to the permanent needs. Elaborating on the work started by
Bewley (1982), Epstein showed in 1987 that the 'terminal' stationary
state is, in his model with recursive preferences, independent of initial
endowments of capital goods. The transition may be described in terms
of a convergence of the own rates of interest to 'the' rate of interest.
In this regard, the terminal state is similar to a long-period position as
described by Sraffa in the classical tradition. But there are also sub-
stantial differences in that the classical long-period position may be
based on non-neoclassical theories of distribution and employment. Now
it is clear that the process of convergence requires conditions related
to the assumption that the 'perverse' effects of the capital theory de-
bate are excluded. Burmeister (1980) and Epstein (1987) defined their
regularity conditions explicitly in those terms. For assuming that stocks
and preferences of the population are such that people wish to in-
crease capital, so that the rate of interest initially is high and ought to
fall, the path of convergence could be deflected if a perverse effect
induced a choice of technique which caused capital per head and con-
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Introduction: Sraffa's Theory Today 7

sumption per head to fall, and thus the rate of interest to rise even
further. Reswitching is interpreted as a discontinuity by Rosser (1991).
In my own research (Chapter 18 in this volume), I found that inter-
temporal equilibria can be constructed in which reswitching takes place.
They involve, for instance, the possibility of simultaneous rise of the
real wage and of employment. They thus involve paradoxical behaviour
and they are not true equilibria in that they are clearly unstable.

The paradoxes revealed in the debate on capital theory therefore
surface here in so far as they affect the essential stability conditions.
And it turns out that, in a classical perspective, intertemporal equilib-
rium is a special form of 'adaptation' or 'gravitation' of an economy
which is only in a temporary equilibrium initially, because of the arbi-
trary proportions in which the endowments are given, but which tends
to a long-period equilibrium. A long-period equilibrium reached in the
process of convergence is special, in this perspective, in so far as it is
based on the neoclassical theory of distribution and employment. The
corresponding process of gravitation is special, among other things,
because speculative behaviour is ruled out.

1.5 THE CLASSICAL METHOD

After this digression on implications of Sraffa's critique for neoclassi-
cal analysis, we turn to the proposals for the reconstruction of classi-
cal theory, based on Sraffa's approach. The idea, shared also with the
early neoclassical writers, is to analyse the economy in a position of
long-period equilibrium where cost-minimising techniques are employed
in each industry and where the proportions, in which means of pro-
duction - in particular machines - are used, are adapted. The same
holds true for the different kinds of labour. The total labour supply
adapts at given wage rates which compensate for differences in the
costs of skills and the disagreeableness of different occupations. The
demand for each kind of labour equals the supply because the long
period allows for training and retraining. The overall level of wages is
regulated by the rate of profits since we have seen that, for any technique,
there is an inverse relationship between the rates of wages and of profits,
and the rate of profits is given according to a theory of distribution to
which we shall turn later. The overall supply of labour adapts to de-
mand through changes in the rate of participation, migrations, and,
ultimately and most traditionally, through changes of population.

This image of a perfect long-run equilibrium would be useless in a
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8 Introduction: Sraffa's Theory Today

world characterised by inventions and changes of technology, by changes
in the composition of output due to social and cultural factors affect-
ing the demand for existing commodities and to the introduction of
new commodities, and by other uncertainties, if it could not be argued
that the prices which one derives from long-period equilibrium act as
centres of gravitation in a permanent process of adaptation of which
we shall discuss some aspects.

New methods coexist with old ones so that losses are made in the
use of old methods relative to the profits made in the use of the pro-
cesses corresponding to the cost-minimising technique (Salvadori, 1982).
The ongoing changes in the composition of output require an ongoing
adaptation of the structure of the economy as a whole so that we can-
not expect a stationary state or, with population growing and with
progress, balanced growth (Pasinetti, 1981). But I regard it as a funda-
mental assumption of this approach, to be justified in the analysis of
models showing the process of gravitation, that the adaptation of prices
is faster than the penetration of the new commodities and the disap-
pearance of the old ones, with their associated industries, so that it
makes sense to base the analysis on normal prices even in the pres-
ence of unbalanced growth. For part of the profits which are still made
in the industries which are growing more slowly are channelled as
savings to the industries which invest and enjoy faster growth.

As we can see all over the globe, the processes leading to the adap-
tation of the size and the composition of the labour force work only
slowly so that the existence of reserves of unemployed are an almost
permanent feature of most national economies. Others - or the same
people at other times - suffer from the lesser difficulty of a labour
shortage so that immigration becomes desirable, from an economic point
of view. It creates new opportunities for investment to accommodate a
fast growing population with a rising standard of living. The difficult
point to be analysed in this context is in either case the real wage.
Why does it not shift towards zero in the presence of unemployment,
why does it not explode in the case of the shortage? The wage con-
tract is, of course, expressed in terms of money wages so that one has
to explain why money wages are relatively sticky and why the move-
ment of the price level is not dominated by conditions on the labour
market.

Finally, in comparing the ideal notion of a long-period position with
the actual turbulence observed in any economy, one should observe
that unforeseen and even cyclical behaviour will inevitably affect the
trend to some extent so that the process of growth is path-dependent
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Introduction: Sraffa's Theory Today 9

for several reasons. In particular, technical progress is a process with
cumulative causation, as has been emphasised in the recent literature.
Path-dependence severely restricts the possibilities of predicting - let
alone of planning - a trend. But even if historical evolution cannot be
predicted ex ante, it can nevertheless be understood ex post. It may
not have been possible to predict the computer revolution but we can
now see how it came about and, predictable or not, the analysis of the
computer industry exhibits the usual pattern of large profits accruing
to pioneers in the beginning and a subsequent erosion of those super-
normal profits through competition.

We may conveniently subdivide the field of classical theorising into
the model of the structure of the system of normal prices in the long
period and the successive consideration of the direct determinants of
this structure. The latter comprise the theory of distribution and of
employment (Chapters 16 and 17 in this volume), technical progress
(Chapters 11 and 12), the consideration of changes in the composition
of output (Chapters 13-15), and, finally, the representation of processes
of gravitation (Caminati and Petri, 1990). In the last analysis, all econ-
omic phenomena are interdependent, but a truly general model does
not exist. It is characteristic for the classical approach to proceed ac-
cording to these successive steps. Research within the paradigm has
roughly followed the same order; I shall consider some aspects of each.
But I shall start with structural complications due to joint production
and demand.

1.6 JOINT PRODUCTION

When Sraffa's book appeared, it contained a host of new concepts for
the description of his system of prices but only a few hints and al-
lusions as to how it was to be used so that research first focused on the
formal properties of the model. These have now been clarified. Among
Sraffa's major innovations, we may count his distinction of basics and
non-basics as well as the treatment of fixed capital as a joint product
which allows to provide a deeper foundation for amortisation formulas
than had been available before. The price of a machine, produced and
used in the cost minimising technique, must be equal to its normal
cost of production but also to the value of its discounted future re-
turns. This fundamental equilibrium condition can be shown to be a
result rather than a postulate in Sraffa's approach. It was demonstrated
that the existence of a surplus is essentially sufficient to guarantee positive
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10 Introduction: Sraffa's Theory Today

prices, given the rate of profit, with the economic lifetime of the ma-
chines being determined endogenously. The cost-minimising system is
also that where prices of new machines and finished goods are lowest
in terms of the wage rate, and it is such that the prices of old ma-
chines are positive, irrespective of whether their efficiency is rising,
falling, or constant. This theory of fixed capital, therefore, is rather
elegant but its formulation was largely completed by the mid-1970s
(Chapters 9 and 10 in this volume). A theory of exhaustible resources,
developed much later, used, in some sense, a similar structure, for the
production of oil from a well leads to the production of a quantity of
011 above ground jointly with a partly depleted well. The use of a
classical framework here provides an interesting addition to the litera-
ture on exhaustible resources because the interdependence of indus-
tries in a closed economy is taken into account whereas the textbooks
models of the theory of exhaustible resources are always framed in
terms of a partial analysis (Schefold, 1989, pp. 218-31).

It was one of Sraffa's most important discoveries to have provided a
solution to the determination of prices of production in a classical frame-
work where the technical structure of the conditions of production and
consumption are regarded as given and determine relative prices. In
the classical approach, when the mathematical methods for solving the
equations for an interdependent system of production were unknown,
the attempt had been made to reduce the cost of production to the
expenditure of labour time, by adding the labour contained in the other
means of production to the labour actually used in a process. I have
referred to Sraffa's critique of this approach, regarding single product
systems. The classical authors were at a loss to explain prices of joint
products of any one process, even under their own assumption of a
measurement in terms of labour time. The sum of the prices of wool
and mutton will be equal to the cost of sheep production but what
explains the relative price of wool and mutton?

Sraffa now argued that as many processes would have to be used as
there were commodities with positive prices to be produced, for if we
had more processes, there would be an overdetermination and the rate
of profit could not be uniform, while if there were fewer processes,
production could not match exactly the proportions in which quanti-
ties were required in the composition of output.

This unusual argument took a long time to be understood and analysed.
First of all, it had to be made clear that situations of overdetermination
and underdetermination were characteristic of phases of transition in
that, for example, the competition of two methods, one old, one new,
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Introduction: Sraffa 's Theory Today 11

in the course of technical progress, may be viewed as a case of
overdetermination while underdetermination is typical when a com-
mercial use for a previously unused by-product of some process is
found. The possibilities then are two: either the by-product is avail-
able in excess like many chemical by-products which are nevertheless
useful. Then this by-product will be sold at a price reflecting the cost
of bringing the part which can be used to the users and the cost of
disposal of the remaining quantity (if that part cannot be disposed of
freely). Or, if the quantity is not sufficient to satisfy the demand, the
high market price for the commodity which will arise in such a situa-
tion will make the introduction of new processes producing it profit-
able. The increased production of night-time electricity, a by-product
of nuclear electricity generation which cannot be adapted to fluctua-
tions of demand during day and night, led to the introduction of stor-
age heating. Many empirical examples were discussed which showed
how new applications for the use of new commodities and new pro-
cesses have been introduced both in industrial and, importantly, in
domestic production. But it was also shown that, independently of these
dynamic effects, square Sraffa systems with an equal number of pro-
cesses used and commodities with positive prices emerge generically
if the methods of production, distribution and the composition of out-
put are given. In this regard, I maintain my position against Samuelson's
objections (cf. Samuelson, 1990a, with 'Comment' and 'Reply'; Chap-
ter 7 in this volume).

A similar argument holds for the theory of differential rent for, with
the extension of cultivation of an agricultural product, new lands are
successively used so that the price rises whenever the marginal land
used changes, causing the price of the product - and usually also most
rents - to rise. The point is only to show that this simple Ricardian
argument can be extended to the case of many commodities being
cultivated on many lands, possibly combined with joint production.
Apart from extensive and intensive rent - the latter showing up in the
form of coexistence of two methods for the production of the same
commodity on the same land - other, curiously mixed forms have been
found.

Allow me a simplified formulation for the purpose of exposition:
the normal price of any commodity can now be drawn as a function of
the amount to be produced, by keeping the methods of production and
the net amount of all other commodities constant. Such a curve will
normally rise in steps - exceptions are possible if the rate of profit is
positive - and it will look similar to a supply curve of the neoclassical
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12 Introduction: Sraffa's Theory Today

theory. But the construction is more general than what SraflFa found in
Marshall, and it should better be called a normal cost curve because it
takes the interdependence on all markets into account. By contrast, it
is not possible to draw a supply curve for an individual commodity in
general equilibrium, keeping the equilibrium on all markets except on
the market under consideration, because of Walras' law. My simplifi-
cation then is this: in 1925, Sraffa had tried to show that prices were
essentially determined by a falling demand curve, cutting a horizontal
supply curve, if the Marshallian framework for competitive equilib-
rium was to be used. Now, in his own framework, prices seem to be
determined on normal cost curves which are rising in the presence of
land but which may also be conceived of as falling in the case of
effects of mass production, with the rate of profit remaining close to
uniformity in contestable markets, and with the amount to be produced
being indicated by a point on the normal cost curve. (To indicate it by
a vertical demand curve may be misleading.)

1.7 THE COMPOSITION OF OUTPUT

The mathematical formulation of the models of rent formation can be
quite complicated but this simplification allows us to bring a crucial
assumption into focus: the composition of output is regarded as given
independently of prices although it is surely one of the oldest com-
mon-sense observations of economics that the quantity sold in turn
depends on costs: every seller knows that he is likely to sell more if
he is able to lower his price. The higgling of the market is of no
concern to us here; it pertains to the gravitation of market prices to
normal prices. But the level of the components of output matters in
the absence of constant returns and, as a reflection of consumer de-
mand, it is likely to depend on prices.

But this is not the only interdependence which is neglected by re-
garding the composition of output as given, as Sraffa does. Apart from
the feedback which exists between the price of the seller and the quantity
demanded by the consumer or by the investing entrepreneur there is
also the feedback that exists between the income received and the
expenditure on consumption. Neoclassical general equilibrium takes both
these interdependencies into account together with a third: the supply
of factors, particularly of labour, is regarded as price-elastic. Nobody
can deny the existence of these feedbacks, but this does not imply that
the neoclassical way of formalising them, with the focus on given pre-
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Introduction: Sraffa's Theory Today 13

ferences, is necessarily the best. Nor is it clear a priori that, in the
presence of other feedbacks such as that between distribution, employ-
ment and the monetary sphere, it would be most urgent to, so to speak
'close' Sraffa's system by introducing the budget constraint which leads
to the simultaneous determination of prices and distribution at full
employment. Keynes chose to allow for a disequilibrium on the labour
market and a dependence of investment on monetary influences, but
his analysis was confined to the short period.

Sraffa chooses to leave his model open, thereby also leaving it to
others to close it. He was surprisingly firm and consistent in not going
beyond the allusions given in the text as to how his theory might be
used. He seems to have disliked engaging in public debates in journals
although he showed on several occasions that he had a brilliant argu-
mentative style. He even once recommended that I should not criticise
living authors since only the dead could not answer! I now feel en-
couraged to present a few remarks on how people - and I myself -
have attempted to use and develop Sraffa's theory outside the narrow
context of the determination of normal prices.

I have often wondered whether Sraffa's own parsimonious concen-
tration on normal prices was to be interpreted in the light of the dis-
cussion, already mentioned, on economic rationality, when Weber
distinguished goal-oriented action from other forms of rationality and
Pareto established the distinction between logical and non-logical ac-
tions. Modern theorising has attempted to extend the domain of ac-
tions explained as optimisation of given functions, e.g. of utility, but it
is certainly quite far from having - so to speak - conquered the entire
domain of Pareto's non-logical actions. In at least one case — princi-
pal-agent theory - modern analysis has captured socioeconomic ideas
expressed by several writers of the classical period, like Babbage and
Marx. Sraffa - though not an advocate of methodological individual-
ism - seems to have restricted his explicit formalisations on what can
be said about a capitalist system if one concentrates on the results of
what follows from its most distinctive and characteristic form of ratio-
nality: the drive for profits. This leads to theory in its purest form.
Problems such as how the behaviour of consumers is affected by pres-
tige-seeking and other sociological factors, how saving is to be ex-
plained in an uncertain world, how conflict affects distribution, are all
left aside. Sraffa's position would then methodologically not be all that
distant from that of the historical school which I confess to find still
interesting. For the exogenous data with respect to which Sraffa's model
is open would then possibly be explained in terms of a variety of
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14 Introduction: Srqffa's Theory Today

models, but essentially by historical considerations (Bharadwaj, 1990;
Schefold, 1990a).

Accordingly, some authors have made use of, or at least made refer-
ence to, the vast literature in sociology and marketing which explains
the behaviour of consumers in terms of psychological and social fac-
tors. The market analysts of firms do not make use of demand curves,
let alone of utility functions, when they prepare a marketing effort,
although price and income elasticities may be observed ex post.

It should be recalled that Keynes similarly refused to reduce uncer-
tainty to risk aversion and preferred a phenomenological description
of the state of mind of entrepreneurs when he spoke of their 'animal
spirits'. He thus refused to express in mathematical terms what cannot
be measured. Objective measurement was a concern of classical econo-
mists from Petty onwards. Frank Hahn has recently interpreted the new
growth theory as a 'project of providing a theory of economic his-
tory', and he has criticised the ambition to enshrine the determinants
of history in simple equations (Hahn, 1992, p. 12). But Lucas argues
the other way round. He agrees that human capital, crucial for the new
growth theory, is hard to measure. So, he says, is physical capital:

We can, after all, no more directly measure a society's holdings of
physical capital than we can its human capital . . . If this was the
issue in the famous 'two Cambridges' controversy, then it has long
since been resolved in favour of this side of the Atlantic. (Lucas,
1987, p. 36)

Lucas' acceptance of the victory of Cambridge (England) in his
Marshall Lectures is gratifying, but he turns the conclusion upside down.
If capital is found not to be meaningfully measurable in neoclassical
theory, the conclusion is not that formal theories of the unmeasurable
should be attempted: the production function should be discarded, not
resurrected with the pretence of measuring even the stock of knowledge!

With distribution determined exogenously, the problem of the mea-
surement of physical capital is solved in classical theory. What must
remain outside the core of formal analysis may nevertheless be de-
scribed. This is true also of the theory of consumption, which was by
no means absent in classical theorising. The point, however, is to pro-
vide the conceptual tools which would allow the best transition from
the sociological considerations to the formal models. Although I have
made some proposals, I remain unsatisfied; only to assume a given
composition of output on the one hand and to refer to sociological,
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Introduction: Sraffa's Theory Today 15

historical and institutional forces on the other, with possible permuta-
tions of these concepts, without further specification, does not amount
to much.

There is even an unsolved problem of consistency (Bidard, 1991). If
the demand arising out of wages and out of profits is different in its
composition, the composition of output as a whole varies with distri-
bution and, depending on the kind of variation envisaged, it may then
not be true any more that the cost-minimising system is square at each
level of the rate of profit, in the presence of joint production or of
land. I have partially solved this problem for a case which could be
said to be interesting because it is arch-classical (Chapter 15 in this
volume). The real wage rate of workers is given. There are different
kinds of land and landlords; they consume in proportion to the income
they receive from rents. Capitalists demand a fixed bundle of com-
modities which may mainly be thought to represent demand for gross
investment. This model is closed as far as distribution and employ-
ment is concerned, for the level of the demand of capitalists deter-
mines the overall level of activity, hence of employment, and which
lands are used in the cost-minimising system. The rate of profit de-
pends on the magnitude of the surplus which can be obtained at that
level of demand, given the level of the real wage and the productivity
of agriculture. It can then be shown that the solution is square. The
model is in the spirit of Kalecki in that the workers spend what they
get and the capitalists get what they spend: the sum of profits is equal
to the cost of output demanded by capitalists. The budget constraints
for each class of income receivers are observed. But the dilemma re-
mains: if one wishes to make use of the relatively simple determina-
tion of prices in square joint production models, one has to simplify
the treatment of demand drastically, at least from a formal point of
view.

1.8 DISTRIBUTION

We are on more familiar ground when we briefly turn to the theory of
distribution. Here, discussions about a monetary theory of distribution
have been prominent. In its simplest form, this asserts that the primary
influence of the movement of money wages is on money prices. The
banking system is thought to control interest rates and competition
reduces prices to the cost of production, including interest on the cost
of capital. Hence the rate of profit is essentially equal to the real rate
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16 Introduction: Sraffa's Theory Today

of interest. Apart from the correction which has generally to be made
for price changes, there is also a correction to take account of the
profits of entrepreneurship; these are then identified with a compensa-
tion for the 'risk and trouble' which is characteristic for each industry,
and are regarded as given (cf. Pivetti's contribution and the Round
Table discussion in Bharadwaj and Schefold, 1990).

While I do not deny that there may be an important influence acting
from real interest rates on profits, I also think that the quasi-rents,
which result from the dynamic of growth, ought to be taken into account.
These quasi-rents consist in the surplus profits due on the one hand to
technical progress, on the other to a possible tendency of demand to
outrun the growth of capacity. According to the old vision of the long
period, competition, in the form of investment of existing firms and
the creation of new firms, ought to wipe out the surplus profits as time
goes on. But, if conditions are favourable, the same competitive pro-
cess involves investment and represents an additional source of de-
mand. It may therefore as much contribute to the emergence of new
quasi-rents as it helps to eliminate old ones. This, of course, was the
vision of the so-called Anglo-Italian theory of distribution. If it holds,
real wages will grow faster in economies where the rise of money
wages is modest, for inflationary pressures would force authorities to
raise interest rates which erode the quasi-rents and discourage invest-
ment. The average real wage remains in any case out of the direct
reach of the participants in the wage bargain. It depends on the rate of
profits, and I still regard the monetary and the Anglo-Italian theories
of distribution as complementary, not as contradictory, in its explanation.

Accumulation and technical change are interdependent not only through
the rate of investment, but also through distribution and the form of
technical change. I have maintained that the macro effects of different
forms of technical progress such as the saving of labour, of materials,
of mechanisation (which saves labour at the expense of using more
materials) can only be traced back to the corresponding changes in the
structure of production, if the classical theory of prices is used to pro-
vide the link. It could thus be shown that if progress only consisted in
mechanisation, it would reduce the maximum rate of profit and put
pressure on profits in the presence of a constant share of wages. It
could also be shown that, if the patterns of change are not sufficiently
simple, the techniques that are most profitable do not necessarily im-
ply a rise of consumption per head - if consumption per head falls,
technical change can hardly be called progress (Chapters 11 and 12 in
this volume).
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Introduction: Sraffa's Theory Today 17

It has been hotly debated whether a combination of Sraffa's and of
Keynes' ideas could be fruitful. I believe that there are several areas
in which they may be regarded as complementary, as our remarks on
distribution have illustrated. Further, the post-Keynesian idea of the
existence of two price levels can be expressed very well, using the
Sraffian framework. For the value of old machines which are still used
but not produced any more may be determined like the value of land
by discounting the quasi-rent which is obtained in the use of the old
machine, after its cost of production has been written off; the quasi-
rent is equal to the proceeds minus the direct costs. If the rate of interest
is used for discounting and if it falls because the authorities are ready
to increase the amount of money in circulation, the values of old ma-
chines will rise, and it is then the question whether investment will be
used to acquire old machines (which will give little stimulus to the
economy) or whether entrepreneurs will invest in new activities.

1.9 THE 'PRELUDE' AND ITS IMPLICATIONS

I have tried to indicate by means of examples how Sraffa's theory is
still alive because it is used in the context of microeconomic and
macroeconomic debates. Theories change somewhat when they get into
contact with others. This is especially true of the last of the three
fields I have mentioned, gravitation. That the rate of profit is taken to
be uniform in the theory of normal prices may be regarded as an axiom
of classical theory, rather than as one of its results. Axioms are funda-
mental assumptions of a theory which can be rendered plausible when
we speak about the theory in a broader context, but they cannot be
deduced. Plausible stories can be told to illustrate the convergence of
market prices to prices of production and of market profit rates to a
general rate of profits. In order to give a theoretical foundation to such
stories, the theory must be extended in order to explain what we mean
by market prices and convergence.

We now have an abundance of such models of gravitation (Caminati
and Petri, 1990), and new ones are still being developed. Market prices
can simply be regarded as given in order to verify whether the market
profit rates, used to evaluate production at market prices, will lead to
quantity changes which cause an equalisation of market profit rates.
But models may also be much more complicated, with dated prices,
speculative stocks, etc. There is then no clear borderline anymore that
would separate classical and neoclassical approaches because the
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18 Introduction: Sraffa's Theory Today

neoclassical apparatus of supply and demand is sometimes used to model
market prices. Indeed, I have pointed out above that the intertemporal
general equilibrium model, if it exhibits convergence towards a steady
state, may be interpreted as a special form of a gravitation process,
leading to a special kind of long-period position.

The somewhat provocative nature of this interpretation should make
clear that we have nevertheless not entered a phase of the discussion
where the distinguishing features of classical and neoclassical theories
disappear. Theories develop along broad ideas which change in some
of their aspects, but more slowly than the models which we formulate
in our research. I found the differences between the theories far less
important when I was doing empirical research than when I was work-
ing theoretically. For it is often possible to express an argument pro-
posed in the language of one theory in that of another. To the neoclassical,
the saving of energy induced by higher fuel costs is a substitution,
given preferences; to the classical economist, it may be a substitution
of energy-saving domestic methods of production in order to fulfil
the same need, like having warm rooms or hot meals - in this context,
the concept of substitution is well-defined and belongs as much to the
classical as to the neoclassical approach.

And in the same way as certain advantages of one theory may be
characteristic for it - although the result can also be expressed in terms
of another theory - so there are typical mistakes. While some neoclassical
are inclined to regard money as neutral - a mistake in Keynesian eyes
- the apparent simplicity of Sraffa's equations have led some of his
readers to the mistaken belief that distribution could be changed at
will in the real world, only because the distributive parameter is given
exogenously in the exposition of the theory of prices. Linear models
were also apt to induce illusions about the feasibility of economic planning.

Sraffa himself, with his legendary cautiousness, indicated his reser-
vations when he added the subtitle to his book: 'Prelude to a critique
of economic theory'. We are, or ought to be, long past the period of a
prelude but the work on the implications of the 'prelude' is still going on.
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Parti

General Properties of Single
and Joint Production
Systems
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2 Multiple Product Techniques
with Properties of Single
Product Systems*

In the context of Sraffa systems most economists tend to avoid joint
production and prefer to discuss single product systems because of
their simple and elegant properties which have often been represented
under the familiar headings of activity analysis or linear economic systems
outside the circle of the Sraffa school. It is true that joint production
raises a number of intricate problems; no straightforward economic
assumptions are known which could be made to ensure that prices in
joint production systems are positive at a given rate of profit prior to
truncation, the distinction between basics and non-basics is not easily
maintained in the presence of joint production, etc. Sraffa (1960) has
hinted at many of the problems involved. I believe, however, that it is
possible to characterise those instances of joint production systems which
retain some of the simple properties of single product systems, to dis-
tinguish them analytically from those with more paradoxical proper-
ties and to relate the paradoxes appearing in the theoretical model to
obstacles to the competitive formation of prices in the real world.

The present chapter, which is meant as a preliminary to such a dis-
cussion, is concerned firstly with the task of defining a special type of
joint production system which exhibits all the important properties of
single product systems. It will be found that this kind of system is not
likely to be found in reality in pure form, but it is nevertheless worth
while to investigate it, not only because such an investigation helps to
clarify the specific properties of single product systems, but mainly
because some of the properties concerned are also characteristics for
other special joint production systems such as fixed capital systems
and may at least be approximated by real joint production systems.'
These systems are called all-engaging.

Section 2.3 discusses switches of technique in all-engaging systems;
section 2.4 shows that nearly all joint production systems will, after

1 First published in Zeitschrift fur Nationaliikonomie (Journal of Economics), 38 (1978).
pp. 29-53.
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22 Single and Joint Production Systems

truncation, be all-engaging at high rates of profit; the main difficulties
with joint production systems occur thus at low rates of profit. Section
2.5 discusses the most distinguishing feature of joint production sys-
tems which are not all-engaging, i.e. paradoxical price changes in re-
action to changes of technique.

2.1 SINGLE VERSUS JOINT PRODUCTION

We consider the classical model of a capitalist economy in a self-replacing
state. There are n commodities being produced by m processes which
can be distinguished by the proportions in which they each use a posi-
tive amount of homogenous labour and some of the produced com-
modities as inputs and by the proportions in which they produce
commodities as outputs. Even if the output of some processes consists
of several joint products, conditions of demand will ensure in most
cases that, given a wide range of alternative techniques, the number of
processes actually employed equals the number of commodities pro-
duced; the reason given by Sraffa being that it will otherwise in gen-
eral not be possible to produce the net output of commodities in the
proportions socially required, if the proportions in which techniques
are activated can be varied at all (constant returns are not required
although we shall assume them in section 2.42). On the other hand,
prices would be overdetermined, i.e. in general (except at switchpoints)
incompatible with a uniform rate of profit, if the number of processes
exceeded the number of commodities. (The argument can be expressed
in a mathematically rigorous form for regular systems, as is proved in
Chapter 6 in this volume.)

To begin with it suffices to assume that n = m so that with a given
rate of profit r, calculated on the basic period of production, relative
prices are determined by

(1 + r)Ap + wl = Bp

where A, B are semipositive square matrices whose elements a/, b\
(i, j = 1 , . . . , « ) denote the quantity of good j used (produced) in
process /', where the column vectors I > O and p are the labour vector
and the price vector respectively, and where w is the wage-rate. In
order to exclude land which requires a special treatment and cases
which would be meaningless in the context of our discussions, we
shall assume throughout that no row of A and no column of B van-
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Multiple Product Techniques 23

ishes and that det (B - A) # 0. We measure goods in terms of total
output by putting the column sum of each output equal to one (i.e.
eB = e where e = (1, . . ., 1)). We normalise el = 1.

If B is the identity matrix, we are dealing with single product indus-
tries, i.e. with circulating capital. We know then that if the single product
system fulfils the sole assumption of being productive, i.e. if it is capa-
ble of producing a surplus such that e(B - A) s O, the following
properties hold:

1. If we assume constant returns to scale, all products are separately
producible, i.e. it is possible to produce a net output consisting of a
unit of anyone commodity with non-negative activity levels.

2. It is possible to define basic goods firstly as those goods which
enter directly or indirectly the production of all the goods in the
system. One assumes that the system contains at least one basic
good. The subsystem composed of all the basic goods taken to-
gether with the processes producing them is then called the basic
system. One could also say that all commodities embody positive
amounts of all basic, but not of non-basic, commodities. Secondly,
it is well known that this part of the system coincides with the part
corresponding to the smallest indecomposable matrix A1, obtained
after simultaneous permutations of rows and columns of the input
matrix A such that

_ ( A1, Aft
" I A' A2,)

where A, is quadratic and A, equals zero. It seems not to have
been remarked before (but it is vital for the understanding of joint
production systems) that the basic single product system coincides
thirdly also with the set of indispensable processes, i.e. with the set
of those processes which have to be activated for whatever net output
there is to be produced. (In formulas: Process i is not indispensable
if a net outputs s = (st, . . ., sn), s > o, s i= o, and non-negative
activity levels q = (qt, . . .,qn) exist such that q(B - A) = s and
q, - 0.) Fourthly, basic commodities coincide with indispensable
commodities in a Sraffa system, i.e. with those which have to be
produced if any non-negative output is to result (q(B — A) s o
entails qb, > 0 if j is indispensable). The main economic interest
in the distinction between basics and non-basics derives, however,
from two further properties: if the price of a non-basic is changed
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24 Single and Joint Production Systems

because of a tax on it or because its method of production is changed,
only the price of this and possibly some other non-basics are affected,
whereas a change in the method of production of a basic or a tax
on a basic affects all prices. It follows that the theory of distribu-
tion will mainly be concerned with basics in this latter sense.

3. There is a unique maximum rate of profit which is numerically equal
to the maximum rate of balanced growth of the basic system. Rela-
tive prices of production of basics are defined and positive for all
rates of profit.
3.1. The same can be assumed to be true for the prices of non-

basics, for if it is not the case for some non-basic, its method
of production has to be changed at those rates of profit where
its price is not positive.3

4. Mr Sraffa's standard commodity exists and may be used to express
prices and to reveal the known straight line relationship between
the real wage and the rate of profit.

5. If prices are measured instead in terms of the wage rate (labour

commanded p = — ) , prices will be equal to labour values at r = 0,

rise monotonically with r, and tend to infinity at the maximum rate
of profit R.

6. If an alternative method of production for one of the commodities
in a basic single product system is introduced, all prices in terms
of the wage rate are simultaneously raised or lowered (or stay the
same, if the two methods happen to be introduced at a switchpoint).
Supposing that the alternative technique is superior, an invention,
say, the real wage (whatever its standard) will be raised by the new
technique at a given rate of profit, and the entrepreneurs, who are
the first to make the transition while the old prices are still ruling,
will make surplus profits whereas those who are last and still use
the old technique when the new price system has come into use
will make losses. The price of the commodity whose method of
production is changed will be lower in the new system relative to
the price of any other commodity.

None of these properties hold in all joint production systems, but all
hold in a modified form for some joint production systems. Take e.g.
the first property: if wool and mutton in the example of n. 2
are pure consumption goods they are, with given methods of produc-
tion in 'Scotland' and 'Australia', not separately producible solely
by varying activity levels. If a real change in demand takes place,
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Multiple Product Techniques 25

requiring that more be produced of a given commodity, methods of
production will in general be found to make the change possible; at
worst overproduced goods will partly be disposed of.4 But not many
goods have ever to be produced separately in reality: it is therefore
not surprising that real systems are not separately producible, although
it so happens that only systems where all commodities are separately
producible can be easily handled without confronting the problem of
truncation.

The production of each commodity with the net product of the economy
otherwise remaining the same can be increased and requires always a
positive increase of all activity levels if and only if all processes are
indispensable and all goods are separately producible. In the example
above, an increase in the production of wool without an increase of
the production of mutton is feasible only if one process is expanded
and another contracted, because wool and mutton, being pure consumption
goods, are not used as inputs. But if the jointly produced goods are
used as inputs in different proportions, it may become possible that
the increase in demand for one commodity can be met without con-
tracting any of the processes because the increase in the gross produc-
tion of any joint products in the same process is just absorbed through
the increased use of the joint products as inputs.

Joint production systems where all goods are separately producible
therefore do not have to be single product systems. Such a system will
be called all-productive. If it happens that all processes are at the same
time indispensable, the system will be called all-engaging. Clearly
(B - A)"' > O if the system is all-productive, for the activity levels
q, yielding a unit output e, (e, is the «th unit vector) of good e, will
then be non-negative:

q, = e,(B - A ) - ' > o

Similarly (B — A)"1 > O, if and only if the system is all-engaging.5

(The definition will be generalised in section 2.4.)
We shall now first show in a series of steps that all-engaging sys-

tems have the same properties as single product systems. Afterwards,
some remarks will be made on why general joint production systems,
which are unlike single product systems in relation to property 1 above,
are also different and uncomfortably complicated in relation to proper-
ties 3-6.

Regarding property 2, suffice it to say here that there are several
possible and meaningful definitions of basics and non-basics in joint
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26 Single and Joint Production Systems

production systems. We reserve a full discussion of the various al-
ternatives for another paper and define in accordance with Sraffa: A
joint production system A, B is basic if no linear combination of
rows of (A, B, 1) and no permutation of columns of A, B can be
found which transform A and B simultaneously into almost triangular
matrices:

(A1, OWBl O\
Uj A2/ IB'B2J

where A', B1, are quadratic matrices of the same order. Completely
non-basic systems with A2 = B2 = O should be excluded by assump-
tion. (Linear combinations must be admitted, as was stressed by Sraffa,
1960, in addition to permutations in order to eliminate land and some
peculiar cases which are discussed in Schefold, 1971).

Clearly, any price appearing only in the non-basic part (A2, B2) can
be taxed without affecting prices of basics in (A', B1,), but one cannot
say that the commodities produced in the former do not enter indi-
rectly the production of the commodities produced in the latter if the
relevant elements of A2 and B2 are positive. Each commodity used in
A may be said to enter the production of each commodity in B, if
B' A' is an indecomposable matrix (B' is the transposed of B). B'A
can be a positive matrix even if A, B are not only a non-basic but a
decomposable system. The definition of basics most appropriate for
single product systems therefore seems to have no meaning in joint
production systems, but one can show (Schefold, 1971) that a system
is basic in the sense of Sraffa if and only if the matrix (B - A)"'A is
indecomposable, and this matrix is capable of an interpretation: since
e;(B - A)"' are the activity levels required to produce one unit of
commodity i, e,(B - A)~'a7 are the amounts of commodity j embodied
in commodity / (which may be negative) so that the element (i, j) of
(B - A)"'A is zero if and only if j is not embodied in /. The system
A, B is thus non-basic if the set of commodities can be partitioned
into two sets such that the commodities of the first set are embodied
in the commodities of the second but not vice versa. Note that the
matrix (B - A)"'A of a basic system contains negative elements only
if it is not all-productive. The basic part need not be non-negative
after an elimination of non-basics involving linear superpositions of
rows. The system [(B - A)"'A, I] was interpreted by Pasinetti (1973)
by means of the concept of an 'integrated industry'.

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Multiple Product Techniques 27

2.2 NEGATIVE LABOUR VALUES, INDISPENSABLE
PROCESSES AND SEPARATELY PRODUCIBLE COMMODITIES

In general joint production systems negative prices may appear as for-
mal solutions of the price system indicating that the methods of pro-
duction are economically not compatible. This can, however, not be
the case for the labour values of goods which are separately produc-
ible, for if a good i is separately producible, the equation

q,.(B - A) = e,

has a non-negative activity vector as its solution so that u:, the ith of
the labour values6

u = (B - A) 1

is positive:

«,. = e,u = e,(B - A) '1 = q,l > 0

Moreover, if all values in the system are positive, the price pi = — of

commodity / in terms of the wage rate will rise monotonically with r
in a neighbourhood of r = 0, for by differentiating the price equations
we obtain:

B ^ : P = A p + ( 1 + r ) A ^ p

hence

^ft(O) = e, J:p(O) = e(B - A)"'Ap(0) = q,A« > 0

But negative labour values can quite easily occur, for they may be
compatible with positive prices at the ruling rate of profit. They give
rise to a curious paradox:7 if good i is produced by a negative amount
of labour (q,l < 0), and if s is the net output of the economy at the
normal activity levels e = (1, . . ., 1),

e(B - A) = s > o
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28 Single and Joint Production Systems

the total net output can be increased by a small amount 8 of commodity
i using a diminished quantity of labour. For if 8 is small, e + Sq, are
feasible (non-negative) activity levels and

(e + 8q,)(B - A) = s + 8e, > s

In the case of fixed capital this paradox is easily resolved: Negative
prices, in particular values, can only occur for old machines. An old
machine receiving a negative value may still be used, if its price is
positive at the ruling rate of profit. But if the process using the old
machine is truncated, the old machine appears in the net product of
the system (which therefore increases) while labour may be saved without
reducing output otherwise by raising the level of activity in the pro-
cess using a younger machine.9 A similar argument can be constructed
in the case of the more general truncations discussed in Chapter 6 in
this volume. It can be seen conversely, on the other hand, that nega-
tive labour values are excluded as long as net output cannot be in-
creased by using more labour. Negative labour values occur therefore
if and only if an output-increasing, labour-reducing change of activity
levels is feasible. In this sense they invariably reveal an inefficiency in
a stationary system with constant returns to scale, but one which can-
not be ruled out as long as prices diverge from values because the rate
of profit is positive.

We have found that negative values are excluded for all goods which
are separately producible. We now find that, independently of it, nega-
tive values can only occur, if some processes are not indispensable.

Theorem 2.1: If some labour values of a joint production system are
not positive, some processes are not indispensable.

Proof: If M, < 0, e,(B - A)"1 = q, > o. If q\ = 0, the ;th process is
not indispensable. If all q{ are either > 0 or < 0, take X - min q\.

i

Then we have

I X I e(B - A) + q,.(B - A) = U I s + e, > o

while I X I e + q s o with I X I + q\• = 0 for at least one j . Hence, if
all processes are indispensable, values must be positive as they must
be, if all commodities are separately producible.

We now prove:
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Multiple Product Techniques 29

Theorem 2.2: If all products of a joint production system are sepa-
rately producible and if all processes are indispensable (if the system
is all-engaging), the system is basic and possesses the above men-
tioned qualities 1, 3, 4 and 5 of a basic single product system.

Proof. Since all products are separately producible, e,(B — A)"1 ^ o
for all i, and since all processes are indispensable, e,(B — A)""1 > o
for all /, hence (B - A)"1 > O, q, = e,(B - A)"1 > o, i = 1, . .., n.
If any of the columns of A vanished, say a" = o, we had q,(b" - a")
= 0 for / < n which contradicts q,(b" - a") = q,b" > 0 because
q, > o, b" > o. Thus a' > o for all ;' and (B - .A)"'A > O.

Now, if A, B was a non-basic system, (B - A)~'A would be a de-
composable matrix contradicting (B — A)"'A > O, therefore A, B is
a basic system.

By virtue of the Frobenius theorem there is a unique R > 0 and a
column vector p > o so that R(B - A)"'Ap = p, hence (1 + /f)Ap
= Bp, and there is a unique row vector q with (1 + R)qA = qB.
q must also be positive by virtue of the Frobenius theorem, for /?qA(B
- A)"1 = q, and A(B - A)"' > O, since we have assumed that the
rows a, of A are semi-positive, q provides the standard commodity.

Now consider prices p = — in terms of the wage rate. That they

have the required properties is obvious from the transformation (I is
the unit matrix):

p = [B - (1 + r)A]-'l

= {(B - A)[I - r(B - A)-'A]}-'I

= [I - r(B - A)"'A]"'(B - A)~'l

The relationship between indecomposability, prices, and changes in
methods of production will be taken up below.

2.3 ALL-ENGAGING SYSTEMS AND SWITCHES OF
TECHNIQUES

Theorem 2.2 has made it clear that all-engaging systems are rather
like single product systems. They are not only interesting in them-
selves but also because it can be shown that the finished goods pro-
duced by machines in basic fixed capital systems are separately producible
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30 Single and Joint Production Systems

while the processes using new machines are indispensable (Chapter 9
in this volume).

All-engaging systems have similar properties as single product sys-
tems also in so far as switches of techniques are concerned.

Theorem 3.1:10 If we are given an all-engaging system with an alter-
native method of production for one industry, it follows for any given
rate of profit, r, smaller than the maximum rate of profit that all prices
p (prices in terms of the wage-rate) are lower for one of the two tech-
niques (the 'superior') - or else they are all equal.

The theorem clearly implies that wage-rate and real wage are higher
for the superior technique at the given rate of profit, if prices are measured
in a commodity standard, and it also follows that the inferior tech-
nique, if it is at all capable of reaching this highest real wage, reaches
it at a lower rate of profit.

We prove the theorem as follows:
(A, B, 1) denotes our original system. The question is, whether it is

advantageous to replace an industry, say the first (a,, b,, /,) by (a0, b0,
/0) (it is assumed, of course, that this replacement is technically fea-
sible). Let p', p" denote the two possible price vectors in terms of the
wage rate so that

[b, - (1 + r)a,]p' = /,-, i = 0, 2, . . ., n

and

[b, - (1 + r)a,]P" = /,., i = 1,2, . . . , n

Since b, - (1 + r)a,, i = 2, . . ., n are linearly independent, p ; - p7/

is on the straight line through the origin consisting of all vectors x for
which

[b, - (1 + r)a,]x = 0, i = 2, . . ., n

The vector y solving
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Multiple Product Techniques 31

is also on this line, C"1 > O (we are in an all-engaging system),
hence p ; > p", p ' < p" or p ' = p".11

According to Theorem 3.1, the superior technique appears to be superior
at any point by a criterion which is similar to that of Pareto optimality.
The superior technique is superior in theory because it allows a higher
real wage at a given rate of profit and a higher rate of profit at the
given wage in the same way as general equilibrium is Pareto optimal
only relative to a given distribution of initial resources. Hence, not
distribution but the chosen technique appears to be justified, and the
justification is not based on technical efficiency or productivity but on
the argument that the superior technique provides a distributional ad-
vantage to both classes given the initial distribution. The argument
can be matched by the known dual relationship between the rate of
profit and the rate of growth.

The driving force for the adoption of the new techniques is compe-
tition. However, it is difficult to analyse the various possible processes
of transition from one technique to the other. Here we shall only be
concerned with the proof of the classical proposition that the capital-
ists who are first to make the transition will reap surplus profits, while
those who are last will incur losses. Keynesian arguments about in-
duced changes in incomes and employment, and neoclassical arguments
about increases of consumption compensating the sacrifices required
for making the transition will not be considered.

Specifically, we have

Theorem 3.2: Let the rate of profit be given. The use of the superior
method of production (see Theorem 3.1) at prices corresponding to the
inferior technique yields surplus profits, the use of the inferior method
at prices corresponding to the superior technique implies losses, both
relative to 'normal profits' corresponding to the given rate of profit.
Surplus profits and losses exist irrespective of the standard of prices.

Proof: Using the notation of the proof of Theorem 3.1 above and as-
suming that (a0, b0, l0) represents the new superior technique, losses
through using the old technique at new prices would not be made if

[b, - (1 + ^ a j p ' g /,. i = \,...,n

which implies, since

[B - (1 + r)A]"' = [I - r(B - A)-'A]-'(B - A)~' > O
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32 Single and Joint Production Systems

for an all-engaging system that

p ; g [B - (1 + r)A]"'l = p"

in contradiction to the assumption that p ' < p", the new technique
being superior. The converse case is analogous. If a commodity stan-
dard is introduced in place of the standard in terms of the wage rate,
i.e. if relative prices are normalised by putting the value of a basket of
commodities d = (*/,,..., dn) equal to one (dp = 1, w = I/dp), profits
or losses will be multiplied by a positive factor.

The fact that surplus profit and losses exist irrespective of the stan-
dard of prices is of great importance, for it is never true that all prices
fall in terms of a commodity standard, if a superior technique is intro-
duced. E.g. if gold is the standard of prices, and the method of pro-
duction of gold is improved, the price of gold, being by definition
equal to one, does not change. Only if prices are expressed in terms of
the wage rated, they all fall simultaneously in consequence of technical
progress.

For single product systems it is true, nevertheless, that the price of
the commodity whose method of production is changed falls relatively
to that of any other commodity so that it falls absolutely in terms of
any commodity standard, except if the commodity in question serves
itself as numeraire. If technical progress takes place in the production
of gold, all commodities rise therefore in terms of gold but if techni-
cal progress takes place in the production of iron, the gold price of
iron will fall while the gold price of other commodities will partly rise
and partly fall.

The first entrepreneurs who make the transition to a cheaper method
of production in a given industry reap surplus profits in the short run
according to Theorem 3.2 but a unit of the commodity they produce
will purchase a lesser amount of any other commodity when the ma-
jority of entrepreneurs have followed suit and competition has low-
ered the long-run price of production to the level determined by the
average rate of profit, which is assumed to be uniform and constant at
the beginning and the end of the transition. (Further dynamic effects
on the level of demand, the distribution of income, concentration etc.
may in turn affect the rate of profit, but such considerations transcend
the formal model.)

Theorem 3.3: If a superior method of production is introduced in a
basic single product system in industry i at a given rate of profit r,
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Multiple Product Techniques 33

with new prices in terms of the wage rate p7 and old prices p" > p',
we have

Proof: Using the notation of Theorem 3.1 (j1 = 1) we have

C[p" - p'] =

c,p" - c,p'
0

0

where C = [I - (1 + r)A] and c,p" = e,p" - (1 + r)a,p" = /,.
Write C"' = D, c,p" - c,p; = a. We obtain p " - p ' = ad1, where d1

is the positive first column of D > O and where a > 0 because of
Theorem 3.1.

The assertion is equivalent to

a d\p'j > a d)p»

i.e. to

(</|dy - d)A{)\ > 0

where

«U = i d% = Pi', i = 1,7; 1 > o
* = i

Our assertion therefore requires us to prove that the principal and al-
most principal minors of order 2

of the matrix D are non-negative and that at least one (the principal
minor) is positive if k, 2 < k ^ n, varies for each given ;', 2 < j < n.
The minors of D are related to those of the inverse C by the formula13
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34 Single and Joint Production Systems

i j \ = ( - i y + t c(2'-- •' k~l>k+l n\ •
1 * / det C \2 7 - 1 , 7 + 1 , . . . , n ) ' h "

On the right-hand side we have a formula for the elements of the in-
verse of the matrix C = (cj,) = (5°h - (1 + r)a£), h, i = 2, . . ., n.
Since q C ^ o with q > o entails

£ ^[5), - (1 + r)a"h] S O , i = 2,. .., n

the non-negative matrix [(1 + r)aj,], h, i = 2 , . .., n, has a dominant
root smaller than one and (C)~' is non-negative. The principal minor
d\d'j — dSjd\ will be positive since the corresponding minor of C is a
positive principal minor (Hawkins-Simon condition).

Theorem 3.3 is readily extended to all-engaging systems, although
it presupposes an assignment of commodities to industries. Such an
assignment is given by passing from the all-engaging joint production
system (A, B, 1) to the system [(B - A)' 'A, I, (B - A)"'l] which has
properties analogous to those of a single product system; we have

p = w[B - (1 + r)A]"'l = w[I - r(B - A r ' A ] ' 1 (B - A)"1!

(B - A)"1 > O, (B - A)~'A > O

and this system may be interpreted as at the end of section 2.1.
With this we have now shown that all-engaging systems have the

same properties as single product systems. In the last section of this
chapter we shall give some reasons why general joint production sys-
tems are that much more difficult. The explanation will be sought by
considering changes of input coefficients.

2.4 GENERAL JOINT PRODUCTION SYSTEMS

There does not seem to exist a set of simple and yet general assump-
tions which guarantee that an untruncated joint production system yields
positive prices at a given rate of profit comparable to the theorem for
single product systems which says that productive indecomposable single
product systems yield positive prices between zero and a maximum
rate of profit. We must be content to assume that prices are positive at
some rate of profit. It is then easy to show that prices will not be
positive at all rates of profit but only within one or several bounded
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Multiple Product Techniques 35

intervals in [0, <*>). At the upper boundary of the interval(s) prices in
terms of the wage rate need not go to infinity, however, as is the case
with single product system; they may also turn negative which indi-
cates that they need not rise monotonically with the rate of profit.

Theorem 4.1: Prices cannot be positive in any joint production system
capable of self-reproduction for all rates of profit if the system con-
tains no pure consumption goods, i.e. if all columns of A contain at
least one positive element.

Proof: Write e(B - A) = s, s 2 o, s * o. Therefore

eBp — (1 + r)eAp = sp — reAp = el

Since eA is a positive vector, the expression (s — reA) in (s — reA)
p = el will be a vector with negative components for sufficiently large
r while el is constant. Some prices in terms of the wage rate and hence
in any other standard must therefore turn negative14 for sufficiently
large r.

All productive basic single product systems have the same simple
properties. Mr Sraffa's method in approaching the diversity of joint
production systems had consisted in assuming that all systems con-
sidered yielded positive prices at a given rate of profit so that they
seemed economically viable; variations of the rate of profit were then
examined. The approach exhibited a bewildering number of possible
alternative reactions. The systems do not need to have a maximum
rate of profit (Manara, 1968), prices may fluctuate (without the sys-
tem, however, being viable at all rates of profit - see Theorem 4.1
above), etc. The reason for the 'anomalies' must be that the problem
of the choice of technique is revealed to be inherent even before any
alternative method of production is introduced from outside; i.e. there
is the possibility of truncation.

In fact, if we allow for truncation to maximise a wage expressed in
a standard of given composition (the given surplus) at every rate of
profit, a monotonically falling wage curve is obtained by choosing the
optimum curve among the wage curves of all possible truncations yielding
the same real wage (see Burmeister and Kuga, 1970). This observation
does not solve all problems. The concept of optimum requires clarification
and the result depends on the composition of the real wage in a way
which is not easy to analyse. Moreover, the truncations need in gen-
eral not be Sraffa systems in that the number of commodities produced
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36 Single and Joint Production Systems

may not be equal to the number of processes used. However, if the
system and its truncations are regular in the sense of Chapter 11 in
this volume, one can prove (Chapter 6 in this volume) that it suffices
to consider only quadratic truncations which are obtained from the
original system by deleting an equal number of rows and columns and
which are productive Sraffa systems as defined in this chapter. On any
golden rule path the profitable truncation will be found on the enve-
lope of the wage curves of those truncations which are capable of
producing the entire basket of consumption goods in the not-deleted
processes in such a way that the deleted goods (outside the quadratic
truncation) are overproduced and receive zero prices while the not-deleted
commodities (within the truncation) are not overproduced and receive
non-negative and (except in a finite number of points of intersections
of wage curves) positive prices. As long as one restricts one's atten-
tion to regular systems and to golden rule paths where the rate of
growth and the rate of profit coincide, it is thus possible to derive the
'optimal' truncation by choosing among alternative Sraffa systems, each
being a truncation of the original system. Truncated goods will be over-
produced, truncated processes unprofitable, but the point is that the
truncation to be chosen will yield the highest real wage, given the rate
of profit, and will thus be on the envelope of the wage curves of the
truncations fulfilling the quantity requirements. This envelope falls
monotonically up to a finite maximum rate of profit so that the choice
among alternative truncations appears to be analogous to that among
alternative techniques in single product and all-engaging systems as
discussed in section 2.3 above.

But these results depend crucially on the assumption that the rate of
growth equals the rate of profit, an assumption which is alien to Sraffa's
way of thinking. If the rates diverge, e.g. because the system is sta-
tionary while the rate of profit is positive, there exists, as I have tried
to argue in Chapter 6, no known and universally accepted criterion
which would allow to say unambiguously which technique would be
chosen through competition: different criteria (e.g. the neoclassical cri-
terion of maximising the value of consumption and the classical crite-
rion of maximising the real wage) could lead to different results and
neither represent a true 'equilibrium', in the neoclassical or classical
sense. (A later solution is presented in Chapter 7.)
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Multiple Product Techniques 37

Some difficulties with joint production do not disappear, even if trun-
cation is taken into account, unless the restrictive assumption of an
equality of the rate of profit and the rate of growth is made.

A patient analysis of special cases is required in order to analyse
the causes of the anomalies, since no satisfactory general theory of
joint production seems to exist. A modest proposal for a new approach
is discussed in the next section; here I should like to conclude with a
theorem which indicates that in spite of the difficulty of the general
case, conceptually simple all-engaging systems are, after all, implicit
in most regular productive joint production systems at high rates of
profit. More specifically, we call a system all-engaging at rate of profit
r if [B - (1 + r)Ay] > O. Then we have

Theorem 4.2: Let a joint production system be given, A s O, B s O,
det A # 0, with a maximum rate of profit R > 0 and with vectors p > o,
q > o such that rk[B - (1 + R)A] = n - I,15 [B - (1 + R)A]
p = o, q[B - (1 + R)A] - o and such that prices are positive in
approaching R. There is then r < R such that the system is all-engag-
ing for all rates of profit between f and R.

Proof: Let Q be the matrix which transforms A(B — A)~' into Jordan's
normal form T, i.e. QA(B - A)"1 = TQ where T is composed of
quadratic matrices ('blocks') on the diagonal and zeroes outside. Since
the eigenvalues X; of A(B - A)"1 are roots of the equation det [B -
(1 + r)A] = det [I - rA(B - A)"1] = det [XI - A(B - A)'1] = 0,
X = Mr, and since det A # 0, we may assume that the first 'block' T,
of T (on the upper left) is of the form:

T1, =

I MR
1 MR

\

1 MR I

where the order of T' is equal to the multiplicity / of root R of the
characteristic equation. One obtains by induction
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38 Single and Joint Production Systems

R

T = (I - rT)"1 =

R-r

\R-r) R-r
0

(Jt_Y (JL-Y~l • • • JL.
\R-r) \R-rl R-r

0 0

T\ , Tj being blocks corresponding to the other roots R2, • • - Rs

det [B - (1 + r)A] = 0.
With this, and with P = Q(B - A) we get

[B - P P(B - A)

P ' [ I - rQA(B -

P- 'T Q

- rA(B - A)-'r'Q~'Q

From P[B - (1 + r)A]"' = TQ we obtain (R - r)p, = /?q,[B -
(1 + r)A], q,[B - (1 + R)A] = o so that the first row q, of Q is an
eigenvector of A(B - A)"1, q, = aq, a real. Similarly [B - (1 + r)
A]"'Q = p f , Q = Q"1, P = P"1, so that R[B - (1 + r)A]-'q" =
(R - r)pf yields [B - (1 + R)A]pf = o, i.e. column / o f P~' is
proportional to p: pf = Pp.

It follows that the elements of [B - (1 + r)A]~' tend to become
either all non-negative or all not positive for

lim
A

r ) A ] - = H

PE}Q = a(Jpq

where the first element in r o w / o f the quadratic matrix E[ equals one
while all others vanish, where pq is a non-negative matrix, and where
a(3 > 0 or aP < 0.16 Since prices have been assumed positive for
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Multiple Product Techniques 39

r < R, [B - (1 + r)A]"' must be positive for all r in an open inter-
val, F < r < R.

This result is remarkable because the truncation appearing at the
maximum rate of profit on the envelope of the wage curves of regular
truncations of a regular system fulfils the assumptions of Theorem 4.2
which shows that every joint production system (or rather, one of its
truncations) will ultimately become all-engaging, however complex it
may be at low rates of profit. In particular, it is clear that the trunca-
tion appearing at the highest rates of profit will possess a positive
standard commodity. On the other hand we have

Theorem 4.3: A system which is all-engaging at r = — 1 must (apart
from trivial permutations) be a single product system.

Proof: The assertion implies B > O, C = B 1 > O, det B # 0. If B
is not diagonal, we may assume b\ > 0, b\ > 0. Since b,cj = 0; j =
2 , . . . , n\ we must have c\ = 0; j = 2 , . . ., n; i = 1, 2; contradicting
det C * 0.

Negative rates of profit do not have a real economic meaning, but
the two theorems taken together seem nevertheless to imply that the
higher the rate of profit, the more will specific difficulties of joint pro-
duction disappear and the more will the system approximate the fam-
iliar properties of single product systems while negative coefficients of
[B - (1 + r)A]~' are characteristic for low rates of profit.

2.5 A REMARK ON TECHNICAL PROGRESS

Although all-engaging systems are less rare at high rates of profit, the
difficulties with joint production in general remain and require a new
approach. From the analysis of the reaction of prices to hypothetical
variations of the rate of profit I propose to shift the attention to the
reaction of prices to hypothetical changes of input coefficients, i.e. I
propose to pass from an analysis which is a preliminary to the theory
of distribution to an analysis which is a preliminary to the theory of
technical progress, and I should like to conclude this chapter with an
example of this method.

The simplest kind of technical change consists in the saving of the
quantity of an input (in particular of a circulating capital good or labour)
or in the increases in the quantity of a particular output, all else re-
maining equal. Here we find the most characteristic difference between
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40 Single and Joint Production Systems

single product systems and all-engaging systems on the one hand, and
general joint production systems on the other. We formulate the theo-
rem in terms of systems which are all-engaging at r = 0. The extention
for r > 0 is obvious.

Theorem 5.1: Suppose a coefficient a{ of the input matrix A or a co-
efficient /, of the labour vector 1 is lowered or a coefficient b{ of the
output matrix is raised a little. All prices in terms of the wage rate
will then fall for all rates of profit smaller than the maximum if the
system is all-engaging. If the system is not all-engaging at r = 0 and
all labour values are positive, at least one labour value will not fall.

Proof: Consider the general formulas

fjt = (1 + r)[B - (1 + r)A]-'e'>
da) '

@- = [B - (1 + r)A]-'e'

d± = - [B - (1 + r)A]-V/>,

which are obtained from Bp = (1 + r)Ap + 1 by differentiation (e' is
the t'th unit column vector). The assertions are obvious, since (B -
A)""' > O, if and only if the system is all engaging at r = 0, and
since [B — (1 + r)A]~' > O for all-engaging systems, 0 s r < R
(proof of Theorem 2.2 above).

We may have [B - (1 + r)A]~' > O for some r > 0 even for a
system which is not all-engaging at r = 0, and

^ > o
dr

even if [B - (1 + r)A]~' > O, but the formula above shows that the
element

"1/ i o f F = (B - A)

is positive, if and only if the labour value uk = pk(0) of commodity k
falls in response to a reduction (increase) of a{(b'^, the labour value
Uj = p,(0) being positive. Thus we find as the most distinguishing
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Multiple Product Techniques 41

feature of joint production systems which are not all-engaging at r = 0
that an increase of physical productivity regarding one input or output
will always cause at least one labour value (and in general also one of
the prices for r > 0) to rise. The formula for dp/daj, etc. allows to
examine this fact and its origin in the technical structure of the economy
in a great variety of cases; here we must be content to consider one
extremely simple example:

Processes (1)
(2)
(3)

Commodities
(I)

80
1
1

(2)

1
0
0

(3)

0
0
0

Labour
(I)

70 -»
2 ->
1 -»

Commodities
(1)

150
0
0

(2)

0
1
0

(3)

0
1
1

Process (1) could be interpreted as an aggregation of all of the economy
except the special processes (2) and (3). In order to honour the heroic
days of capital theory we have process (1) produce the versatile com-
modity (1), leets, which is good both for production and consumption.
Processes (2) and (3) are the energy industry; process (2) produces
coke (2) (for leets production) and the consumption good gas, process
(3) produces gas alone. The inputs to processes (2) and (3) are leets,
say coal-leets for (2) and natural-gas-leets for (3).'7

It is easy to see that f\ and f\ are the only negative elements of
F = (B — A)~', while all prices are positive.18 It is thus clear that a
small reduction of the amount of labour required to produce commod-
ity (3) in process (3) will, all else remaining equal, increase the labour
values of commodities (1) and (2), reduce that of (3), and the same
will occur if the amount of commodity (3) produced in process (3) is
increased, for

dpk = ( - f\Pi)db\ > 0, k = 1, 2, and

dp^ < 0, with db\ > 0.

Or, to put it the other way round and in more illustrative terms: if the
production of natural gas becomes more difficult (/3 rises or b\ falls),
the price of gas will, as one should expect, rise, but that of all other
commodities ('leets' and coke) will fall.

The effect looks paradoxical at first sight but it is easily explained
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42 Single and Joint Production Systems

in a system where prices just cover costs (here, with zero profits): the
rise in 'the difficulty of production' (Ricardo) of natural gas renders
the latter more expensive and therefore reduces the price which has to
be charged for coke, given its cost of production. The cheapening of
coke reduces the cost of leets, and the feedback of the reduction in the
costs of leets here does not offset the original increase in the difficulty
of production of natural gas.19

It is the main point of this chapter that such effects will be present
whenever a joint production system is not all-productive (r small) or
whenever [B - (1 + r)A]~' 3p O. An important conclusion to be drawn
for economic theory may be that competition works - if at all - in a
fundamentally different way whenever true joint production is present.
That commodities as raw materials should be obtainable at cheap prices
is in the interest of every entrepreneur in single product systems where
each is interested that competition works smoothly in other industries.
Here, where the distinction between industries is blurred by joint pro-
duction, even the producers of leets are interested in an increase of the
price of natural gas, for that will enable them to obtain cheap coke,
while the increase in costs of gas which causes the cheapening of coke
is shifted to consumers.

It is true that surplus profits regulate the adoption of superior, and
losses the rejection of inferior processes in joint production systems
on golden rule paths, provided the alternatives are technically feasible
(cf. Chapter 6 in this volume). Theorem 3.2 above may thus be ex-
tended, but Theorem 3.3 may not. In single product systems a superior
method replaces the one which produces the same commodity. This
criterion fails in joint production systems. There must be economic
processes corresponding to the analytic procedure of determining which
among n methods to produce n commodities will be replaced by the
introduction of a superior (n + l)st method, but these processes are
necessarily much more complicated on the price side than in the single
product case, since the competitive process cannot consist of under-
selling in the market for only one commodity as in the single product
case where the price of the commodity whose method of production is
changed falls relatively to all the others.

Not all joint production systems present the same difficulties. E.g.
the behaviour of prices in terms of the wage rate is rather normal for
small rates of profit in the example above, and a maximum rate of
profit exists without truncation. This explains at the same time why
economists who learn economic theory by considering single product
systems do not go far wrong when discussing real world problems
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Multiple Product Techniques 43

involving some joint production and why no pure theory of joint pro-
duction can exist; for joint production systems exhibiting all intrica-
cies of joint production at the same time are probably economically
meaningless. The theorist circumnavigates the difficulties by means of
von Neumann's method of inequalities which answers some questions
in such an elegant manner that many others tend to get forgotten. It is
shown in Chapter 6 in this volume that the method works smoothly on
the golden rule path; its limits are visible in Chapter 7.

In this chapter I have tried to prepare a discussion of general joint
production systems by examining all-engaging systems which have prop-
erties analogous to those of single product systems as regards key tech-
nical properties of basic single product systems, and as regards the
behaviour of prices in function of the rate of profit. It has also been
shown that effects on prices and distribution of changes in methods of
production are similar. Finally a relationship between prices and changes
in input-output coefficients has been derived which indicated that simple
technological changes in all-engaging systems lead to the same kind
of change in prices as in single product systems, while prices may
behave in a counterintuitive way in general joint production systems,
raising questions about the diiferent nature of competition in the gen-
eral context.

Notes

1. Some of the definitions and theorems contained in section 2.2 have been
discussed in Schefold (1971).

2. Take the textbook example: wool and mutton can be produced from sheep
in different proportions by slaughtering sheep earlier or later. Farmers in
Australia are supposed to slaughter later because wool is easier to trans-
port, farmers in Scotland are supposed to slaughter earlier in order to
produce more mutton. The example is meant to show that the proportions
in which different outputs are jointly produced are variable even in cases
where an invariable proportion seems to be given by nature. The number
of different (i.e. linearly independent) processes actually in use cannot
exceed the number of commodities with positive prices, however, since
the price system must not be overdetermined. The proportions in which
commodities are to be produced may nevertheless (at least within a cer-
tain range) be varied by only varying the activity levels; in our example,
an increase in the demand for wool could be satisfied without changing
methods and without increasing the production of mutton by diminishing
the number of farmers in Scotland and increasing that of farmers in Aus-
tralia. Except for fluke cases where a lower number happens to give the
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44 Single and Joint Production Systems

appropriate proportions of outputs the required surplus cannot be pro-
duced if the number of processes in use is inferior to the number of com-
modities produced. The argument does not suppose constant returns.

3. For this subtle and important point see Bharadwaj (1970).
4. If the proportion of wool were to be increased relatively to mutton be-

yond the limit given by the 'Australian' method of production where the
maximum of wool is obtained, mutton will become overproduced. Ac-
cording to neoclassical theory its price then drops to zero, it ceases to be
a commodity, and only one method, the 'Australian' will be used, the
number of commodities again being equal to the number of processes and
wool being a single product of its method of production.

5. E.g. the following system is all-engaging:

/ 0 0 a]\ / 1 b\ 0
A = a1, 0 0 , B = 0 1 b\

\ 0 a] 0 / \b\ 0 1

if (<af, a\, a\) < (1,1,1) and

a] a\ > b\, a] a\ > b\, a\ a\ > b\
6. That u = (B - A)~'l represent labour values can be shown by means of

Mr Sraffa's subsystems approach which is implicit in the above equa-
tions. If e, is the net output of the system, q,l is the amount of labour
required to produce it directly and indirectly.

7. See Sraffa (1960), p. 60.
8. If all elements of a matrix or vector A are greater than those of B, we

write A > B, if they are greater or equal, we write A § B; we write
A > B, if A g B and A # B.

9. See Chapter 9 in this volume.
10. The following proof is from Schefold (1971).
11. Equality occurs identically in r or at most at n rates of profit: the

switchpoints.
12. A similar but less general statement is made in Morishima (1973), pp.

30-4.
13. See Gantmacher (1966), Chapter I, para. 4.
14. Prices in terms of the wage rate are not defined at most at n points r,

such that det[B - (1 + r,)A] = 0. The lowest of the r,, r, > 0, if one
exists, is the maximum rate of profit of the untruncated system where
prices in terms of the wage rate tend to infinity.

15. This is implied if (A, B) is regular (see Chapters 6 and 11 in this volume).
16. I should like to thank C. Bidard for pointing out a mistake in an earlier

formulation of this Theorem and its proof here.
17. The system is indecomposable but not basic in the sense of Sraffa.
18. More explicitly, one obtains

1 1 - 1
70F = | 0 70 - 7 0

1 1 69
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Multiple Product Techniques 45

19. I first thought of similar effects when examining the change in the 'true
value' of nuclear electricity caused by selling the waste heat from the
cooling system to the public via long distance heating pipes instead of
dumping it into the environment.
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3 Relative Prices as a
Function of the Rate of
Profit: A Mathematical
Note*

3.1 A NEW MATHEMATICAL THEOREM

The reswitching debate has made it obvious that prices are in general
complicated functions of the rate of profit in single product systems of
the Sraffa type (Sraffa, 1960):

(1 + r)Ap + w\ = p1

It is well known that productive, indecomposable ('basic') single
product systems possess a maximum rate of profit R > 0 such that the
vector of prices expressed in terms of the wage rate p = p/w is posi-
tive and rises monotonically for 0 =£ r < R, tending to infinity for
r —> R. The difficulty in analysing such single product systems does
not consist in the triviality that prices in terms of the wage rate are an
increasing function of the rate of profit, rather it is due to the fact that
these prices rise with different 'speeds'. Relative prices are constant
only in one case: when prices are proportional to labour values, i.e. to
prices at r = 0; in general, relative prices deviate from relative labour
values for positive rates of profit. (Of course, all these 'movements' of
prices in function of the rate of profit are purely hypothetical.)

In this chapter, a mathematical transformation of the price equations
is proposed which makes the functional dependence of the price vec-
tor on the rate of profit more explicit. This transformation has several
economic applications which will be discussed below. The analysis of
the origin and the extent of Wicksell effects is improved, and it will
also be argued that reasonable assumptions about technology do not
allow us to exclude the possibility of reswitching. In this respect, this

* First published in Zeitschrift fiir Nationalokonomie {Journal of Economics), 36 (1976),
pp. 21-48.
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Relative Prices as a Function of the Rate of Profit 47

chapter represents a criticism of Kazuo Sato's attempt to prove that
reswitching is empirically irrelevant (Sato, 1974).

Finally, it is proposed to replace the capital-labour ratio which is
dimensionally hybrid by the capital-wage ratio which is dimension-
free and not subject to perverse Wicksell effects.

In order to exhibit the whole generality of the theory we replace the
usual single product system by a joint production system

(1 + r)Ap + wl = Bp

where B is a non-singular output matrix; the joint production system
is supposed to be productive, i.e. eA =£ eB.

The important properties of the input output matrix of a single product
system are summarised in the spectrum of its eigenvalues. However,
since the maximum rate of profit has a more direct economic interpre-
tation than the corresponding eigenvalue of the input output matrix of
a single product system, we consider the roots of the equation det
[B - (1 + r)A] = 0 instead of looking for the roots of the equation
det (X.B - A) = 0. In slight modification of the conventional termi-
nology, we call a root of det [B - (1 + r)A) = 0 semi-simple if rank

rk [B - (1 + r)\] = n - 1

Whether R is a simple root or not: if R is semi-simple there is up to a
scalar factor one and only one 'eigenvector' q with q[B — (1 + R)A]
= o. We now assume that det (B - A) =£ 0 - a condition which is
always fulfilled in productive single product systems. It implies that
every vector c of final consumption is producible with non-negative
activity levels provided c(B — A)"' > o. For the reasons explained
below we also assume that det A =£ 0. We then have2

Theorem 1.1: Let /?„ . . ., R, be the roots of det [B - (1 + r)A] = 0
with multiplicities st,. . ., s,. The price vector p(r) assumes n linearly
independent values3 p(r,), . . ., p(rn) at any n different rates of profit
rlt..., rn (r, =£ rJt r, # Rj), if all roots / ? , , . . . , / ? , of the equation det
[B - (1 + r)\) = 0 are semi-simple and if q,l # 0, i = 1, . . ., t, for
the associated eigenvectors q,. Conversely, if one root R is not semi-
simple or if q,l = 0 for some q,, it follows that p(rt), . . ., p(rn) are
linearly dependent for any r,,. . ., rn{ri # Rj) and there will be a vec-
tor q such that qp(r) = 0 for all r. If q, or R is real, there is a real
vector q with qp(r) = 0 for all r.
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48 Single and Joint Production Systems

r

Proof: Let s, be the multiplicity of /?,-, /?,- semi-simple. We have £

Si = n, because det A + 0. The roots /?, of det [B - (1 + r)A] = 0
are the same as those of det [I - rA(B - A)"']. No root is equal to
zero. According to Jordan's theory of Normal Forms4 (applied to the
matrix A(B — A)""1), there exist n linearly independent vectors

q , . i - • • - q , . v ' = i . • • - ? ; •

with

q,. = /?,q,A(B - A)"1

q, „ = /?,q, „ A(B - A)"1 - K,q, „_,; a = 2, .. . ,*,.

It follows that

q, o[I - rA(B - A)'1] = q,. o(l - ^ ) - rq,. „_,; a = 2 5,

and this formula holds for a = 1 , . . . , s,, if we define q,; 0 = 0 for all i.
With this we get

q , a (B - A)p(r) = q, 0(B - A)[B - ( 1 + r)A]"'l

= q, o[I - rA(B - A)"1]"1!

Ri i J r R ,

- rA(B - A)- ']- ' l

R: rR: R:
—^F q'"' + R—^T R-=~7 q<

Ri - r M ' ° (/?,. - r ) 2 '•
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Relative Prices as a Function of the Rate of Profit 49

a = 2,. . .; Sj i = 1 , . . . , t;

q,(B - A)p(r) =

Define (x' denotes the transposed of vector x)

Q = [q',.. q ' i . , q ' , . i . - - . . q',.,,1'

T = Q(B - A)

The vector v(r) = Tp(r) assumes in n points /•,,.. ., /•„(>, # rJt r(. =£
Rj) n linearly independent values, if and only if q,l =£ 0; i = 1,. .., t. The
necessity of this latter condition is obvious, for q;(B - A)p(r) = 0 if
q,l = 0. To verify that q,l ¥= 0 is sufficient, consider the matrix

V = [u(r,) u(rj]

where u(r) = det [B - (1 + r)A]v(r). The components of the vector
u(r) are denoted by M10 where / = 1,. .., t; a = 1, . . ., s{. We have

X n ( ^ - r)V

We show that U is not singular by showing that x = o for any vector
x such that xll = o. Since each row of U consists of the values at n
points of a polynomial of degree « — 1, and since the values at n
points determine a polynomial of degree n - 1 fully, xu(r) = 0 for
r = /•,,/ '= 1 , . . . , «, implies xu(r) = 0 for all r. Denoting the com-
ponents of x in the same way as those of u we find at once that
x( ,.(( = 1,...,/) must be zero because «, v(/?,) + 0 while «,„(/?/) = 0
for (j, a) =£ ((, si). If Sj > 1, we must have

(>. C) * (I. .(,)
 A l '
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50 Single and Joint Production Systems

Hence JC, ,._, = 0 since lim " " ' " ' # o while lim U'' " = 0 for
' r->R, /? , — r r-»/f, « y — r

{j, a) * (i, 5,) and (;, o) * (i, 5,. - 1).
Continuing the induction one obtains that x = o. Thus U is non-

singular and

p(r) = T-'v(r)

assumes « linearly independent values at n different points, if the /?,
are semi-simple, and if q,l # 0, i = 1,. . ., f. The necessity of /?, being
semi-simple remains to be shown. Suppose R is a multiple root of det
[B - (1 + R)A] = 0 and rk [B - (1 + R)A] < n - 1. There are then
two linearly independent q,, q2 with

q,[B - (1 + R) A] = o; i = 1, 2; q,.| # 0

We get as above

q,(B - A)(B - (1 + r)A]-'l = q,-[I - rA(B - A)- ' ]" ' l

= ^ 7 q , l ; , - = 1 . 2

If q2l = 0, define q = q2(B — A). Otherwise, we have

(q, - Xq2)(B - A)p(r) - 0, X = ^

identically in r with q = (q, - A.q2)(B - A) ^ o, which is imposs-
ible, if p(r) assumes n linearly independent values in any n points, q
is a real vector, if R is real. • Q. E. D.

It remains to discuss how the statements of the theorem are affected
if A is a singular matrix.

There is only one relevant economic reason why A could be singu-
lar: if the system contains pure consumption goods, entire columns of
A will be zero. More generally, if the rank of A is n - z, there will be
z vectors q,,. .., q7 with q,A = o so that

q,(B - A)[B - (1 + r)A]"'l = q,[I - rA(B - A)-']- ' l = q,J

It follows, as in the proof above, that there will be a vector q with
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Relative Prices as a Function of the Rate of Profit 51

qp(r) SE 0 if z s* 2 and/or q,l = 0 for some i. Hence, systems with
rank A < n - 1 are not regular in the sense of the following section.

3.2 VALUES AND PRICES: THE RULE AND THE EXCEPTION

If a Sraffa joint product system with det A ¥= 0, det (B — A) # 0 has
only semi-simple characteristic roots and if none of its eigenvectors is
orthogonal to its labour vector, we shall call it regular.5 The Theorem
then says that the price vector of regular Sraffa systems with n com-
modities and n industries varies in such a way with the rate of profit
that it assumes n linearly independent values at any n different levels
of the rate of profit. This means that the price vector of a regular
Sraffa system is not only not constant, but its variations in function of
the rate of profit result in a complicated twisted curve such that the n
price vectors belonging to n different levels of the rate of profit r, span
a (n — 1 )-dimensional hyperplane which never contains the origin (pro-
vided r, ¥= Rj).

Irregular Sraffa systems on the other hand (i.e. those which have a
characteristic equation with a multiple root and/or an eigenvector which
is orthogonal to the labour vector) are such that the n price vectors
taken at n different levels of the rate of profit can never be linearly
independent. We must ask ourselves: are regular systems the excep-
tion or the rule? What is the economic interpretation of the theorem?
What economic interpretation do the exceptions have?

First of all, it is easy to see that the regular systems are the rule
from a mathematical point of view because even multiple roots are
mathematically exceptional and because an eigenvector will only by
coincidence be orthogonal to the labour vector. To put it in more pre-
cise terms: one can easily prove that the set of irregular Sraffa systems
with (n, n)-input-output-matrices is of measure zero in the set of all
Sraffa systems with the same number of commodities and industries.

But this observation taken by itself does not mean much. The set of
all semi-positive decomposable («, n)-matrices is also of measure zero
in the set of all semi-positive (n, n)-matrices, and yet it is quite clear
that the analysis of the 'exceptional' decomposable matrices is of greatest
economic interest, although they are more difficult to handle than
indecomposable matrices. There is an excellent economic reason why
decomposable systems are important: pure consumption goods and other
non-basics exist; therefore decomposable systems exist.

I should like to argue that matters are quite different with irregular
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52 Single and Joint Production Systems

systems. I believe that there is no economic reason why real systems
should not be regular or why irregular systems should exist in reality;
irregularity is only a fluke, or, at best, an approximation. But there is
one kind of irregular system which is very useful to the economists
because it provides a simple abstraction from some of the more com-
plicated properties of regular systems. Die Ausnahme bestdtigt die Regel
- the exception confirms the rule. By considering the exception we
learn why regular systems are the normal case. The extreme form of
an irregular system is one where relative prices are constant, i.e. equal
to relative labour values.

Relative prices will be constant and equal to relative labour values
if (supposing we are dealing with single product systems)

(1 + R)A\ = I

i.e. if the labour vector happens to be a right-hand eigenvector of the
input-output matrix. All left-hand eigenvectors not associated with the
characteristic root R will then be orthogonal to I, because for any left-
hand eigenvector q associated with an eigenvalue R # R, we get

(1 + R)q\l = qi = (1 + R)q\l

therefore

qAl = ql = 0

It follows from the proofs of our theorem above that

q, a (B - A)p(r) - 0

for all q, „ except the eigenvector associated with 1 + R. This means
that p(/?) is a scalar multiple of a constant vector which is a some-
what roundabout proof that relative prices are equal to relative labour
values in this case. (The direct proof is obvious.)

Conversely: if prices are equal to values, the price equation must
hold at all rates of profit with constant prices. Putting formally r = - 1 ,
we get w ( - l ) l = p. Inserting this into the price equation, we obtain
(1 + r )Aw(- l ) I + u'(r)l = w(—1)1, which implies that 1 is an
eigenvector of A. Because of 1 > o, this eigenvector must belong to
the eigenvalue corresponding to the maximum rate of profit. Thus, the
condition (1 + R)Al = I is necessary and sufficient for values being
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Relative Prices as a Function of the Rate of Profit 53

equal to prices in a productive and indecomposable single product system.
If relative prices are equal to relative labour values and if absolute

prices are expressed in terms of a commodity, it does not matter which
of the commodities is taken as a numeraire; the wage rate will always
be related to the rate of profit by a simple linear relationship, because
the price in terms of the commodity numeraire of total income Y and
of capital K is then constant so that the sum of wages W and profits
Pcan be written as

Y=W + P=W+rK

therefore

W = Y - rK

We verify that if

(1 + /?)A1 = I

the price equation

(1 + r)Ap + w\ = p

is fulfilled for

p = (1 + 1//?)1

and

w = 1 - r/R

with p being the sum of direct labour I and indirect labour (1//?)1. By
assuming that prices are equal to labour values, one abstracts from the
problem of relative prices and focuses attention on the problem of
determining the relation between the distribution of income (wages or
a share in income) and the rate of profit: an increase in the rate of
profit engenders a proportionate diminution of the wage rate and, since
the level of employment is given, of wages.

If prices are not equal to values, we get the same simple relation-
ship between wages and the rate of profit only if prices are expressed
in terms of a suitable average of commodities: Mr Sraffa's 'Standard

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



54 Single and Joint Production Systems

Commodity'. There is a unique positive eigenvector q associated with
the maximum rate of profit in an indecomposable ('basic') single product
system, such that

(1 + /?)qA = q

Hence

q(I - A)p = q(rAp + wl) = (r//?)q(I - A)p + wql

i.e.

1 = w + r/R

as above if prices are expressed in terms of the 'Standard Commodity'
[q(I - A)p = 1] and if the eigenvector q is normalised so that ql = 1.
In other words, if prices are expressed in terms of a 'standard com-
modity', we can abstract from the complications arising from relative
prices and obtain in the general case a linear relationship between wages
and the rate of profit which is of the same form as that holding for all
commodity price standards in systems where prices equal values. (Total
income, however, is not constant in terms of the standard commodity,
unless the economy itself is in standard proportions.)

This fact has often been commented upon. What we now learn is
that in between the most extreme and most 'exceptional' case where
prices are equal to values and the 'regular' case where prices vary
along a twisted curve in function of the rate of profit, there are inter-
mediate cases where (possibly real) vector q exists, such that qp(r) = 0
so that at least one of the components of the price vector is a linear
function with constant coefficients of the other components of the price
vector. In formulas: qp(r) = 0 implies

p , ( r ) = l / ? , ( < 7 i £ i + • • • + q i - t P i - , + q~,+ i P i + [ + • • • + q n p n )

where qf =£ 0.
But the price of one commodity can only be a linear function of the

prices of the other commodities if there is an inner technical relation-
ship between the processes of production of the commodities. (If prices
equal values, the technical relationship must take the form (1 + R)
Al = 1.) I cannot think of any economic reason why such a relation-
ship should exist. This in general confirms that irregular systems are
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Relative Prices as a Function of the Rate of Profit 55

exceptional and interesting only in so far as they allow us to abstract
from the complications of regular systems.6

Going a little further, we may conclude that the normal case is one
where all roots of the system are simple and not only semi-simple
because the set of input-output matrices with multiple roots is of measure
zero in the set of all input-output matrices of given order. In the case
of simple roots the proof of our theorem yields that the vector of prices
in terms of the wage rate p may be written as

p(r) = S

where S = T~' is a non-singular matrix, where the /?, , . . ., Rn are the
n distinct roots of the characteristic equation of the system, and where
q,l # 0, / = 1 , . . . ,« . This formula shows the functional dependence
of the price vector on the rate of profit in a (from the mathematical
point of view) simple and explicit form: the w-dimensional complex
space C" is mapped onto itself by the matrix T in such a way that
each component of p(r) is a simple hyperbola in function of the para-
meter r with a singularity at r = /?,..

3.3 UNIQUENESS OF THE SYSTEM YIELDING A GIVEN
VECTOR OF PRICES

Regular systems are important because the complicated behaviour of
their prices implies that the technique does not only determine prices
in function of the rate of profit, but that the converse is also true: if
the price vector is given at n + 1 different levels of the rate of profit,
there is essentially only one technique which is compatible with those
prices. The result derives from the following three theorems.

Theorem 3.1: Let two (n, n) joint production systems be given with
input matrices A, F, output matrices B, G and labour vectors 1, m
respectively. If and only if the vector of relative prices in terms of the
wage rate is the same for both systems at every level of the rate of
profit, the two systems are related by the equations
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56 Single and Joint Production Systems

G = MB + Y
F = MA + Y
m = Ml

where M is a non-singular (n, n)-matrix and where Yp(r) * o for all r.

Proof: Define M = (G - F)(B - A)"1 and Y = F - MA. From

I = [B - (1 + r)A]p
Ml = M[B - (1 + r)A]p

and

m = [G - (1 + r)F]p

we obtain

m = M[B - (1 + r)A]p - rYp

therefore

m = Ml - rYp(r)

Hence m = Ml and Yp(r) = o. The converse is obvious. • Q. E. D.

Theorem 3.2: If prices of two joint production systems coincide at
n + 1 different levels of the rate of profit, they coincide everywhere.

Proof: If the equation (using the notation of the previous theorem)

[G - (1 + r)F][B - (1 + r)A]-'l = m

holds in n + 1 points, we also have in n + 1 points

(G - F - rF)(B - A - r\)Ad\ = det [B - (1 + r)A]m

where the subscript Ad means the adjoint of the corresponding matrix.
On both sides of the equation we have a vector of polynomials of
degree n. Since the polynomials coincide in n + 1 points, they co-
incide everywhere. • Q. E. D.

Since the output matrices of two single product systems of the same
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Relative Prices as a Function of the Rate of Profit 57

order are trivially identical (therefore M = I) and since Yp(r) = o
implies Y = O if the system is regular, we get at once

Theorem 3.3: If prices of two regular single product systems coincide
at n + 1 levels of the rate of profit, the two systems are identical.

There are examples of irregular systems which are different and yet
yield the same prices at all rates of profit. One obtains several well
known results as corollaries of Theorem 3.2, e.g. that relative prices in
two sector systems are monotonic functions of the rate of profit, or
more importantly that two (n, n) single product systems cannot have
more than n switchpoints in common, if they are'different (a switchpoint
is a level of the rate of profit where all prices of two systems - and
not only just the real wage - coincide).

This would suggest that two systems must be the more similar the
more switchpoints they have in common or, to put it the other way
round, it would seem quite logical from a mathematical point of view
to suppose that two systems which are really different cannot have
two switchpoints in common, except by a fluke. However, we shall
prove that reswitching is not a mathematical exception.

3.4 RESWITCHING AND THE TECHNOLOGY SET

The term reswitching has not always been used in the same sense. We
shall solely consider the case where only the method of production for
one of the commodities in the system is subject to change, i.e. where,
for example, the techniques for the production of commodities 2 , . . .,
n are given and fixed while alternative methods are available for the
technique used in the production of commodity 1. Reswitching then
means the possibility that a technique used in the production of com-
modity 1 may be eligible at two different levels of the rate of profit,
separated by ranges of the rate of profit where different techniques are
eligible.

If only one alternative technique exists, this may be formalised as
follows: let a productive, indecomposable single product system with
input matrix A and labour vector 1 be given. The method of produc-
tion for commodity J is (a,, /,.), i = 1, . . . ,«, where a, is the vector of
physical inputs and /, the labour input to process i. Reswitching will
take place if there are two rates of profit r,, r2 where a second tech-
nique for the production of commodity 1 (denoted by input vector a0

and labour input /„) is as profitable as the original technique (a,, /,).
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58 Single and Joint Production Systems

I.e. the equation (1 + r)aop + /0 = (1 + r)a,p + /, must hold at two
rates of profit r,, r2.

It is useful to begin the discussion with this narrowest possible defi-
nition of reswitching.

The condition for reswitching can be rewritten as

(a, - ao)(l + r)p(r) +(/, - /0) == 0

Reswitching will therefore take place if a technique (a0, /„) exists
such that c = (a,, /,) — (a0, /„) is orthogonal to the (n + l)-column
vector

p» =

for two different rates of profit with

(a0, /0) = (a,, /,) - c g o

Whether reswitching takes place will thus depend on the availability
of an alternative technique for the production of commodity 1 on the
one hand and on the shape of the curve p(r) on the other. We discuss
these two in turn beginning with a theorem about p(r).

Theorem 4.1: p(r) takes on n + 1 linearly independent values in (« + 1)-
dimensional space at n + 1 different rates of profit r, (where ri # Rj
for all i, j), if and only if the system is regular.

Proof: Using the notation of Theorem 1.1 one defines the (n + 1)-
columnvector

u(r) = det[B - (1 + r)A]

and the matrix

0 = [u(r,) ( . .., u(rn + 1)]

As in the proof of Theorem 1.1 one shows firstly that U is singular
if and only if there is a vector x ^ o such that xu(r) = 0 and sec-
ondly that the first n - 1 components of the vector x must be zero. It
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Relative Prices as a Function of the Rate of Profit 59

is then clear that the last component of x vanishes as well. The rest is
analogous to the proof of Theorem 1.1. • Q. E. D.

This theorem is closely related to the following: if a system is
not regular, the price vector moves always within one fixed
(n - l)-dimensional hyperplane containing the origin. But if the sys-
tem is regular we have:

Theorem 4.2: The price vectors p(r,) belonging to n + 1 different rates
of profit r,, . . ., rn+l, r, + Rj for all i and j , are never on the same
(n - l)-dimensional hyperplane in n-dimensional space.

Proof: The n + 1 points p(r,), i = 1,. . ., n + 1 are on a n — 1-
dimensional hyperplane in n-dimensional space if and only if there is

a vector (K , A,n+]) i= 0 such that Z A,-p(r-) = o with Z A. = 0.
i = i i = i

This will be the case if and only if the matrix

= rp(r,), . . ., p(r, + 1)1
L 1 ..... 1 J

is singular. But U is not singular for regular systems, the proof being
analogous to that of the preceding theorem. • Q. E. D.

These two theorems emphasise again the erratic character of the
movement of prices in function of the rate of profit in regular systems.
Two values of p(r) will never be proportionate at two different levels
of the rate of profit, n + 1 values of p(r) will never be in the same n-
dimensional hyperplane containing the origin in regular systems; n values
of p(r) will be linearly independent and the (n — l)-dimensional
hyperplane spanned by them will never contain any (n + 1 )st value of
p(r) in regular systems (except when r is equal to an eigenvalue).

We have noted above that reswitching occurs if and only if there is
a (n + 1)-vector c such that cp(r) = 0 at two levels of the rate of
profit, where c has to correspond to a feasible technique, i.e. (a0, /„) =
(a,, /,) - c § o. We can now see that irregular systems are character-
ised by the existence of a vector c such that cp(r) as 0. If c corre-
sponds to a feasible technique, two techniques are compatible at all
rates of profit. This is not really reswitching, but rather an indication
of the odd and exceptional character of irregular systems: all points on
the wage curve are 'switchpoints' for (a(l, /„) and (a,, /,). If we have
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60 Single and Joint Production Systems

the extreme case of an irregular system, i.e. if prices equal values, we
find that an alternative technique is compatible with the original technique
either at all rates of profit or at most at one. This can be seen from
the fact that an alternative technique (a0, /0) will fulfil the equation

(1 + r)a0u + (1 - r/R)l0 = U |

(where u is the vector of values and (1 - rlR) = w the wage rate)
either identically or only for one rate of profit.

Reswitching in the sense that two techniques are equally profitable
at two and only two rates of profit is therefore ruled out if prices are
equal to values. We shall now show that the possibility of reswitching
is characteristic for regular systems. However, whether it really takes
place depends also on the alternative techniques which are available.
Suppose that more than just two methods for the production of com-
modity one exist. If the most drastic neoclassical assumptions about
technology are made, no reswitching can take place. For if we assume

1. constant returns to scale,
2. a technique for the production of one unit of commodity one is

represented by a point in the non-negative orthant in Rn + ' (where
the first n components denote the amounts of required raw materials
and the last the required amount of labour; the labour coefficient is
always positive),

3. the feasibility of (a0, /„) implies the feasibility of all (a, /) where
(a, /) i£ (a0, /„), and if we denote this (n + l)-dimensional tech-
nology set by TS and assume

4. strict convexity,
5. smoothness of the boundary of TS (the 'technology frontier' BTS);

it is clear that a technique (a0, /„) £ TS is eligible at a given rate of
profit r, if (au> /„) p(r) is a minimum over all (a(l, 70) £ TS. Eligible
techniques are on the technology frontier BTS. The existence of a
switchpoint (which is not an inner point of TS and therefore irrel-
evant) implies that p(r) is orthogonal to some point c0 on the (smooth)
boundary BT'S' of the set {x £ R"+> |x = (a,, /,) - y, y £ TS). Now
the smoothness of BT'S' insures that the normal is well defined in any
point on the surface BT'S' and since p(r) never assumes twice the
same value, reswitching is impossible. Strict convexity insures, moreover,
that there can be never more than one eligible technique correspond-
ing to a given level of the rate of profit.
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Relative Prices as a Function of the Rate of Profit 61

This reasoning looks persuasive and is effective in ruling out re-
switching. However, it misses a very important point. A technique (a0, /0)
in the technology set TS which is eligible at any rate of profit is either
on the boundary of the non-negative orthant 7?"+l or it is an inner
point. But the latter is very unlikely, because no technique for the
production of one commodity in an economy has ever been seen which
used positive quantities of all basic commodities known in that economy
as inputs. If strict convexity seems to suggest that an inner point of
/f" + l could ever be eligible as the most profitable technique for a given
rate of profit, strict convexity is a dubious assumption. It is safe to
assume that there will always be some zeros in the rows denoting the
inputs of raw materials.

One might try to defend strict convexity by arguing somehow that a
convex combination of the inputs to two different techniques for the
production of the same commodity is technically superior to either of
the techniques.

This argument may be justifiable for the combinations of some pro-
cesses when the inputs to be combined are tools. (It is harder to find
good examples when the inputs to be combined are raw materials, since
the use value of a commodity frequently changes when the raw ma-
terials from which it is made are replaced by substitutes.) It is in fact
possible to produce planks by means of a saw and by means of a
hatchet, and perhaps advantageously with a combination of both.

But it is usually overlooked that strict convexity requires much more
in the context of conventional neoclassical assumptions such as 1-3
above. For assumption 3 (free disposal) implies that a ton of steet - if
it can be produced by means of a ton of coal and twenty man-hours -
can also be produced by means of a ton of coal, twenty man-hours,
500 cherries and six elephants, since the latter two inputs may be 'dis-
posed of. Now there is no reason to assume that strict convexity ob-
tains for a combination of these two 'techniques' (in the same way as
it obtained for a combination of saw and hatchet), for this would im-
ply that a process of production could be made more productive by
adding just any arbitrary input: the same amount of steel could be
produced, using less coal and a few cherries more. Strict convexity
implies, together with 3, that every input is a substitute for every other.
Assumptions 3 and 4 are therefore not compatible in general. The as-
sumption of a strictly convex (n + l)-dimensional technology set looks
relatively innocent, since convexity is plausible, and so is the assump-
tion of free disposal. Strict convexity then looks like an analytically
useful additional hypothesis. But one should bear in mind that since
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62 Single and Joint Production Systems

no real process of production uses positive quantities of all commodi-
ties as inputs, the technology set is (n + 1 )-dimensional only because
of assumption 3. For even if we admit assumptions 1 and 2 and suppose
that TS is convex, we can hardly expect to be able to construct a feasible
technique with all input coefficients positive, since we cannot expect
to find for all i a technique (a0, l0) which has a positive ith component
to every technique whose ith input coefficient is zero. Hence we must
conclude that TS would probably contain no positive point at all if we
did not have assumption 3. The economically relevant techniques which
do not contain disposable inputs are therefore all contained in the bound-
ary of the non-negative orthant /?"+ l . They form a set which is less
than (n + l)-dimensional. This point is never properly recognised de-
spite the prevalence of zeroes in all empirical Leontief systems, be-
cause economists are used to thinking in terms of two or three sector
models where a positive vector of inputs looks innocent.

It is nevertheless analytically convenient to retain free disposal
(assumption 3). There is no harm either in assuming the possibility of
perfect substitutability for some groups of inputs, but general substi-
tutability must not be assumed. Assumption 4 (strict convexity) is there-
fore to be replaced by the assumption of convexity. (The difference is
fundamental, as we shall see.) Instead of 5, we introduce a new as-
sumption: a technique (a0, /0) E TS will be said to contain no dispos-
able inputs if none of the input coefficients of (a0, /„) can be reduced
without increasing another. We assume that every technique without
disposable inputs contains at least one coefficient which is zero. Our
reasoning then implies that every point on the boundary of the tech-
nology TS, the technology frontier BTS, should be assumed to be spanned
by a set of points (a0, /„) where at least one of the components of each
vector a0 vanishes, or TS is obtained by adding disposable inputs to
such points. The boundary of TS will therefore not be smooth where it
intersects the boundary of ft"+1. Strict convexity may obtain on the
boundary of /?"+ l when two or even several inputs are substituted for
each other, but cannot be expected to obtain with all substitutions and
not for inner points of /?J+1.

Now it is important to note that an inner point of R"+
+l can at best

be eligible at any given rate of profit by a fluke. For (a0, /„) p(r) can
be a minimum for given r only if either (a0, l0) is on the boundary of
/?"+ l . Since no uniquely defined tangency plane of BTS exists in the
boundary point, (a0, Zo) will then in general remain eligible, except in
fluke cases, if a small variation of the rate of profit takes place. Or
(a0, /,,) is an inner point of /?" + l. We abstract first from the existence
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Relative Prices as a Function of the Rate of Profit 63

of disposable inputs. In this case, (a0> /„) is a convex combination of at
least two points (ao\ /0'), (a0", l0") which are on BTS and on the bound-
ary of /?"+1, so that (a0, /0)P(r) c a n De a minimum for given r only if
(a0, /0)p(r) = (a0', /o')pV) = (a0", lo")p(r). Now any arbitrarily small
variation of r in a regular system implies (because of Theorem 4.1
above) that either (ao\ lo")p(r) or (a0", /0")pW will become smaller
than (a0, lo)p(r). Hence (a0, /0) can be eligible at r only if (a0, l0) and
(a0", /„") are switchpoints at r, hence only by a fluke. This explains
why even if two techniques with some zero coefficients exists such
that their linear combinations are positive, their joint use will not be
observed.

But in an economy involving many commodities and processes it is
likely (though we do not assume it) that not even groups of processes
involving no disposable inputs will exist such that their convex com-
binations are positive. The boundary of the technology set BTS con-
tains then positive points only because of the free disposal assumption.
The positive points of BTS will therefore consist of pieces of hyperplanes
which are parallel to at least one of the coordinate axes, and it follows
that none of these points will ever be eligible in this case since p(r) is
positive.

These considerations may seem to imply that linear activity analysis
provides a better representation of technology than the above set theor-
etical description, since linear activity analysis is based on the assumption
of a finite number of constant returns to scale techniques. However,
I do not want to exclude the possibility of continuous substitution al-
together. Continuous or even differentiable substitution possibilities may
obtain with pairs or groups of inputs. But if the technology frontier is
not strictly convex everywhere, techniques on its boundary BTS will
become eligible in discontinuous succession.

Thus we find that, as r varies in a regular system between zero a'nd
R, different techniques of BTS will become eligible. They will be on
the boundary of /?"+1, or, if they are not, they are spanned by tech-
niques which are eligible at the same rate of profit and which are on
the boundary of /?"+ ' . In our discussion of the possibility of reswitching
we may thus assume that the relevant eligible techniques are not inner
points of R"+*\ and therefore that the technology frontier is not smooth
in the neighbourhood of the relevant eligible points which are on the
boundary of R"+

+1.
As soon as edges and corners are admitted in the technology set,

reswitching can easily occur in regular systems even if convexity is
retained, for although the price vector will never assume the same value
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64 Single and Joint Production Systems

at two different levels of the rate of profit, its erratic behaviour may
easily make it possible that the same corner will be profitable at two
different levels of the rate of profit while another may be profitable in
between.

Our results about the behaviour of the price vector and our discus-
sion of the technology set will now allow us to give more precision to
the statement that reswitching is 'easily possible'.

To begin with, we assume again that only one technique (a0, /„) for
the production of one unit of commodity one exists which is an alterna-
tive to the actual technique (a,, /,). Suppose that the two techniques
are different and equally profitable at r = r,. How likely is it that a
rate of profit r2 # r,, 0 S r2 < /?, can be found such that both techniques
are equally profitable at r = r{! We assume that the system is regular,
for if prices are equal to values, reswitching is ruled out, and inter-
mediate cases of irregular systems present uninteresting complications.

It is, of course, not possible to give an exact measure for the likeli-
hood of reswitching in this case. But we can at least argue why
reswitching is not just a mathematical fluke by considering the set

Y(rx) = {(a, /) is o|(a, /)p(r,) = (a,, /,)p(r,)}

of all 'potential' techniques or vectors which are formally equally profit-
able as technique (a,, /,) at r = r, and the subset of Y(rx)

Z(rt) = {(a, /) G y(r,) |(a, /)p(r2) = (a,, /,)p(r2)
for some r2 # /-,, 0 § r2 < R]

which consists of all 'potential' techniques or vectors which are as
profitable as (a,, /,) at the given rate of profit r, and at some other rate
of profit r2 # r,. That is to say, Z(r,) is the set of potential techniques
which have one switchpoint with (a,, /,) at r,, and another at some r2

where r2 is not the same for all points of Z(rs). Obviously, reswitching
is a mathematical fluke if Z(r,) is only a 'very small part' of Y(r,), for
if the set of 'potential' reswitchpoints Z(rx) is small in relation to the
set of 'potential' switchpoints Y(rt), the only actual alternative tech-
nique (a0, /0) - which is in Y(rt) - will only by a fluke be found in the
set Z(r{). While I have not been able to construct an exact measure of
Z{rx) in relation to some economic property of the system, one can at
least prove:
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Relative Prices as a Function of the Rate of Profit 65

Theorem 4.3: The n-dimensional measure of Z{r^) as a percentage of
the /j-dimensional measure Y(rt) is positive, if the system is regular,
and zero, if prices are equal to values.

Proof: If prices are equal to values u, prices are proportional to the
vector of direct labour inputs (section 3.2 above), and 'reswitching' of
any potential technique (a0, /„) implies that (an, /0) is compatible with
(a,, /,) at all rates of profit (p. 60 above). Therefore /0 = /.,, aou = a,u
and Z(r^) is an (n — l)-dimensional set.

If the system is regular, the set

Y(r) = {(a, /) ̂  o|[(a, /) - (a,, /,)]p(r) = 0}

is an n-dimensional simplex in /f"+l spanned by its n + 1 corner points
on the coordinate axes of /?" + l. We have (a,, /,) £ Y(r) for all r.
Clearly

Z(r,) = U {Y(r) D /(r,)}
OSrKR

Because of Theorem 4.1, the simplices K(r) and y(r,) have no corners
in common except for a finite number of rates of profit r, 0 ^ r < R,
r * r,. Yet Y(r) C\ / ( r , ) is not empty since (a,, /,) E {Y(r) n YirJ}.
(a,, /,) cannot be expected to be a positive vector, but Y(r) and Y(rt)
must have positive points in common.

To see this, denote the corners of y(r,) by £,e,, i = 1,. . ., n + 1,
(where e, is the ith unit vector) and the corners of Y{r) by T^e,, i =
1, . . . , n + 1. (a,, /,) cannot be a corner of either Y(r) or y(r,) since
the system is regular. Since (a,, /,) £ {K(r) D y(r,)} we can neither
have §,- < Th, / = 1,. . ., n + 1, nor ^ > T|,, i = 1,. .., n + 1. Without
loss of generality £, < r|,., i = 1,. . ., t, and ^, > T|;, i = f + 1,. .., «
+ 1; 1 ̂  t g n. The straight lines A4,e, + (1 - X)^ey and A.T|,e, +
(1 - "K)y\jtj, O S l i 1, have one point htj in common for all pairs i,
j with l S i S i , i + | < j s n + l . The t(n + 1 - t){n + l)-vectors
hjj and their convex combinations are in Y{r) C\ Y(rx), hence any con-
vex combination with positive coefficients yields a positive point in
Y(r) n Y(rt).

Y{r) Pi y(r,) is therefore an (n - l)-dimensional set containing a
positive point in /f"+l. We have to show that the correspondence
r -> {Y(r) n ^(r,)}, 0 i r < fi, r # r,, covers an n-dimensional
subset of y(r,) containing an open n-dimensional set.
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66 Single and Joint Production Systems

To prove this we note that the points on Yir^ covered by the corre-
spondence r —> {Y(r) (~1 y(r,)} are for sufficiently small variations of
r points which are also covered by the mapping

<t>: (r, p 2 , . . . , p . ) - > J ? ; + 1

given by

(a, /) = {(a,, /,)p(r), (a,, /,)p(r,), p 2 , . . ., pn}{M(r)}-'

where

M(r) = (p(r), p(r,j, p(r2), . . ., p(rn)}

with r, /•,, . . ., rn all different, 0 = r, < /?, and where p2 , . . ., pn are
parameters, varying between zero and + *. Conversely: if (a, /) =
0(r, p2, . . ., p j and if (a, /) g o, we have (a, /) £ [Y(r) D y(r,)}.
There is a point (a, 7) £ K(r,) D y(r), r + r,, . . ., /•„, such that
(a, 7) > o. With (a, 7)p(r/) = p, > 0, i = 2 , . . ., n, the mapping <|>
maps the point (r, p2>. .., pn) £ R" onto the positive point (a, 7) on
K(r,). Since the image point of $ is positive and since 0 is continuous
and one-to-one7 in a sufficiently small n-dimensional neighbourhood
of (r, p2, . . ., pn), the correspondence r —> Y(r) D K(r,) covers an
open ^-dimensional set in Y(rt) for small variations of r. • Q. E. D.

The geometry of Z(rx) increases in complexity with n, i.e. with the
number of commodities. If n = 2, Y(r) is a two dimensional simplex
in Rl and Z(r) can be drawn. The triangle in Fig. 3.1 represents Y(rt),
the shaded area Z(r,).

Z(rt) degenerates to a straight line if prices are equal to values. The
area of Z{r^) is the greater the more directions in space are assumed
by the vector p(r), 0 g r < R. Z(rs) can never cover the whole of
Y(rx), however. No point on the (n + l)st coordinate axis belongs to
Z(r) since the equation (o, 7)p(r) = (a,, l^pir), i.e. the equation 7 =
pt(r) is fulfilled for at most one rate of profit.

The larger the area Z(r{) of potential techniques which lead to
reswitching, the greater the likelihood that the only actual alternative
technique (a,,, /,,) £ Y(rt) will be in Z(rt).

So far, we have assumed that only one actual alternative technique
(a,,, /„) was available. More precisely, the technology frontier was spanned
by (a,, /,) and (a,,, /„). r, was the rate of profit at which (a0, /0) was as
profitable as the original technique (a,, /,). In order to determine whether
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Relative Prices as a Function of the Rate of Profit 67

(a,.',)

Y(r)

Figure 3.1 The triangle represents the set of potential techniques which
are as profitable as the actual technique (a,, /,) at rate of profit r, and
Z(r,) represents the set of potential techniques which are as profitable as
(a,, /,) also at some other rate of profit.

(a0, /„) was likely to lead to reswitching we looked at the set Z(rt) of
all potential techniques which are alternatives to (a,, /,) at r = r, and
at some other rate of profit. Since the set Z(r,) was found to be of the
same dimension as the set J^r,), the likelihood of (a,,, /„) being in
Z(rt) was not negligible. No theorem could be proposed expressing
the measure of Z(r,) as a percentage of the measure of Y(rt) in func-
tion of some economic property of the system; all that could be said
for sure was that the measure of Z(r{) as a percentage of the measure
of /"(/",), hence the likelihood of (a(), Zo) being in Z{rx), was not zero.

This remains true, if the technology frontier is spanned by more
than two points, although we get a complication.

An alternative technique (a0, /0) which is as profitable as (a,, /,) at
r, with both techniques being eligible at r,, may not be eligible any
more at some other rate of profit r7 # r, at which (a(), /„) is as profit-
able as (a,, /,). There will then be reswitching in that the two tech-
niques are equally profitable at r, and at r2, but they are eligible only
at r,. Both are less profitable at r2 than some third technique. By mak-
ing sufficiently bold assumptions about the technology frontier one can
ensure that whenever two techniques are equally profitable at two different
rates of profit, there will always be a third technique dominating them
by being more profitable than either at one of the two rates of profit.
In the extreme case, if strict convexity and smoothness of the frontier
are assumed, one gets rid of reswitching in so far as there is then only
one eligible technique at each rate of profit.

But I have tried to show that strict convexity and smoothness are
highly dubious assumptions. If corners of the technology frontier are
admitted, it may still be that whenever two corners are equally profit-
able at two rates of profit, a third will be eligible at one of these two
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68 Single and Joint Production Systems

rates of profit. But there is no reason why this should be so in general.
If (a0, /0) is as profitable as (a,, /,) at r = r,, both being eligible, there
is a positive possibility that (a0, /„) will be in Z(r^), i.e. as profitable
as (a,, /,) at some r = r2. And if (a0, /0) is in Z(r,), there is again
surely a positive possibility that (a0, l0) is not dominated by a third
technique at r = r2. The fact that the product of two probabilities may be
a probability smaller than either does not reduce a possibility to a fluke.

3.5 WICKSELL EFFECTS

We may try to pursue the pure logic of a S raff a system a little further
by applying the formula derived above for systems with simple roots
to the analysis of Wicksell effects. This will be all the more useful
since perverse movements of the capital-labour ratio are at least as
relevant for the criticism of neoclassical theory as reswitching, and in
discussing them we have the advantage of not having to make any
assumption about alternative techniques, be it in the conventional form
of neoclassical assumptions about a strictly convex technology set or,
more cautiously but still hypothetically, a book of blueprints.8

We calculate the capital-labour ratio of a stationary non-basic sys-
tem where the non-basics are all pure consumption goods, they are
produced by means of labour and basics alone. The basic part of the
system is assumed to be regular with no multiple roots in the charac-
teristic equation. The system is supposed to produce a surplus of non-
basics only, and the basket of non-basics in the surplus will be taken
as the numeraire for prices. The model represents the obvious gener-
alisation of the conventional two-sector system with one basic com-
modity and one non-basic serving as 'numeraire'. Formally this may
be expressed as follows:

The input matrix is given by

A " LA' O

where Aj is an (n, n) indecomposable matrix for the basic part of the
system and A2 an (m, n) matrix. The output matrix (unit matrix) I and
the labour vector I are partitioned accordingly. The net surplus of
consumption goods to be produced is given by an (n + m)-row vector
d = (d,, d2) where the n-vector d, equals zero and where the m-vector
d, > o. Activity levels q are then given by
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Relative Prices as a Function of the Rate of Profit 69

q = d(I - A)"1 = [d2A2(I', - A!)"1, d2]

Total labour in the economy is taken to be unity, i.e. ql = 1. The
price equations are

P l = (1 + r)Aip, + wl,

P2 =

where

w(r)

- (1 +

d p -

OAip, +

1 so that

* A

« , y P

w\2

w

The capital-labour ratio is

, _ K _ qAp _ qA'p,
L wql d2p2

The n eigenvectors of A| are linearly independent so that the sum of
the inputs of basics in the processes of non-basics can be represented
as a linear combination of them

where

(1 + tf,.)q,.A) = q,.

and where we normalise the q; to q,l, = (since the system is
1 +.K,

regular, we have q,l, =£ 0).
Using

q,[I - (1 + r)A] = q,l 1 - -p^-r

the formula for the capital-labour ratio may be simplified

_ d,A'(Ij - A' .r 'Ajp, + d2A^p,

d2(l + r)A2p, + d2l2
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70 Single and Joint Production Systems

" ' R< 1 + R' R> ~ r R> ~ r'

d2i2

so that it is shown to depend essentially on the 'eigenvalues' /?, and
the coefficients A.,, by means of which the inputs of basics to the pro-
cesses of non-basics are expressed as a linear combination of the
eigenvectors:

h '
+ 1

•i ~ f

+ r

The capital-labour ratio is thus represented as a rational function of r
in explicit form. It reduces to a constant in essentially only one case:
if by coincidence d2A2 = X.,q, and, also by coincidence, d2l2 = A, we
get k = 1//?,. The same simple result is obtained in a basic Sraffa
system (where the surplus consists of basics only) in standard propor-
tions and also in a basic Sraffa system where prices are equal to values.
Here, where non-basics are involved, the situation is more compli-
cated, but one can easily show that d2l2 = A, implies that the organic
composition is the same in both sectors of a two sector model where
the first sector produces a basic good by means of itself and labour
and where the second sector produces a non-basic by means of the
output of the basic sector and labour.

If the vector of inputs of basics to non-basic industries does not
happen to be proportional to the standard commodity of the basic part
of the system and if the coefficient of proportionality does not happen
to be equal to total labour employed in non-basic industries, the capi-
tal-labour ratio may vary in almost any conceivable way with the rate
of profit. The point is that these variations are due to the structure of
the basic part of the system, for the formula shows that the capital-
labour ratio of the entire system depends crucially on the eigenvalues
and the eigenvectors of the basic part of the system. This result con-
firms the thesis the Wicksell effects are mainly due to the interaction
of the basic industries. It is therefore out of place to discuss, as is
often done, reswitching or Wicksell effects in terms of two sector models
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Relative Prices as a Function of the Rate of Profit 71

with one basic and one consumption good, for the relevant problems
of capital theory are visible only in models involving several basic
goods.

3.6 THE CAPITAL-WAGES RATIO

The conclusion of the previous section is, when separated from the
argument supporting it, not very impressive. To say that reswitching
may take place or may not take place, or that the capital-labour ratio
may move in either direction except if it is by coincidence constant is
very nearly an empty statement which can be important only as a warning
to those who are still trying to get round the criticisms made against
neoclassical theory by means of some clever and artificial construc-
tion. Kazuo Sato has claimed in the Quarterly Journal of Economics
that 'the neoclassical postulate . . . remains one of the most powerful
theorems in economic theory' (Sato, 1974, p. 355). He supports this
claim by enlarging on Professor Samuelson's construction of a surro-
gate production function. He takes Samuelson's old two-sector model
(Samuelson, 1962) without assuming as Samuelson did that the or-
ganic compositions in both sectors are the same. He is nevertheless
able to show that reswitching will not occur provided sufficiently bold
assumptions about available techniques are made, i.e. provided the
existence of a 'technology frontier' is assumed and provided the substi-
tution properties of the technology frontier are appropriate. His article
is a very nice exercise in the analysis of two-sector models with vari-
able techniques, but I hope to have reminded the reader (as Sato him-
self is sufficiently candid to admit) that the real difficulties of capital
theory begin when we are dealing with a many-sector model, i.e. es-
sentially when we are dealing with a model involving several basic
goods. Our model provides a critique of Sato, since it is a direct gen-
eralisation of Sato's version of Samuelson's two-sector model, in that
basics are here the only inputs to production besides labour and in that
the non-basics furnish the standard of prices.

This article has confirmed that prices of production follow a twisted
; curve in function of the rate of profit in regular systems involving
several basic industries. The consequent complicated movement of prices
is excluded only if prices are equal to values. It is 'evened out' for the
standard commodity. In the general case it is such that reswitching
becomes an irrefutable possibility if it is recognised that the techno-
logy frontier is likely to have corners. And even if the technology frontier
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72 Single and Joint Production Systems

is assumed to be smooth, there will still be Wicksell effects for a given
technique. It is therefore no wonder when people complain that the
reswitching controversy has made capital theory awfully difficult. How-
ever, I want to conclude with a more constructive remark. The diffi-
culties with the capital-labour ratio are in part due to the fact that it is
a hybrid concept in that the measurement of capital requires a measure-
ment in terms of absolute prices while labour is measured in terms of
physical units. If instead of the capital labour ratio we use the (per-
haps pseudo-marxist) concept of an 'organic composition of capital
expressed in price terms' we get rid of the problem of choosing an
appropriate standard of prices. The 'organic composition of capital in
price terms' is simply the relation of total capital to total wages in the
economy: K/W. Given the technique and the labour force this expression
depends on the rate of profit. But it does not depend on the chosen
standard of prices because the price standard occurs both in the nu-
merator and the denominator. Moreover, the capital-wages ratio is
at least a monotonic function of the rate of profit in a single product
system. In formulas:

K _ qAp _ qAp
W ~ "̂ qf qT

where q denotes activity levels, p, w prices in terms of any standard
and p prices in terms of the wage rate. Since prices in terms of the
wage rate rise monotonically with the rate of profit for a given tech-
nique, the capital-wages ratio will do the same (between zero and the
maximum rate of profit).

The capital-wages ratio is the relevant concept from the microeconomic
point of view when the entrepreneur wishes to assess the relative cost
of capital and labour; when he wants to compare 'capital' and labour
in physical terms he has to compare machines, raw materials and men.
The concept of the capital-wages ratio is equally useful in macro-
economics since it relates the distribution of income between profits
and wages P/W with the rate of profit P/K.

P_ = P/W
K K/W

If the curve indicating the capital-wages ratio in function of the rate
of profit for a given technique (the 'capital-wages function') shifts
upwards or downwards because of a technological change (technical
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Relative Prices as a Function of the Rate of Profit 73

K/W

PIW

Figure 3.2 The capital-wages ratio and the profits-wages ratio as
functions of the rate of profit (capital-wages function and profit-wages
function respectively). If the capital-wages function shifts upwards because
of technological change, the profit-wages function does the same. The
shifting of the curves (dotted lines) entails a fall in the rate of profit from
r, to r7 if the actual profit-wages ratio in the economy is not affected by
the technological change.

progress), it follows that the rate of profit is lowered or raised accord-
ingly if the distribution of income (P/W) is fixed. This conclusion
which is important for any discussion of the interdependence of in-
come distribution, technical progress and the rate of profit may be drawn
because the capital-wages function is (for a given technique) a
monotonically rising function of the rate of profit, and because it is,
moreover, a pure number, i.e. independent of the monetary standard of
price* (see Figure 3.2).

I believe that J. Robinson and N. Kaldor were right in asserting that
the dilemma posed by the heritage of neoclassical theory can only be
overcome by shifting attention from processes of substitution to technical
innovation. A discussion of the macro effects of technical progress in-
volves an analysis of the relation between 'microeconomic' switches of
technique in physical terms and macroeconomic changes of 'factor ratios'.

If such an analysis makes it possible to express the effect of
'microeconomic' changes of techniques in terms of shifts of the
macroeconomic capital-wages function we should get nearer to a post-
neoclassical theory of the interaction between progress, distribution and
profitability.
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74 Single and Joint Production Systems

Notes

1. A is an indecomposable non-negative (n, n)-matrix, 1 the labour vector, p
the vector of relative prices, r the rate of profit, w the wage rate. The
coefficient a{ of the matrix A denotes the amount of commodity j required
to produce one unit of commodity i. The system is supposed to be produc-
tive, i.e. eA s e where e is the summation vector e = (1, 1 1).

2. The non-mathematical reader may skip the theorem together with its proof.
An alternative proof of the theorem is to be found in Schefold (1976a).

3. Here and in all of what follows, the price vector is considered as a func-
tion of the rate of profit, hence as a curve in ^-dimensional space in func-
tion of the variable r. p(r) is said to assume n linearly independent values
at the rates of profit r, . . . , rn, if the vectors p(r,) [>(/•„) are linearly
independent.

4. See e.g. Grobner (1966), pp. 201-5.
5. We note the following corollary:

Corollary: The systems considered above are regular if and only if the
vectors 1, Al, . . ., A"~'l are linearly independent.

Proof: If q,I = 0 for some eigenvector q, of A, the matrix F = (1, A l , . . . ,
A""'l) is not regular, since q,F = o. If q,l ¥= 0, i = 1,. . ., /, and if R is
not a semi-simple root of the characteristic equation det [I - (1 + r)A]
= 0, there are at least two eigenvectors q,, q2 associated with R such that
qF = o where q = q, + u;q2, \i = - (q,l/q2l). Conversely, if the system
is regualr, and if m is the maximum number such that the vectors 1, Al
A"'l are linearly independent, suppose that the subspace /?"' + ' CR" spanned
by the vectors 1, Al,. . ., A"i had dimension m + 1 < n.

Since the matrix I - (1 + r) A maps R"*1 onto itself, with det [I -
(1 + r) A] # 0, this would imply that p(r) = [I - (1 + r)A]"' 1 £ Rm+>

for all r ± Rj, i = 1,. . ., /, which contradicts Theorem 1.1 above.
(This Corollary is used in Schefold (1976c), pp. 216-26.)

6. Systems where a labour theory of value holds have been discussed innu-
merable times. Perhaps it is instructive to give an example of a single
product system where one of the roots is multiple. For the input matrix

A =

we obtain in det [I - (1 + r)\] = 0 a simple root (maximum rate of
profit) if r = 1/5 and a double root for r = 5/4. This double root is not
semi-simple.
There are in fact exceptional points. If the mapping is not one to one in
(a, / ) , it jrieans that <|> maps some point (/•', p 2 ' , . . ., p,,') ¥= (r, p 2 , . . ., p,,)
onto (a, / ) . It follows at once that p, = p,', i = 2 , . . . , n, sinceonly the
first column oj matrix M(r) varies with r. Therefore, since (a, / )p(r) =
(a, /,)p(r), (a, / )p(r') = (a,, /,)p(r'), and (a, / ) turns out to be a switchpoint
with (a,, lt)_ not only at r and rt, but also at r'. One has therefore to
choose (a, / ) such that it does not happen to be in the (n - 2) dimen-

1/3
1/4
1/4

1/4
1/3
1/4

1/4
1/4
1/3

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Relative Prices as a Function of the Rate of Profit 75

sional subset Y(r) D K(r,) D Y(r') of Y(r) n y(r,) for any r' in a suffi-
ciently small neighbourhood of r. This will always be possible since
Y(r) (~l y(r.) n y(r') does not cover more than a small part of Y(r) n Y(rx)
if r' varies only a little. All these arguments depend crucially on the regu-
larity of the system.

8. The book of blueprints may always contain goods which may become com-
/ modifies in the new system if the new technique is adopted while they

were not commodities in the old system. This is an awkward possibility
since it implies that we must be able to list and measure goods which have
not been listed or measured or even been defined as separate goods by the
market. There is no such methodological difficulty involved when we cal-
culate what prices of production of given commodities would be if the rate
of profit changed with techniques remaining unchanged.

9. This is discussed in detail in Chapter 9 in this volume.
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4 The Standard Commodity
as a Tool of Economic
Analysis*

4.1 INTRODUCTION

Sraffa, in his Production of Commodities by Means of Commodities
(Sraffa, 1960), intended to achieve two purposes: to lay the foundation
for a critique of neoclassical theory and to prepare for a return to the
classical theory of accumulation by providing a modern formulation of
a classical theory of value. He showed that prices are determined and
vary in function of the rate of profit, if the quantities to be produced
are given with the technology in use. On the one hand, the variations
in the total value of capital goods so induced are incompatible with
traditional views of a determination of distribution and employment
through supply and demand for capital as a factor of production. On
the other hand, room was made for a determination of the levels of
output and employment, and of distribution, through non-neoclassical
theories. As a matter of fact, a given real wage rate had been the key
to the explanation of distribution in the Ricardian system (with profits
being a residual in the surplus after the payment of rents), and with
the level of accumulation reached in any period determining the number
of workers then to be employed. The theory of distribution (Pivetti,
1985), of the level of output (effective demand, Garegnani, 1964/5)
and of its composition (Chapter 14 in this volume) would have to be
rather different under modern circumstances; the reconstruction of classical
theory therefore remains a laborious task.

The construction of the standard commodity takes a great deal of
space in SrafFa's otherwise parsimonious exposition of the 'prelude' to
the 'critique' and to the 'reconstruction'. He himself indicates that it
was a late addition to a work the essential propositions of which had
been developed in the late 1920s, but which was published only in
1960. There has therefore been some controversy as to the relevance

•First published (with subtitle, 'A Comment on Flaschel') in Journal of Institutional
and Theoretical Economics (ZgS), 142(1986), pp. 603-22.
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Standard Commodity as Tool of Economic Analysis 11

of this concept. Flaschel (1986) joins those who believe that it is un-
important but he goes one step further and tries actually to prove that
it cannot be important because, according to the interpretation he
presents, it exists only under special circumstances. In this comment
I want to argue that there may be good reasons to use the standard
commodity, at least for purposes of exposition and in order to gain a
better understanding of the background of SrafTa's theory of value in
the history of economic thought. But, while I admit that the usefulness
of the standard commodity for these purposes is to some extent a matter
of taste, I want to show that Flaschel's interpretation of Sraffa's con-
struction of the standard commodity is actually wrong. It is true that it
seems plausible at first sight and I have heard similar interpretations
in oral discussions. I am therefore grateful to the editor who has al-
lowed the issue to come out into the open. But I should like to lead
the reader towards an understanding of the difference between Flaschel's
appreciation of the standard commodity (where I disagree although the
point of view is to be respected and shared by many) and his specific
interpretation of its defining properties which I regard as mistaken,
although it will be seen that his formalisation of S raff a may at first
sight seem to be close to one once proposed by myself. Unfortunately,
my allusions to the history of economic thought - especially with re-
gard to the classical theory - will have to be brief and can be given
only in passing through a somewhat intricate (though mathematically
not difficult) formal exposition.

4.2 THE STANDARD COMMODITY IN ECONOMIC ANALYSIS

Many authors have, correctly, used the standard commodity to show that
there is an analogue to the corn economy in multi-sectoral models (Eatwell,
1975a). The analogy with the commodel consists, first of all, in the fact
that, in an economy in standard proportions, the product is composed of a
vector of commodities which is proportional to the vector of the aggregate
of the means of production producing those commodities. Shares in
the standard commodity and - what is more important - the rate of profit
therefore have a meaning independently of prices, and this observation
has been used to link theories of distribution and theories of value.

Secondly, the standard commodity helps to comprehend price move-
ments which are induced by actual or imagined changes in distribution
as a modern and precise reformulation of Ricardo's idea of an invariable
standard of value or of Marx's average industry.
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78 Single and Joint Production Systems

However, the standard commodity is not indispensable in either context
and it cannot always be assumed to exist outside single product systems.

Manara had shown already in 1968 (Manara, 1968) that the standard
commodity is not always defined for joint production systems and that
it can sometimes be multiple. Schefold (1971) showed that a multiplicity
of standard commodities is in a rigorous sense exceptional, whereas
the existence can be linked to efficiency properties of the system and
is always guaranteed for single product systems, fixed capital systems
and systems with differential rent of the first (extensive) kind. Given
these exceptions, there is no reason to be dogmatic about the necessity
of using this conceptual tool. To this extent I agree with Flaschel.

It is well known that Sraffa introduces the standard commodity in
an analysis of changes of relative prices in consequence of changes in
the rate of profit in a system with given methods of production. Most
commentators have focused on the consequences of this approach, without
attempting to provide a mathematical formulation for Sraffa's derivation.
My contribution in my 'Postscripts' to the German edition of Sraffa's
book (Schefold, 1976c) is, if I am correct, the only exception. I there
tried to give a mathematically precise meaning to what it would mean
to have an 'invariable standard of value' which would in some sense be
more than just a numeraire chosen arbitrarily.

Flaschel's paper (Flaschel, 1986) now makes the rather surprising
and revolutionary claim that

'(a) a specific and complete solution to the problem of finding the
conditions for such an (invariant) standard (of value) is indeed available,
yet that (b) Sraffa's standard does not fulfill this list of conditions'.

Flaschel, moreover, presents us with a 'true' set of invariable measures
and shows that they are 'devoid of economic content'. In my opinion,
Flaschel has added one element to the list of defining conditions of
the standard commodity, and it is this which leads him to conclude
that the set of systems with standard commodities is so severely
restricted.

Perhaps I shall be held responsible for this. In the main part of this
chapter I therefore want to show that at the roots of Flaschel's contention
there is a confusion between my mathematical representation of Sraffa
and Sraffa's own verbal presentation which proceeds according to an
economic reasoning. It seems necessary to provide first a summary of
what I believe to be a faithful interpretation of Sraffa's argument and
to contrast it with my own simplified interpretation of 1976.
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Standard Commodity as Tool of Economic Analysis 79

4.3 THE SEARCH FOR AN INVARIABLE MEASURE OF
VALUE AND SRAFFA'S DEVELOPMENT OF THE STANDARD
COMMODITY

I agree with Flaschel that the term 'invariable measure of value' is a
pleonasm; any measure ought to be invariable in some sense by definition.
But the meaning of the term is that the measure should be useful relative
to a theory. In this way, one measure can be more interesting or useful
than another. In our case, the corresponding theory is discussed in
SrafTa's Chapter HI 'Proportions of Labour to Means of Production'
which motivates the adoption of the standard commodity as a 'measure'
in Chapter IV. Many readers have not realised that the argument is not
merely mathematical but economic, and reference is made to dis-
equilibrium conditions.

In the previous chapter (II), Sraffa has explained that his system

(1 + r)Ap + wl = p

has two degrees of freedom. He eliminates one by taking the value of
the net product as unity. He defines e(I - A)p = 1, where e = (1,
1,. . . , 1), which implies - since total labour has also been normalised
to be unity, el = 1 - that w represents fractions of the national income,
i.e. w - W/Y: the wage rate is numerically equal to the share of wages
in national income.

It should be clear to the reader familiar with the tradition of classical
economic theory that this represents at this point already the third
suggestion for a theory of distribution in relation to the theory of value
in Sraffa's book. For the thoughtful reader will remember that Sraffa
starts from a system which does not show the surplus in explicit form.
In the first 'closed' system (Chapter I), the total production of each
industry is equal to the inputs acquired by each industry. Formally
eA = e; this corresponds up to a scalar factor, a, unique vector of
relative prices p such that Ap = p. Now there is no reason to assume
that all people working within each industry are alike and receive the
same share of commodities for their subsistence. At the very least,
there must be an implicit subdivision of the means of production
purchased by each industry between a 'necessary' wage of workers
and technical means of production. But it is possible that those inputs
also contain goods consumed by lords or managers supervising the
process of production. The principle of distribution may thus here be
completely exogenous, at any rate it is not shown, and one possible
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80 Single and Joint Production Systems

interpretation is that a surplus is distributed within each 'industry' (perhaps
one had better say here 'community') according to traditional rules
which are not capable of an economic analysis according to formal
principles. The standard of value appropriate for this stage is a commodity
standard; the reader will think of 'gold' as an example.

The main (though not only) interpretation to be associated with Sraffa's
second model (where the surplus is shown explicitly and is distributed
according to a uniform rate of profit) is that of a capitalist society in
which workers receive a necessary wage (first part of Chapter II). It is
determined, as in classical theory, by subsistence needs modified by
historical circumstances. For this second system one has (1 + R)\p = p,
and s = e(I - A) is the vector of commodities which represents the
surplus to be distributed. In the second model, a commodity standard
is again appropriate.

But Sraffa is not content with a mere reformulation of the classical
system; he develops it by treating part of the wage as a share in the
surplus. At the same time, his model is so formulated as to serve as a
critique of neoclassical theory. If the special assumption of constant
returns to scale is made, his model now shows the prices which ought
to prevail also in a neoclassical long-period equilibrium. Only the
neoclassical theory of distribution - so it seems - would have to be
brought in. Sraffa's point, of course, is to indicate how an inconsist-
ency between the theory of prices and an attempt to integrate it with
the neoclassical theory of distribution is inevitable. The reader of Chapter
III of Sraffa's book should therefore be aware that we are concerned
both with a development of classical theory and with a preparation for
a critique of the neoclassical one.

The third approach to distribution (perhaps we should not say 'theory'
here) would consist in the assumption that the share of wages is given
and determines a rate of profit. Several authors have argued along such
lines. There is an argument in Marx which runs from the rate of
exploitation to the rate of profit as derived from the former, and Joan
Robinson has often suggested that the share of wages should be re-
garded as given, if that seems appropriate in view of the historical and
institutional conditions under consideration. National income then is
the obvious 'measure' of value.

This is where we stand when our exposition begins, and the reader
of this chapter will be sufficiently informed to know that Sraffa wants
to carry on to a different theory of distribution where the rate of profit
is the primary, the wage rate the derived phenomenon, and where the
monetary rates of interest are the determining factors. The reader also
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Standard Commodity as Tool of Economic Analysis 81

knows that, for this last theory of distribution, Sraffa chooses the standard
commodity as his numeraire. Where exactly does Sraffa drop the former
measure and adopt the latter?

Flaschel's suggestion (in the second paragraph of his conclusion) is
that Sraffa in his derivation uses both at the same time, each in a
modified form which would be difficult to recognise. (See Flaschel's
equations (5) and (6). (6) would be equivalent to having a numeraire
commodity in standard proportions, (5) is used by him with national
income as a standard.) This would indeed be an apalling mistake. It
does not seem very plausible that one of the greatest logicians of the
century, the man who compelled Wittgenstein by the force of his argument
to abandon the Tractatus', could have committed an error of this order
of magnitude in one of the key passages of a book of less than 100
pages which Sraffa had taken more than 30 years to write.

As a matter of fact, Sraffa drops national income as a standard almost
at once in Chapter III. At first he sets the wage rate equal to unity so
that prices are equal to labour values (labour embodied). I write

u = Au + 1

where u is the vector of labour values. Sraffa then lowers the wage so
that profits arise. He first considers (Sraffa, 1960, p. 12 bottom) the
situation of an equal organic composition of capital where the proportions
of labour to means of production (here valued in terms of labour
embodied) are the same in all industries. Now, if prices are the same
for all rates of profit, they are equal to labour values, and labour values
still rule at the maximum rate of profit, so that we obtain

(1 + /?)Au = u

At the same time, labour values must be proportional to direct labour
(to see it, put r = —1 in Sraffa's price equations) so that we have u = 1
and

(1 + R)\l = 1

which is the well-known, necessary and sufficient condition for a uniform
organic composition of capital in Sraffa systems with arbitrary semi-
positive indecomposable input-output matrices and single production.
In this case, the linear wage curve is already there; we have RAu =
(I - A)u, therefore we get from
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82 Single and Joint Production Systems

(1 + r)Ap + w\ = p

under the conditions p = u and e(I - A)u = 1 the equation

(I - A)u = rAu + wl = (r//?)(I - A)u + wl

hence after premultiplying by the left with e:

1 = rlR + w

Sraffa is now interested in the following observation: as the wage is
lowered, the wage rate being uniform, surpluses arise in each industry
at the given prices (always equal to labour values) such that, within
each industry, a profit can be paid to the owners of the means of
production according to a rate which is also uniform. For we now
have a vector of profits in each industry (using u — Au = 1 and u — Au)
= RAu)

u - Au - wl = I - (1 - r/R)l = (r/R)\ = rAu

Therefore, what is gained from the standpoint of each industry by
lowering the wage at unchanged prices, is in this case just enough to
pay profits according to the uniform rate of profit.

What happens if the organic composition is not uniform? Sraffa again
lowers the real wage starting from a situation in which prices are equal
to labour values. To make his point, he supposes that prices remain
unchanged, i.e. equal to labour values. He then supposes that a rate of
profit is paid. Since the proportion of labour to the value of the means
of production is different in the different industries, the savings of wages
will in some cases be more than necessary to provide for the payments
of profits (in place of 'labour-intensive' industries, Sraffa speaks of
'surplus' industries). In other industries, where the proportion of la-
bour to means of production is low, the savings of wages will not be
adequate and, with unchanged methods of production, those 'capital-
intensive' industries will run a deficit. Formally, we thus have

u — Au - wl - rAu = z

where z is the vector of surpluses and deficits (a negative component
of z corresponds to an industry running a deficit). (It should be noted
that this is a formalisation of the passage, quoted by Flaschel to support
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Standard Commodity as Tool of Economic Analysis 83

his equation (5), which differs from. Flaschel's formalisation.)
One might now think that the rate of profit (which corresponds to a

given reduction of the real wage from its original value of one) could
be read off from the wage curve determined by the condition that the
value of the national income is unity. (This is why Flaschel uses equation
(5) with national income as a numeraire.) But Sraffa explicitly states
(Sraffa, 1960, p. 13):

Nothing is assumed at the moment as to what rate of profits corresponds
to what wage reduction; all that is required at this stage is that there
should be a uniform wage and a uniform rate of profits throughout
the system.

What Sraffa needs is only that the rate of profit be such that some
components of z are positive and some negative. For the economist, it
is perfectly possible to imagine a 'watershed' between surplus and deficit
industries, i.e. an industry of, in some sense, 'average' conditions, in
which neither a surplus nor a deficit is made so that profits are 'normal',
given some rate of profit.

It would be tempting to define the 'average' using equal weights or
to define the rate of profit using the wage curve on the basis of the
national income as numeraire. But that would be a mistake. Sraffa on
the contrary seeks that kind of average which would be theoretically
relevant. To opt for a specific average would be to opt for a specific
numeraire before its function as a measure of value had been understood.
This is the difficult step which Flaschel has missed. If it is sometimes
as difficult to follow Sraffa's argument as it is to walk on a rope, we
must here be content to walk on a rope which, for the time being, is
tied to nowhere. (It would also in general be a mistake to assume that
the 'watershed' is defined by postulating that the sum of the surpluses
is equal to the sum of the deficits or that ez = 0 although this condition
would determine r, given w.)

In order to see the extent of the increase of the rate of profit associated
with the wage reduction which determines the 'watershed', it is useful
to draw, for each industry i, the straight line given by

«, - (1 + r)a,u - wli = 0

in a (w,r) diagram. Each straight line passes through the point (1,0)
because each industry is in balance at labour values for r = 0 and w
= 1. If w is lowered, there is, for each industry, one level of r such
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84 Single and Joint Production Systems

that this industry constitutes the 'watershed'. The corresponding straight
line will have a slope which is, in absolute value, equal to the capital-
labour ratio in value terms:

—dw/dr = a,u//,

Sraffa implicitly assumes that the rate of profit is such that the 'watershed
industry' is found in between that with the highest and that with the
lowest capital-labour ratio.

Srafifa states that price changes are called for to redress the balance
in each of the deficit and each of the surplus industries, wherever that
balance might lie:

To achieve this object it is first of all the price ratio between each
product and its means of production that one expects to come into
play. (Sraffa, 1960, p. 14)

The situation where surpluses and deficits exist is, economically
speaking, a disequilibrium. One 'expects' something according to the
quote above because there are differing traditions in economic theory
regarding such disequilibria.

What are the fundamental regulating mechanisms in differing economic
theories available to correct the disequilibrium which has been introduced
in a very rudimentary form? Disequilibria of this kind may, according
to classical theory, show in a deviation of market prices and prices of
production. The classical economist traditionally expects market prices
to gravitate towards prices of production because capital migrates from
low profit to high profit industries. A modern economist might envisage
also other effects, but, analytically, pure price changes are sufficient to
restore equilibrium. The capital-intensive industries show the deficit
because their wage costs have fallen less and their capital costs have
risen more than in the average. In Marxian terms, their prices of
production lie above the corresponding labour values. Hence prices of
products of capital-intensive industries would have to be raised and
those of labour-intensive industries lowered.

The neoclassical economist, especially the modern, would complain
that he is not presented with enough information. Where are the
endowments, preferences etc.? But he would basically recognise that a
high capital intensity here is associated with a low profitability (deficit)
so that he might say that the balance could be redressed if more saving
(and investment) are undertaken in those industries where returns are
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Standard Commodity as Tool of Economic Analysis 85

higher so that returns are equalised at some level. And he would regard
it as a matter of course that high capital intensities are associated with
low rates of return. I am not suggesting that Sraffa's critique of economic
theory culminates in the arguments presented here; it is only being
prepared. There is no room to discuss the question why price changes
but not changes of quantities produced are being considered. And it is
not in the end a symmetric critique both of classical and of neoclassical
views, although the argument which is presented next hits both in their
conventional form. For Sraffa now points out that the raising of the
price in the industry which we have defined as 'capital-intensive' on
account of its high capital-labour ratio (although Sraffa, for good rea-
sons, avoids those terms) need not restore the balance. For one has to
'transform' not only the prices of outputs, but also those of inputs.
And if the means of production of a capital-intensive industry are

produced by labour-intensive industries, the value of the means of
production of the capital-intensive industry may fall in consequence of
the change of prices, so that it is not necessary for the capital-intensive
industry to raise its own price. The fall in the wage and the fall in the
costs of the means of production may suffice to pay for the profits in
spite of a large 'mass' of capital goods, given the increase of the rate
of profit.

Such effects were overlooked by Marx in his consideration of the
transformation problem, and they also provide a critique of the
neoclassical concept of capital as a given homogeneous magnitude,
for the price of a given amount of physical capital changes. After prices
have adjusted, capital earns the same profit in all industries. In a sense,
Sraffa, by reducing the means of production to the means of production
and labour by which they had themselves been produced, already here
prepares the reader for the later consideration of Wicksell effects which
are, of course, presented in a more striking manner in a subsequent
chapter (Chapter VI).

However, Sraffa's main point here is something else: we have now
seen that the clue to the understanding of the reaction of prices to
changes in distribution (lowering of the wage in this case) lies not
only in the proportions of labour to the value of means of production
in the industry under consideration, but also in the corresponding pro-
portions in previous industries which produce those means of production,
and further on backwards in 'logical' time. The 'inevitable' (perhaps
it would be better to say 'appropriate') standard of value is therefore
that from which the cause of the price changes in consequence of changes
in distribution, namely the unequal proportions of labour to means of
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86 Single and Joint Production Systems

production in the industry itself and in the industries producing the
means of production of that industry and further backwards, are absent.
('Cause' is here to be interpreted relative to established economic theory.
We should not be able to speak of 'causes' of price changes if we
were only concerned with the mathematical properties of a system of
equations.)

Therefore, after having presented an argument which is a preliminary
critique of the Marxian transformation of values into prices as well as
of any idea that there is a fixed and stable hierarchy of industries
according to capital intensities such that a high capital intensity would
permanently be associated with a relatively low profitability independently
of distribution, Sraffa concludes what he in fact calls a 'preliminary
survey' and invites the reader (Sraffa, 1960, p. 16) to imagine an economy
which employed labour and means of production in the 'watershed
proportion'. It would have to use means of production and labour such
that not only the proportion of labour to means of production in the
industry itself would be equal to the 'watershed proportion'. The industries
which produced those means of production, taken in the aggregate,
too, would have to show that proportion of labour to means of production,
and the means of production of that aggregate industry could be similarly
resolved going further backwards ad infinitum. This is the 'recurrence
condition'. Sraffa writes:

The commodity produced by such an industry would be under no
necessity, arising from the conditions of production from the industry
itself, either to rise or to fall in value relative to any other commodity
when wages rose or fell. (Sraffa, 1960, p. 16, emphasis added)

We are thus presented with two properties, the 'watershed proportion'
and the 'recurrence condition'. The analysis still refers first to a
disequilibrium situation: such an industry - if it existed - would find
no reason to change its prices, whereas prices would differ from costs
(including profits) in other industries. The 'watershed proportion' ensures
that there is neither deficit nor surplus in the industry under consideration.
But the 'recurrence condition' is there in order to characterise an industry
which would not have to change its price with a change in distribution
according to a critical development of the logical traditional theories
of value.

Now we must face the question whether such an industry exists.
The intuitive reasoning showed that the associated price would be
invariable, hence the product of this industry would have to be the
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Standard Commodity as Tool of Economic Analysis 87

numeraire commodity. (There is only one degree of freedom in the
system of prices adjusted to a given distribution.) Yet, the price of
that commodity would not just be trivially constant because it represented
the numeraire, but, more importantly, because of the structural
characteristics of the industry ('recurrence') in conjunction with the
'watershed' property. Since a single industry can in general quite
obviously not fulfil the condition of recurrence and since the system is
assumed to be basic for reasons which do not have to be repeated
here, the 'industry' will in fact have to consist of an aggregate, such
that its outputs are homogeneous with its means of production. Actually,
proportionality is clearly required to ensure recurrence, and the linearity
of the wage curve follows, if we remember that the increase in profits
just offsets the saving of wages in the watershed industry at constant
prices, for prices of outputs and of the means of production are constant
in the industry under consideration because of the proportionality of
outputs and inputs. Thus, a linear wage curve results. (This reasoning
has to be modified if the wage is advanced so that the wage reduction
directly affects profits. One then obtains a hyperbolical wage curve,
see Schefold, 1976c.)

4.4 A MATHEMATICAL FORMULATION

The derivation of the standard commodity can thus be presented in
intuitive terms but a closely parallel mathematical argument is also
available (adapted from Schefold 1976c): the 'industry' in question is
an aggregate with activity levels q. The 'watershed property' is, as we
have seen, equivalent to

-dwldr = qAu/ql

the increase in profits is balanced by the reduction of wages. This
must now hold in a system where prices adjust and where there is a -
hitherto unknown - numeraire yielding a wage curve w(r). If w'(r) is
the derivative of the latter, the 'watershed property' is turned into the
'critical proportion'

-w'(r) = qAp/ql

The 'recurrence condition' may be written as
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88 Single and Joint Production Systems

qAp/ql = qA2p/qAl = qA3p/qA2l

qA'p is the value of the means of production used i years ago to produce
(indirectly) gross output q, and qAMl is the corresponding indirect labour
input. Both equations taken together yield

-w'qA' l = qA'+1p = wqA(I - (1 + r)A)-'Ai, i = 0, 1 , 2 , . . . ,
q(wA(I - (1 + r ) A r ' + w'I)AJ = 0; i = 0, 1, 2 , . . .

The vectors I, Al , . . . , A("~"l (where n is the number of industries)
are linearly independent in a basic regular Sraffa system according to
n. 5, p. 74 above, hence

q(vfA(I - (1 + r)A)"' + w'l) = o

The vector q therefore is an eigenvector of A. A is indecomposable,
q is semipositive, hence q is positive and - since the system yields a
surplus - there is a positive R such that (1 + R)q\ = q. We obtain
the differential equation

W(l + R) + w'(l - (1 + r)/(l + R)) = 0
- w'/w = l/(R - r)

which integrates to (normalising w(0) = 1)

w = 1 - rlR.

The linear wage curve is thus implied by our two conditions and the
'numeraire' is q(I — A), where q is normalised such that ql = 1. For
we can conversely show that this implies the linear wage curve

1 = q(I - A)p = rqAp + wql = (r/R)q{l - A)p + wql
= r/R + w

and no other numeraire can yield the same wage curve in a regular
system.

The 'watershed condition' thus implies, together with that of recurrence,
that the standard commodity is used with its linear wage curve.
Mathematically, the derivation may be reversed. If the standard com-
modity is used as a numeraire, the 'watershed condition' is implied,
for w = 1 - r/R yields -w' = l/R and qAp/ql = ((l/K)q(I - A)p)/
ql = MR. Similarly, 'recurrence' then holds
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'l = (qp/(l + R)i+')/(qW + /?)') = \/R, « = 0, 1, 2 , . . .

It may be noted that recurrence is possible without the condition
-w' = qAp/ql being fulfilled, but then the recurrence ratio varies with
the rate of profit. If q denotes the proportions of the standard commodity
and h is the numeraire, we have hp = 1 for prices in terms of h and

qA/+lp/qA'l = qp/(l + R), i = 0, 1, 2 , . . .

so that the recurrence is here independent of i but depends on r unless
h is proportional to q.

Having clarified the mathematical relationships, we may return to
consider a special point in the interpretation of Sraffa's economic
reasoning which we have glossed over rather quickly. In Sraffa's ex-
planation of the influence of distribution on prices, the economic argument
runs, as we have seen, basically in one direction: from the 'watershed
proportion' - considered prior to the adaptation of prices - to the standard
commodity. After having shown, by means of economic reasoning, that
an industry which has both properties ('watershed proportion', 'recur-
rence'), is in no necessity to alter its prices relative to its means of
production, Sraffa has to 'identify' this 'watershed proportion', i.e. to
fix its value in terms of the data of the system. To do so, he speaks of
'complete recurrence' if the same ratio of means of production to labour
'recurs' at all stages of production, i.e. if qA'+lp/qA'l is the same for
all i, after prices have adapted to the uniform rate of profit, and if this
ratio is independent of the rate of profit. The economic justification
for this definition has been given. Sraffa then finds that

'Complete recurrence is only possible with the balancing proportion.'
(Sraffa, 1960, p. 16)

This means that the numeraire has now, implicitly, been fixed. To
render it explicit, Sraffa indicates that the same proportion can also be
given as the ratio of the means of production to the total net product,
i.e. qAp/q(I - A)p, which is, in fact, equal to MR.

Mathematically, the proof of the proposition is clear: since we already
know the standard commodity, q(I - A)p = 1 and qAp = MR. But
Sraffa, using his economic reasoning, has not yet constructed the standard
system which, on the contrary, presupposes knowledge of the recurrence
ratio R. He is, in a book begun before 1930, addressing an audience of
economists unfamiliar with the theory of non-negative matrices. And,
even for economists with a mathematical training, the intuitive approach
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90 Single and Joint Production Systems

remains crucial. His brief argument in para. 22 (end of Chapter III)
amounts to the following (I now present it in terms of formulae of
which each has a direct economic interpretation at the stage which the
exposition has reached): with 'complete recurrence', the same ratio
must recur at all rates of profit. If we retain the convention that the
wage rate should be equal to one at r = 0 (this became the initial
condition for the integration of the differential equation above), the
recurrence ratio qAp/ql is, at r = 0, equal to the net product wql
(income equals wages) which in turn is equal to q(I - A)p. 'Complete
recurrence' implies that qAp/ql, hence qAp is independent of r, hence
qAp/ql = qAp/q(I - A)p, and the latter ratio is then 'identified' by
Sraffa as something more tangible than the recurrence ratio, namely as
the maximum rate of profit: (1 + /?)Ap = p.

The exercise may look pedantic, after it has been understood. It should
be sufficient to show that Sraffa's argument is consistent. Our main
results up to here can be summarised as follows: any numeraire is a
measure of value. But the appropriate measure of value must be defined
in relation to the theories of value maintained by classical and neoclassical
economists. A causal explanation of the properties of the measure was
found which related to a disequilibrium where the adaption of prices
(the equalisation of rates of return) in consequence of changes in
distribution were considered. Both schools stress the proportion of the
value of the means of production to labour employed as the determinant
cause for the adaptation of the price of the product of an industry. On
closer inspection one finds, however, that the proportions in which the
means of production had been produced also matter. If one is prepared
to consider this reduction of the price to the proportions in which labour
and means of production are employed at different stages as the
determining cause for price changes for theoretical reasons, that measure
of value should be adopted from which irregularities in those proportions
are absent. In the discussion of the adaptation of prices to changes in
distribution, a 'watershed' between deficit and surplus industries had
to be considered which itself depended on the rate of profit associated
with the wage reduction chosen to begin with. It turned out that an
industry could be a 'watershed' and obey the recurrence condition if
and only if it was the standard system. Hence, the numeraire (the standard
commodity) was the unknown determined in the exercise.

In fact, once Sraffa's standard commodity and the associated wage
curve are accepted and are used to define the relationship between the
rate of profit and the wage rate, it is easy to see that the total of
profits and losses will be zero in a system in standard proportions:
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Standard Commodity as Tool of Economic Analysis 91

when, as in Sraffa's first exercise, the wage is lowered at constant
prices (labour values):

qz = q(I - A)u - wql - rqAu = ql - (1 - r/R)ql - (r/R)ql = 0

Before I turn to a direct criticism of Flaschel's contribution, it is
necessary to summarise briefly my own in Schefold (1976c).

My aim is to present a simplified argument and to give a mathematical
form to it. In order to avoid walking on a rope tied to nowhere, i.e. in
order to avoid the use of the 'balancing proportions', I thought it
convenient to assume a specific numeraire given beforehand; it could
be the one chosen by SrafFa (national income equal to unity). I proposed
to interpret Sraffa's search for an invariable measure of value as the
examination of the formal conditions under which the price of a
(composite) commodity does not change with changes in distribution.
Therefore, let q be the standard of value (one possibility is q = e(I - A)).
If we differentiate the price equations we get,

p = (1 + r)Ap' + Ap + w'\

hence

p' = (I - (1 + r )A)"V' l + Ap)

where w' is the derivative of the wage curve w = (q(I - (1+ r)A)~'l)~'.
Of course, we could have p ' = o because w'\ = —Ap, i.e. because

w'\ = -A(I - (1 + r)A)~'l which implies that 1 would be an eigenvector
of A, hence that we should have a uniform organic composition of capital
and an irregular Sraffa system. All prices are constant in this case. But
let us now consider regular systems. Only the price of the numeraire,
q, can then be constant. The price of q is invariant with respect to a
change in the rate of profit if qp' = 0, i.e. if, using an expansion,

0 = qp' = q(wi + Ap)
+ (1 + r)qA(w'l + Ap)
+ (1 + r)2qA2(w'l + Ap)

The point of the exercise was to recognise that Sraffa's recurrence
condition can be derived from approximations to this formula. Commodity
q will be stationary in value in zero approximation if
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92 Single and Joint Production Systems

-w' = (qAp)/ql

The industry then is a 'watershed' in that (-dw)(ql) = (dr)(qAp).
Commodity q will be stationary in value in first approximation, if
moreover —w' = (qA2p)/qAl, and so on. The meaning of this 'recurrence'
in terms of conventional theories of value (capital intensities) should
be clear.

Now the possibilities are two in a regular Sraffa system (i.e. if we
exclude, in particular, the special case of a uniform composition of
capital): either we have a numeraire which is not the standard commodity.
Then the expansion is, mathematically speaking, not a power series
because w' is not constant and it is impossible for the terms of the
expansion to disappear individually; the stationarity of the price of q
at the given rate of profit therefore is then a complex phenomenon,
and, as the existence of the alternative shows, the complexity is due to
the numeraire.

Or we postulate that all the terms in the expansion disappear
simultaneously. This is to postulate the 'recurrence condition'; I had
shown by means of the proof summarised above and reproduced by
Flaschel in his section 3 that the commodity q must then be proportional
to the standard commodity and that the standard commodity has also
to be chosen as the numeraire. The standard commodity is the invariable
measure of value because it is that numeraire in which those causes
for price changes are absent which had been stressed by classical and
neoclassical theorists in different formulations. In this presentation of
my own, the numeraire thus had to be changed: it was first arbitrary
and it was then redefined as that composite commodity which was
constant on account of a structure which was both mathematically simple
(power series) and capable of economic interpretation (recurrence). The
disequilibrium was avoided, hence part of Sraffa's economic argument
was lost.

The entire reasoning presupposes that the discussion is confined to
regular systems as defined in Schefold (1971) and further discussed in
Chapters 3 and 5 in this volume.

In a regular single product system with n sectors the equation
xp(r) = 0 can be fulfilled for more than n values of the rate of profit,
in particular for all rates of profit, only if x = o. In irregular systems,
on the other hand, the equation xp(r) = o can hold for all rates of
profit with x being some non-zero vector. It follows that a standard
commodity, derived according to the method presented above, is not
always fully determined: if q(I - A) is the standard commodity,
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Standard Commodity as Tool of Economic Analysis 93

q(I - A) + x will fulfil the same conditions in an irregular system, if
xp(r) = 0 for all r. But, since irregular systems are of measure zero in
the set of all Sraffa systems of given order, they are mathematically
exceptional, and the only irregular systems which are of economic interest
are those with a uniform organic composition of capital which have
been dealt with separately. Irregular systems in which the labour theory
of value does not hold have, to the best of my knowledge, nowhere
been given a relevant economic interpretation, and Sraffa and all his
followers who have implicitly overlooked them are fully justified.

The presentation given here should not detract from the fact that the
standard commodity is a conceptual tool used by Sraffa for many
purposes; we have been considering here only his chief motivation for
adopting the definition. Both derivations presented are independent of
the linearity of the wage curve in the standard system. As was stressed
in Schefold (1976c), the wage curve will not be linear if one assumes
that the wage is advanced; yet the arguments proposed above remain
mutatis mutandis valid. Sraffa also uses the standard commodity to
facilitate the exposition of his reduction to dated quantities of labour,
to show that prices in terms of the wage rate (labour commanded) rise
monotonically in single product systems and for other results. Some
of them could also be obtained more directly through different means
in a mathematical analysis. But it is an interesting fact that price equations
of the Sraffa type had been discussed in the late 1940s and the 1950s,
prior to the publication of Sraffa's book, by eminent economists such
as Georgescu-Roegen, Solow, Samuelson and, extensively, by the math-
ematician Schwartz in his seminal excursion into analytical economics
(Schwartz, 1961). None of them discovered reswitching and Wicksell
effects. Though these effects had been noticed by other economists
(even if not always understood in their true significance), it remains a
remarkable fact that Sraffa, without the use of difficult mathematics,
was able to introduce economists to those complicated matters and the
more verbally-oriented economists were able to beat the more math-
ematically-oriented ones in the reswitching debate. The intellectual tool
by means of which the ground was being prepared for this was the
standard commodity. Accordingly, different aspects have been emphasised
by different authors (c.f. Pasinetti (1975), and Garegnani (1981), and,
for an interesting discussion of the relationship between the standard
commodity and relative prices, Main waring (1984). I believe that it is
important to stress its function as a tool for the critique of economic
theories).
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94 Single and Joint Production Systems

4.5 A COMMENT ON FLASCHEL

I now come to the detailed criticism of Flaschel's paper. He is concerned
(section 2) with what he calls Sraffa's 'dubious descriptions' (Section 1).
He asks:

How is it possible to reach a causal conclusion from a pure system
of general interdependence? (Section 2)

By a similar argument, the main tool of applied economics, i.e. Kahn's
multiplier, would be useless, because it is a tautology. The economic
theories, in relation to which the standard commodity is defined as the
invariable measure of value, are more than the equations considered
by Flaschel.

In the beginning, he calculates relative prices of a commodity in
terms of an arbitrary numeraire and in terms of a standard commodity
(giving the numerical values). He later denies Sraffa's assertion that
the standard commodity is 'capable of isolating the price movements
of any other product so that they could be observed as in a vacuum'.

But the observation of a falling body in a vacuum is only conceptually
simpler, not technically, than that under atmospheric conditions. As a
matter of fact, a body falling in air will reach a constant terminal
velocity, which is a 'simpler' movement than that of the body falling
in the vacuum which will continue to accelerate. What Sraffa means is
that the 'laws' obtained under 'vacuum'-conditions are simpler. The
differential equation for the fall in the vacuum is mv' = -mg where
v' is the derivative with respect to time of the velocity v, where m is
the mass of the body under consideration and g the acceleration through
the gravitational field of the earth (assumed to be constant). The equation
integrates to v = -gt. As Newton has suggested (Sommerfeld, 1962),
the friction of the air is proportional to the square of the velocity so
that the differential equation for a fall under atmospheric conditions is
v' = -mg + av2 which integrates to v = ~{\lb) tanh (bgt), where
b = almg with a constant terminal velocity v = —{Mb).

It is therefore the law of the movement, not the movement of a
given individual body, which is simpler in the vacuum. In exactly the
same sense, the price p\J) of commodity i in terms of commodity j is,
where e,, ey are the corresponding unit vectors, equal to

while the price p^f of the same commodity i in terms of Sraffa's standard
is equal to
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pf = (1 - (r//?))e,.(I - (1 + r)A)"'l

The latter formula is simpler than the former.
Flaschel's paper centres round the question whether Sraffa changes

the numeraire in passing from the net national product being equal to
unity to the standard commodity. He uses equation (5) to represent the
'watershed' (or 'critical') proportion; it may be repeated here using
the notation introduced above

-vw'(r) = qAp/ql

Flaschel is right that this equation cannot be written without having
adopted a numeraire. But I disagree with him for two reasons:

1. If Flaschel wishes to criticise (and not to develop) Sraffa, he must
start from Sraffa's own definition, and this is based on a different
conceptual experiment which has been described above: a reduction
of wages and an increase of the rate of profit with prices unchanged
so that a disequilibrium with deficit and surplus industries arises,
with the 'watershed' characterising an industry 'in between'. If my
interpretation is accepted, Flaschel is on the wrong track from the
start because the causes for price changes (to restore equilibrium)
are lost from sight.

2. Even if one chooses to use the definition of the 'watershed' proportion
directly in Flaschel's form, one ought to realise that the equation
can be formulated for any numeraire so that one can examine the
conditions such that the price determination of the numeraire becomes
particularly simple. Of course, this cannot be done without a prior
vision of what determines price changes - which is nowhere discussed
by Flaschel.

Ironically, the specific form of the condition which Flaschel attributes
to Sraffa is in fact derived in Schefold (1976c), while the passage he
quotes refers to the 'critical proportion' as defined at the beginning of
this paper, where a finite reduction of the wage had been considered at
unchanged prices (labour values), and where Sraffa had explicitly refrained
from defining the level to which the rate of profit would rise upon the
fall in the wage.

The 'balancing proportions' are therefore not uniquely defined. In
Sraffa's own presentation they depend on the value of the rate of profit
associated with the fall in the wage at unchanged prices. In my
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96 Single and Joint Production Systems

presentation they depend on the numeraire chosen initially. This is
why the numeraire was, by analogy, made a variable in my presentation.
I must admit, however, that I did not fully realise in 1976 how far my
development of Sraffa's theory represented a departure from a more
literal interpretation: the formal derivation of the standard was, perhaps,
clarified, but the 'causes' for price changes were obscured.

Flaschel alleges (section 3) that Sraffa had to change his definition
of the 'critical proportion' surreptitiously in order to achieve compatibility
between it and the recurrence condition. But the balancing proportion
is not later 'redefined' by Sraffa. Instead, since it is variable, that balancing
ratio is chosen which makes 'complete recurrence' possible, or - if
one prefers - which is implied by 'complete recurrence'. The ratio of
the net product to the means of production which is introduced eventually
is not a new number because it is equal to the inverse of the absolute
value of the slope of the wage curve characterising the 'watershed':

q(I - A)p/qAp = R = (-w'(r))- '

The standard system therefore fulfils all the conditions which Sraffa
attributes to it; the motivation for choosing it is to be sought in a
theory which Flaschel nowhere considers.

The strangest concoction is to be found in Flaschel's section 4 where
he calls an 'invariable' measure of value those commodity bundles
which have a constant price relative to national income for all rates of
profit and where he calls 'standard commodities' all those vectors which
have a constant price relative to Sraffa's standard commodity. These
are generalisations from the corresponding numeraires used by Sraffa
which are - in my opinion - completely irrelevant. For they are obtained
by adding to the vector giving the physical surplus e(I — A) or to the
vector giving the standard commodity q(I — A) (where q is normalised,
as in Sraffa, by putting ql = 1, having normalised el = 1 and where
(1 + R)q\ = q) arbitrary vectors z such that zp = 0 for all rates of
profit. But it is known from Schefold (1971) that such vectors z can
be different from zero only if the system under consideration is irregular.
And it is about as likely that a system is irregular as it is that a rock
should jump spontaneously up in the air because the accidental thermic
oscillations of its molecules should by chance happen to be so coordi-
nated that they all move in the same direction. As a matter of fact,
irregular systems are even less likely than that. Their probability is
zero while that of a spontaneous movement of a macroscopic body,
because of an accidental coordination of the movements of all individual
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Standard Commodity as Tool of Economic Analysis 97

atoms of which it is composed, is, in quantum mechanics, finite, although
it is so low that the expected frequency of the occurrence of such an
event is almost zero relative to the age of the universe. Economists
have therefore been entirely justified for their intuitive implicit neglect
of these exceptions.

In his 'concluding remarks' Flaschel summarises what he sees as
Sraffa's question:

whether there exists a non-trivial commodity which does not change
in value when the distribution of a given value of net national product
is changed.

This question (the answer to which is indeed quite obviously negative
if the sentence means that the net national product is the numeraire)
has been invented by Flaschel. We have seen that Sraffa considers the
theory advanced to explain price changes in function of the rate of
profit. The causes determining a price change were the proportions of
means of production to labour used in the industry itself directly as
well as indirectly in previous stages of production. Hence it is plausible
to adopt as a standard of prices that composite commodity which is
produced by a composite industry such that those proportions are al-
ways the same. For if we then consider the price movement of another
commodity in terms of this one, at least those causes for price movements
which have been identified will be absent in the commodity which
serves as a standard.

Sraffa's introduction to the standard commodity therefore does not
have the character of the derivation of a theorem but of a motivation
for adopting a specific definition. If Flaschel does not like the defini-
tion, he is welcome to drop it and to show whether he can represent
Sraffa's subsequent analysis in a more concise and more convincing
manner and on the basis of a correct understanding of what Sraffa's
theory (including his suggestions concerning distribution) is about.
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Part II

The Dominant Technique
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5 On Counting Equations*

5.1 INTRODUCTION

Productive Sraffa joint production systems are known to possess a number
of properties which appear to be counterintuitive, if contrasted with
single product systems: prices may fluctuate even if expressed in terms
of the wage rate, they may turn negative, the standard commodity may
not exist, etc. If joint production is, by contrast, approached in terms
of inequalities (von Neumann's method), positive prices and a trade-
off between real wages and the rate of profit obtain but the solution
will in general not allow the activation of all processes, some com-
modities are overproduced and the resulting system of commodities
with positive prices in activated processes need not be 'quadratic', i.e.
the number of positive activity levels need not be equal to the number
of positive prices in an optimal solution.

The two approaches to joint production thus appear to be analyti-
cally different and to lead to contrasting results but in this article we
shall show that they are essentially equivalent from a mathematical
point of view as Steedman (1976) has indicated in a short note, and as
has already been shown for fixed capital systems (cf. Chapter 9 in this
volume.) Chapter 6 in this volume focuses on the interpretation of the
formal similarity of both models, and on their conceptual difference.
Here we are mainly concerned with the presentation of the mathemati-
cal framework.

In what is loosely termed the 'von Neumann approach' the balanced
growth path for a capitalist society is thought to be determined in a
competitive process summarised by the linear programme

max dp! n (B - (1 + r)A) p S I, p 1 o
min dl! \l q(B - (1 + g)A) ^ d, q g o

where A and B are input and output matrices, 1 the labour vector and d
a vector of consumption goods. These data form the system (A, B, 1, d).
The optimal prices p in the primal lead, if the rate of profit r equals

* First published in Zeitschrift fiir Nationaldkonomie (Journal of Economics), 38 (1978),
pp. 253-85.
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102 The Dominant Technique

the rate of growth g, to a choice of technique which maximises con-
sumption per head by producing the given output for consumption d
with the minimum amount of labour.

Sraffa concentrates on the effects of changes of the rate of profit on
relative prices in a given quantity system

(1 + r)Ap + w\ = Bp

where A and B are quadratic input and output matrices. He assumes
that the system is in a 'self-replacing' state, i.e. that the system is
capable of stationary reproduction or of growth but we will introduce
the more special assumption of balanced growth at a rate g (mostly
taken to be equal to r), with constant returns to scale and with a given
basket d as the output of consumption goods. Sraffa introduces prices
first in the context of basic single product systems (where prices can
be shown to be positive between r = 0 and a maximum rate of profit),
he then simply assumes that prices are positive at some 'actual' rate
of profit in the joint production case and varies the rate of profit in
order to examine the consequent changes of prices, and the effects of
those changes on the choice of technique. A change in distribution
may either render an alternative process more profitable, to be intro-
duced at a switchpoint where the 'new' process replaces a pre-existing
process so that both the 'old' and the 'new' system have the same
number of commodities and processes in use. Or a price (e.g. of an
old machine) may turn negative at what we will call a point of trunca-
tion where the old machine ceases to have positive value and is elim-
inated (truncated) from the system together with the process using it
so that the number of processes in use and commodities with positive
prices is n — 1 if it was equal to n in the original system. Finally, a
new method of production may be introduced at a constant rate of
profit if it represents technical progress. We can draw the curve of the
real wage expressed in terms of basket d in each case for each of
the alternative systems and we find that at any given rate of profit the
system with the highest real wage is to be preferred.

The systems considered by Sraffa are all capable of 'self-replace-
ment' or, in our context, of producing the required basket of consump-
tion goods. This is obvious in a comparison of single product systems
differing by the method of production employed in one industry. All
prices and activity levels are then positive in both systems, and I have
proposed a similar interpretation for an analogous comparison in the
case of fixed capital (Chapter 9 in this volume): only prices of old
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On Counting Equations 103

machines may be negative in fixed capital systems while prices of new
machines can be determined directly through discounting in an 'inte-
grated system' after an elimination of old machines. Hence the possi-
bility of interpreting the prices of old machines as book values (old
machines need not be traded) so that a suboptimal untruncated system
can exist economically if the book values are not ascertained. But it
turns out that prices of new machines in terms of the wage rate are
lowest for the optimal truncation and that competition in respect to the
prices of new machines and other finished goods will choose a trunca-
tion for which all book values (if they are ascertained) are positive.

Both cases (single product and fixed capital systems) have thus in
common that the alternative systems being compared are capable of
fulfilling the quantity conditions (assuming constant returns) but (at r
= g) only the system to be chosen will minimise the amount of labour
employed, given d. Prices are positive in each single product system
being compared, although prices of a suboptimal system lead to sur-
plus profits if applied to an optimal system. Prices of old machines are
not all positive in all suboptimal truncations, but models can be con-
ceived where prices of old machines are not ascertained so that sub-
optimal truncations have an economic meaning in fixed capital systems.

In this chapter we shall confront Sraffa's approach with von Neumann's
by singling out all the different quadratic systems (A, B,T, d) implicit
in (A, B, I, d) and among those quadratic subsystems which allow the
production of d we shall look for the most profitable. Similarly, if
(A, B, 1, d) is already a quadratic Sraffa system with positive prices,
the truncation of the system or the elimination of processes which
may be necessary because some prices (e.g. of machines) turn nega-
tive as r is varied, is also analysed by comparing the corresponding
truncated quadratic Sraffa systems. In any given joint production sys-
tem for which we do not have (B - A)~' 3: O the choice of technique
is an inherent problem since not all processes are indispensable to the
production of a net output (cf. Chapter 2 in this volume). To assume
that all conceivable alternative 'systems' or 'truncations' can thus be
compared 'in the air', before a system is installed, amounts admittedly
to a bold hypothesis but later we shall see that the truncations will
come up 'one by one' as one moves on the envelope of wage curves
so that we are enabled to return eventually to Sraffa's method in its
pure form.

Among the Sraffa systems to be formed from the elements of (A, B,
I, d) we have thus only to compare all systems fulfilling the quantity
conditions. Each of them is then in itself meaningful at least in that an
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104 The Dominant Technique

ideal planner may compare all systems fulfilling quantity conditions in
order to choose the optimum among them, but some systems com-
pared may have positive Sraffa prices so that they can be compared as
capitalist economies. Competition is shown to lead to the same result
anyway; the optimum system at each r = g is that yielding the highest
real wage, and it will be shown to imply positive Sraffa prices. The
real wage is highest, since the maximisation of consumption per head
is equivalent to the maximisation of the real wage on a golden rule
path where only capitalists save. The chosen system is the most profit-
able in that it is the one yielding the highest rate of profit if the real
wage is given. Finally, and in the present case most importantly, the
solution to the linear programming problem will, at each r = g, in
general be given by one and only one of the implicit systems so com-
pared. This will surprise many because other linear programming problems
do not, in general, produce quadratic solutions. But we show that apart
from certain exceptions the goods 'outside' the optimal system will be
overproduced (hence they are not part of the commodity producing
system), and that the processes outside the truncation are unprofitable
and not used while conversely the processes inside are used and the
prices inside are positive, with strict equality of the number of activi-
ties used and commodities with positive prices. Hence 'counting of
equations' works. It further turns out that surplus profits will induce
the adoption of superior methods if they happen not to be used, and
losses will penalise the mistaken use of inferior processes. In this sense,
the Sraffa approach with explicit 'equalities' within the system both
for prices and for quantities, and with implicit inequalities without, is
equivalent to the von Neumann approach where equalities and inequalities
are both shown explicitly but where it is usually not recognised that
the equalities define in general a quadratic Sraffa system as optimal
solution.

Steedman (1976) obtains a minimum wage curve (not really in the
spirit of Sraffa) because he seeks the minimum of the wage curves
with non-negative prices at a given rate of profit while we seek the
maximum wage curve among those capable of producing the required
real wage. The not optimal wage curves in Steedman's approach vio-
late the quantity conditions, the not optimal curves in our approach
violate the price conditions, but both come to the same result. We
prefer to base our considerations on a comparison of the systems for
which the quantity conditions can be fulfilled for reasons of economic
interpretation. This implies a focus on the dual of the linear programme
which minimises the amount of labour used directly and indirectly to
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On Counting Equations 105

produce the surplus for consumption at a given rate of growth whereas
Steedman focuses on the primal although the economic interpretation
of the primal is problematic (see Chapter 6 in this volume). Note that
'Max dp!' means that the real wage is to be minimised, since the
prices of the linear programme are expressed in terms of labour
commanded.

5.2 COMPARING WAGE CURVES AND OPTIMAL SOLUTIONS:
GENERAL CASE

The original set of processes (A, B, I, d), A = (a',), B = (bi), I = (/,),
d = (dj), i = 1 , . . ., m; j = 1 n contains a finite number of
quadratic systems or truncations (A, B, 1, d), of orders s, 1 < j <
(min (m, «), A = («;,), B = (**),! = (/„), d = (rfv), |i = i,,. .., 1,; v =
; , , . . . , jt; 1 S i, < . . . < i, < m\ 1 ^ j , < . . . < / , ^ n; which
consist of the elements of an equal number of corresponding rows and
columns of A, B, 1 and d (I is a column vector, d a row vector). We
will mainly use the term truncation when we want to emphasise that
we are talking about a subsystem of a larger system. The components
of vector d will, in general, be positive in so far as they denote con-
sumption goods and zero in so far as they denote machines (old and
new ones) and other pure means of production; we shall say that com-
modity j is a consumption good if d} > 0 and a mean of production if
dj = 0. We assume 1 > o. We write a', b' for the truncated columns of
A, B, etc.

The truncated vector d is produced by activity levels q at rate of
growth g if q(B - (1 + g)A) = d. A truncation (A, B, T, d) is
productive of (at least) d at rate of growth g if there is q ^ o such
that q(B - (1 + g)X) ^ d and if q(B - (1 + g)A) ^ d where q is
the augmented vector of q, i.e. the vector the elements of which are
equal to the corresponding elements of q for processes used in the
truncation and zero otherwise: qu = qi for |i = j = /',,. . ., /,; q{ = 0
for all other i. A truncation is productive of at least d at rate of growth
g, in short, if d can be produced and possibly partly overproduced by
activating processes used in the truncation only, and if this concerns
both commodities in the truncation and commodities outside. A trun-
cation which is productive of d at g is productive of d at all g < g,
J 2 0 .

A truncation is q-feasible at rate of growth g, if q(B - (1 + g)A)
= d, q ^ o, and if q(B - (1 + g)A) ^ d where q is the augmented
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106 The Dominant Technique

vector of q. A truncation which is q-feasible at g is productive of d at
g, but it is very important to realise that the converse is not neces-
sarily true in general joint production systems. A truncation is strictly
q-feasible at rate of growth g if there is q > o such that q(B - (1 + g)
A) = d and q(bJ - (1 + g)aJ) > d-t for a l l ; # ; „ . . . , j , , with dj >
0 and/or aJ + b; # o, and q(bJ - (1 + g)aJ) = 0 for ; # ;'„ . . ., /,
with dj = 0, aJ = bJ = o, i.e. if the truncated vector of consumption
demand is produced without overproduction at positive (not only semi-
positive) activity levels within the truncation and if all consumption
goods and all those means of production outside the truncation are
overproduced which are used at all and produced in the processes ac-
tivated in the truncation. Means of production which are neither used
nor produced in the processes activated for the truncation are called
phantom goods; they can obviously not be overproduced.

The vector q provides in each of these three cases a feasible vector
in the dual of the linear programme. The analogous definition on the
price side is simpler: a truncation is p-feasible (strictly p-feasible) if
there is p > o (p > o) such that (B — (1 + r)A)p = 1 and if the
augmented vector p fulfils (B - (1 + r)A)p s 1 (with (b, - (1 + r)
a,)p < /, for all i # i,,... ., is). Truncations which are q-feasible and
which have non-negative prices are called 'viable'. They may be re-
garded as proper Sraffa systems fit for a comparison not only from the
point of view of planning but also of pricing. Note that a viable trun-
cation will either be a solution to the linear programme or it is not
p-feasible because it allows extra profits. For if a truncation is both
q-feasible and p-feasible, the corresponding augmented vectors pro-
vide optimal solutions to the linear programme, since q and p will
each be feasible in the programme and since

ql = qT = q(B - (1 + r)A)p = dp = dp

A truncation which is both p-feasible and q-feasible will be called
almost perfect; if it is both strictly q-feasible and strictly p-feasible, it
is called perfect.

Conversely, among the optimal solutions at r = g there is always
one given by the augmented vectors of an almost perfect system or
truncation. The programme can thus be solved by looking at the wage
curves of alternative truncations. They are now to be analysed.

If a system (A, B,7, d) is given, and if det (B - (1 + r)A) does not
vanish identically in r, the 'wage curve' is where it does not diverge
to infinity defined by
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On Counting Equations 107

1
=r= _ _
d[B - (1 + r)A)-' I

except in a finite number of points with det (B - (1 + r)A) = 0. An
analysis as in Corollary 3.7 below shows that values for w(r) _can
nevertheless be defined so that the curve exists for all r with d(B -
(1 + r)A)~'7 ¥= 0 and is continuous even in isolated points where det
(B - (1 + r)A) = 0. Obviously w(R) = 0 if R is a characteristic
root of a 'regular' system (see Chapter 3 in this volume, and section
5.3 below), but w(R) i= 0 is possible in the 'irregular' case. The
equations

q'(B - (1 + r) A) = d, (B - (1 + r)A)p' = T

can be solved uniquely if det (B - (1 + r)A) + 0, but if det (B -
(1 + r)A) = 0, the equations will admit of no solution in the regular
case (see 3.7 below) and may admit of several solutions q', q", p', p",
etc. in the irregular case. The wage curve can, if solutions to both
equations exist, then be defined by w (r) = 1/q'I and we can prove
that the wage curve even of a truncation with det (B — (1 + r)A) = 0
will

1. be uniquely determined, where such solutions exist, i.e. w (r) =
I/dp' = I/dp" = 1/q'l = l/q"l, etc.;

2. be given by the wage curve of a 'sjibtruncation' (A, B, I , d ) con-
tained in (A, B, T, d) with det [B - (1 + r)A] not vanishing
identically;

3. if the augmented vectors p, q to any one of the multiple solutions
p', q' are non-negative and solve the linear programme, the other
augmented vectors to all the other solutions q", p" etc. also solve
the linear programme, if they are q-feasible and p-feasible respec-
tively.

4. If multiple solutions q', q", p', p" to a truncation exist locally (glo-
bally), wage curves of several different subtruncations cross locally
(coincide globally).

To prove this, note that if for a truncation of order n (omitting bars
and putting 1 + r = p)

q(B - pA) = d, (B - pA)p = 1
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108 The Dominant Technique

can be solved, not all minors of B - pA vanish (for otherwise
B - pA = O while we assume 1 > o) and there is a greatest not
vanishing minor, B1, - pA1,, of order m < n, consisting of the first m
rows and columns, say, with det (B1, - pA1,) ¥= 0 and

(B2 - pA2) = M(p)(B, - pA,); (B2 - pA2) = (B1 - pA1) N(p),

where M(p) and NT(p) are matrices of order (n - m, m). The equa-
tions can be solved if and only if (locally or globally)

12 = M(p)l,, d2 = d,N(p).

All solutions are then given by

_ [B1, - P A | B2 - P A 2 ] " 1 fl,
p ~ l o i J Ir

where the vector 1 consists of n — m free parameters. One obtains,
using

N(p) = (B1, - p\\yl(B] - pA2):

dp = d,(B', - pA'.r'l, - d^B1, - pA\r[(B\ - pB2)f + d j

= d,(B', - pA'.r'l, " d, N(p)f + d j = d,(B', - pADl,,

the transformation of ql being analogous. 1 and 2 follow at once. 3
follows from q' 1 = dp ' = q" 1 = dp". 4: if multiple solutions for p
and q exist, the equations involving M(p), N(p) must hold, either lo-
cally or - M(p), N(p) being polynomial matrices - globally. But wher-
ever they hold, at least one row of (B2 - pA2) may be exchanged
against one of (B, - pA,) to obtain a different not vanishing minor of
order m if B'2 — pA'2 =£ O. After exchanging the corresponding ele-
ment of 1, this minor is found to belong to a wage curve with the
same value for the wage at r. Similarly for columns. If B2 - pA2 =
O, B2 — pA2 = O, the wage curve is at the sarhe time the wage curve
of B1, - pA1, and of B - pA. (B'2 - pA2 = O, B2 - pA'2 = O while
B2 - pA2 # O contradicts the assumption that B1, - pA', is a not
vanishing minor of maximal order.)

1-4 imply that we may restrict our attention to truncations with not
identically vanishing determinants in our attempt to find the solution
to the Sraffa or the von Neumann approach on the basis of a construe-
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On Counting Equations 109

tion of the system of wage curves. Of course, only wage curves with
non-negative activity levels (prices) need be drawn (except for the purpose
of some more sophisticated comparisons). Intersecting or coinciding
wage curves point to multiple solutions.

We now imagine the wage curves of q-feasible truncations for
- 1 < r < oo where they exist to be drawn in bold lines. The enve-
lope of these wage curves is denoted by E or wE(r). All other wage
curves are then drawn as dotted lines where they are defined.

Theorem 2.1: Suppose (A, B, 1, d) is a set of m processes and n com-
modities with a, s o (each process uses at least one input), by s o
(each commodity is produced), 1 > o (each process uses labour), d > o
(there exists at least one consumption good). The envelope E of wage
curves of q-feasible truncations is then continuous and monotonically
falling from a finite value at r = - 1 to a non-negative value at the
maximum rate of profit /?, - 1 < / ? < « > . At each r, - 1 < r < R,
there are almost perfect truncations on E the augmented vectors of
which are solutions to the linear programme (of section 5.1 above)
which can be solved for — 1 < > - < / ? but not for r > R, and no
q-feasible truncation extends beyond R.

Remark: E falls strictly monotonically if and only if qAp > 0, and
w^R) > 0 if and only if the linear programme can be solved at R,
only if d is not positive and only if there is, apart from the price
vector solving the programme at /?, another vector p s o with (b; —
(1 + /?)3j) p = 0 for those processes i which are activated at R. In
other words, E falls strictly monotonically if and only if the aggregate
value of inputs is positive, and the wage may not tend to zero if there
are 'limiting means of production' and if there are prices at R giving
zero value to net output in each industry used at R.

Theorem 2.1 requires us to prove the simple

Lemma 1: If C is a matrix and q > o a vector such that q C s o,
there exists either a semi-positive vector p > o such that Cp = o or
there is a positive vector q > o such that qC > o.

Proof: The alternatives are obviously incompatible. The half-space H
= {xlq x > 0} is bounded by dH = {x I q x = 0}, H = H - dH. If
Cp # o for all p 2 o, the convex hull L of those columns cj of C
which are in dH does not contain the origin and is therefore separated
from it by a (n - 2)-dimensional hyperplane J. J defines in conjunction
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110 The Dominant Technique

with q the (n — l)-dimensional hyperplane dK which borders the half-
space K containing L. If q is a vector in the interior of K C\ R+ we
have qc; > 0 for c' in L. All other d are in H, therefore qC > o if q
is chosen sufficiently close to q and q > o.

Proof of Theorem 2.1: We start from the linear programme. Consider
any g = r where optimal solutions p, q exist. They can, after permu-
tations, be arranged in the following tableau (c; are the columns, c, the
rows of the matrix C = B - (1 + r)A) where h is the number of
positive activity levels, k of positive prices, s of zero activity levels in
processes not making losses (degeneracy) and t of zero prices for not
overproduced goods (degeneracy). The corresponding blocks C* of matrix
C are also shown (see Figure 5.1).

We can show that if optimal solutions exist at r = g, there are al-
ways some which can be interpreted as the augmented vectors of prices
and activity levels of a truncation which is almost perfect at r = g. To
find them we note first (see Steedman, 1976) that according to the
basis theorem the solution can be chosen such that the number of positive
prices and non zero slack variables v (unprofitable activities) in the
canonical form of the primal

max , i) ( ; ) = i, ( ; )

does not exceed the rank m of (C, I), hence k + [m - (h + s)] s m
or k < h + s. Similarly for the dual h ^ k + t. Such a choice of the
optimal solutions p, q can be assumed to have been made; we call it
the canonical solution.

Suppose first that k < h. The almost perfect truncation we are look-
ing for is then given by the first h rows and columns of A, B, to be
denoted by A, B, the vectors of the corresponding components of p, q,
d j by p, q, d/I . Clearly, since h < k + t, q(B - (1 + g)A) = d, and
(B - (1 + r)A) p = 1 since trivially h < h + s, while p, q are the
augmented vectors of p, q. The truncation is almost perfect, we have
\/w = ql = q! = dp > 0 since q > o,T > o. An analogous reasoning
applies if h s k, one then has 1/w > 0 since q > o, 1 > o. This is the
canonical truncation C = (B — (1 + r)A). At each r where the linear
programme admits of solutions, one is given by the augmented vectors
of the canonical truncation. This is on the envelope of q-feasible trun-
cations because min ql implies the maximisation of 1/ql.

The primal has feasible solutions for all r because 1 > o, the dual in
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On Counting Equations 111

prices

o
A

q, >0

°h>0

o
o II o

II

positive f
2 1

3 C3

not overproduced

free

c\

C2
3

not over-
produced

br
ea

k 
ev

en

!

•a

overproduced

C1P1 = '1

> 1

II

J I

commodities

Figure 5.1 Tableau for proof of Theorem 2.1

a neighbourhood of r = — 1 because bJ s o, all j , hence XeB > d for
sufficiently large X > 0 where e = (1, 1,. . ., 1). If the programme can
be solved for 7 > - 1, it can also be solved for all r with 7 s r > - 1,
for if q is feasible in the dual at r, it is feasible for r - 1 < r ^ 7.
There is on the other hand R > - 1 such that no solution exists for
r > R, for if q > o with q[B - (1 + r)A] g d existed for all r, we
should have q[B - (1 + r)A]p a dp > 0 if p is a fixed positive
vector, but this contradicts [B - (1 + r)A]p < o for large r because
a, a o, all i. E thus extends over a connected interval — 1 < r < /?
and falls monotonically from r = - 1 to R, for if - 1 ^ r, < r2 < R
we have, with q(r2) feasible in the dual at r2 and p(r,) in the primal
at r,:
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112 The Dominant Technique

,) = dp(r,) ^ q(r2)(B - (1 + r2)A)p(r.)

= q(r2)[(B - (1 + r,)A) - (r2 - r,)A]p(r,)

^ q(r2)l - (r2 - r,)q(r2)Ap(r,)

) - (r2 - r,)q(/-2)Ap(r,)

Strictly monotonous falling is thus implied at r, for r2 -» r, if qAp > 0 at
r,. £ is continuous, on the other hand, because (cf. however, n. 4, p. 194)

) = dp(r2) ^ q(r,)(B - (1 + r,)A)p(r2)

= q(r,)[(B - (1 + r2)A + (r2 - r,)A)]p(r2)

^ q(r,)l + (r2 - r . W r J A p ^ )

= l/w£(r,) + (r2 - r,)a(r2)

where a(r2) g 0, (J(r2) g 0 and lim P(r2) = 0; the wage curves
r 2 - > r ,

forming £ must therefore be connected without 'steps', vv^r) is con-
stant in those intervals where qAp = 0. If and only if wE(R) > 0, the
linear programme can be solved at R. Suppose the processes which are
activated at R are denoted by A,, B, so that there is q > o with q[B,
- (1 + fl)A,] g d. If there was no p > o with [B, - (1 + /?)A,]p
= o, there would be q > o such that q[B, - (1 + /?)A,] > o by
virtue of the Lemma, implying X q[B, - (1 + R + e)A,] > d for
large X > 0 and small £ > 0 contradicting the assumption that R is
the maximum rate at which the programme can be solved.

Corollaries to Theorem 2.1: Corollaries 1 and 6 assume that (A, B, I, d)
is itself a quadratic Sraffa system.

1. Suppose truncation / is at r = g on E and system // is a q-feasible
truncation below. We then have:

(a) If / is the original system, the application of the augmented
price vector p" of // in system / implies extra profits if p" § o.

(b) If // is the original system, the application of the augmented
price vector p ' in // implies losses, and p" has at least one
negative component.
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On Counting Equations 113

These statements can be reversed if // is of order n — 1.
2. Denote the n + 1 systems which can be formed to produce n com-

modities dj by means of n out of n + 1 methods of production (a,,
b,, /,); i = 0, 1,. .., n;j = 1 n by (A'", Bf", l(i>); i = 0, 1
n; their price vectors (in terms of labour commanded) by p" \ their
wage curves in terms of d = (dlt..., dn) by w(" (r); / = 0, . . . , n;
where i is the method omitted. Suppose that the system 0, 1,. ..,
5 < n are viable (q-feasible and p"> > o) at r = g, det (Bw - (1 + r)
A'") =£ 0, while no other truncation to be formed from (a,, b,, 1,);
i = 0, 1 n; is q-feasible. If and only if wm (r) > wm (r); i =
1, . . ., s\ we have (b, - (1 + r)a,)p"v > /,. and (b0 - (1 + r)a0) p(0)

< /„, i = 1 , . . ., s.
3. Suppose a truncation is productive of d for some g, 0 ^ g ^ /?,

and suppose that the augmented price vector is strictly p-feasible,
with I/dp > wE at r = g. The truncation will then not be q-fea-
sible for g = r and overproduction of components of d with posi-
tive prices cannot be avoided, using non-negative activity levels.
The maximum of consumption per head (baskets of d) which can
be obtained by activating all the processes used in the truncation
and no others will be lower than on E at g = r, while the real wage
I/dp = 1/qf expressed in terms of d is by assumption higher. In
formulas: I/dp > w£(r) > c(g) where <:(g) = max 1/hl s.t. h ^ o
and h(B, - (1 + g)A,) ^ d, A,, B, being the processes used in the
truncation A, B.

4. No truncation is productive of d at any g > R.
5. If all truncations are q-feasible in all intervals in which they are

productive, there is no wage curve of a productive truncation above
E and in each productive truncation with positive prices at r the
real wage in terms of d will be equal to consumption per head at
g = r.

6. If the original system is q-feasible with positive prices at r = g, it

is on E I hence —r- < 0J and it will remain on E for those (and

only those) variations of d for which it remains q-feasible (limits
to 'non-substitution'). The same holds for truncations on E which
are p-feasible.

Proof of Corollaries:

1. Since // is q-feasible, with - for simplicity here and below 5, 6 -
not vanishing determinants:
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114 The Dominant Technique

q"l = q"7" = d"(B" - (1 + r )A") - ' l " = d"p" = dp"

where p" = [B" - (1 + r)A"T' T", p " augmented vector of p".
Since q" is feasible in the dual, p" cannot be feasible in the primal,
for otherwise // would be on E because q"l = dp". If p" 2: o, p"
can only not be feasible if it implies extra profits outside system //
(case a), but if // is itself the original system, p" = [B - (1 + r)
A]~'l and p" can only not be feasible by having at least one nega-
tive component. On the other hand p ' is feasible, [B - (1 + r)A]
p' S 1, and if p ; did not imply some losses in // (the original sys-
tem), we should have [B - (1 + r)A]p7 = 1, hence p' = p" § o
which is a contradiction (case b). The converse is proved as under
2 for a and is trivial for b.

2. Here we prove only the converse. With b, — (1 + r)a, = c,; i =
0, . . ., n; and with ^ ' c , + . . . + q™cn = q^c, + q^c2 +... +
q(l)cn = d we have

0 < qllj (/o - coP
(0)) = <?<!> l0 - dp<0) + ««>c2p

<0> + . . . + q{lj
cnP

<0)

= fl k + fth + ••• + q"!K ~ dP(0> = n/" ( l ) ] - [l/w(0)]

Similarly for / = 2 , . . ., n.
3. If a truncation A, B, T above E was q-feasible, we should have

q[B - (1 + r)A] = d, q > o. The augmented vector q of q with
q[B_ - (1 + g)A] g d would be feasible in the dual with 1/ql =
1/ql greater than on E which contradicts the optimality of E.
But the truncation is productive at g so that there is h S o with
H [B (1 + g)A] >d and h[B - (1 + g)A] > d. Since the system
is not q-feasible, h # q, and q is not non-negative, while p is
positive.

4. Since the primal has feasible solutions for all r, it is the dual which
ceases to have feasible solutions at R.

5. The first part follows from the definition of E, the second from
q = d[B -_(l + g)A]-' > o, p = [B - (1 + r)A]~ll ^ o,
ql = ql = dp = dp.

6. As long as q = d[B - (1 + g)\]'1 > o, p = [B - (1 + r)A]"'l
s o, p and q must be optimal because the optimum is characterised
by ql = dp for feasible q and p.
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On Counting Equations 115

The main point to be retained for the comparison of systems is this:
a viable truncation (q-feasible with positive prices within the truncation)
is either on E (optimal) and its augmented price vector is p-feasible or
its augmented price vector causes surplus profits if applied to some
process outside the truncation, indicating that a transition to some other
truncation (presumably containing this process) should be made. In
particular, if we face a given system with one alternative method of
production, total labour employed will, according to the proof of Cor-
ollary 2, diminish (or increase) by an amount exactly equal to the labour
commanded by the extra profits (or losses) caused if the alternative
method is fully used to produce the same amount of consumption goods,
but if prices are those of the given system. If the system is the 'world',
the losses (or extra profits) of a country, accepting world prices, world
wage rate and the world rate of profit but using one 'backward' (or
'advanced') method under golden rule conditions, must be covered by
a monetary and real subsidy (will generate a favourable balance) ex-
actly equal to the wage cost of the hours of work wasted (saved).

5.3 PROPERTIES OF REGULAR SYSTEMS

Theorem 2.1 has shown that at least one optimal solution to the linear
programme is given by a quadratic truncation, and the corollaries con-
firm that a comparison of optimal and suboptimal truncations in terms
of sytems is meaningful in that surplus profits and losses guide the
adoption and rejection of processes in transitions from suboptimal to
optimal truncations and systems. It is, however, still possible that wage
curves of different truncations coincide in entire intervals, so that the
solution can globally be multiple and not unique. This possibility is
unwelcome from the economic point of view (especially on the price
side) and leaves room for solutions which are not quadratic (although
superpositions of quadratic truncations). Economic intuition says that
such anomalies must be flukes. In order to show (in section 5.4) that
this is in fact the case we turn to a discussion of regular systems in
this section (which is a self-contained piece of analysis).

Since a joint production system p = [B — (1 + r)A]"'I can be
transformed into a single product system p = [I - rA]"'l with A =
(B — A)"'A (indecomposable if A, B is basic, and not necessarily non-
negative) and with 1 = (B - A)"'T (Schefold, 1971, and Chapter 2 in
this volume), we start with single product systems (A, 1) without as-
suming A s O, 1 s o.
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116 The Dominant Technique

Generalising Chapter 3 in this volume, a system (A, 1, d) [A (n, n)-
input-output matrix, I column vector of labour inputs, d row vector of
surplus] is called regular, if

1. det A * 0,
2. one and only one eigenvector is associated with each eigenvalue of

the characteristic equation of A, written in the form det [I - (1 +
r)A] = 0, i.e. det [I - (1 + R)A] = 0 implies rk [I - (1 + R)A]
= n - 1 where R is any (possibly complex) eigenvalue,

3. for any complex eigenvector q, (1 + /?)qA = q, we have ql =t= 0,
4. for any complex eigenvector x, (1 + R)A\ = x, we have dx ¥= 0.

Matrix A may be given Jordan's normal form: one knows that there
is a non-singular matrix Q such that QAQ"1 = T, T = diag {T1,,. . .,
T*}, with

+ Ry1 \
1 (1 + /?,.)"' 0

T; =

0 1 (1 +

The symbol diag {T1,,. . . , T*} denotes a matrix with the quadratic
blocks T| on the diagonal and zeros outside. If the system is regular,
the /?,, i = ],..., g, are all different. Matrix TJ is of order/ where/
is the multiplicity of root /?,-, / , + . . . + fg = n, and where n is the
order of matrix A, hence

det [I - (1 + r)A] = y(/f, - r)f<.. . (Rg - r/«, y constant.

The roots /?, may be multiple but, by assumption, only one eigenvector
is associated with /?,; we call such roots semi-simple. If all character-
istic roots are simple ( / = 1), they are all different, g = n, T| = (1 +
/?,)"'; i = 1, . . ., n; and T is a diagonal matrix. The identity matrix is
an example of a matrix with one multiple root which is not semi-
simple but of multiplicity n with n linearly independent eigenvectors.

It is convenient to label vectors and components by a double index:
( 1 , . .., n) is replaced by [(1, 1), . . ., (1, / , ) , (2, 1),. . ., (2, / 2 ) , . ..,
(g, / , )] . Assumption 3 about regular systems can then be expressed as
V; , =£ 0, /' = 1,. . ., g\ where Ql = v, and Assumption 4 as cif. i= 0,
i = 1,. . ., g, where dQ"1 = c.
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On Counting Equations 117

The only irregular systems which are of any economic interest ap-
pear to be the following (see Chapter 3 in this volume):

(a) systems with pure consumption goods, i.e. systems where one column
vanishes, and systems incorporating land,

(b) systems with labour value prices (1 eigenvector of A),
(c) systems where the surplus is in standard proportions (d eigenvec-

tor of A).

Case (b) and (c) are of considerable analytic interest but have to be
considered apart. Case (a) is ruled out if we focus on the basic part of
each system. However, special allowance for pure consumption goods
could be made in section 5.4 below at the cost of some additional
complications in the proof of Theorem 4.1.

In order to show that irregular systems are exceptional from the
mathematical point of view we consider the n2 variables a\, a\, a\,.. .,
cfn as independent and the complex variable r as dependent in the equation

<p(r, A) = det [I - (1 + r)A] = ££>v(l + r)v = 0

The equation then defines implicitly a multivalued function R" —> C.
The coefficients bv(bn = det A; . . .; fc, = a\ + ... + a"; b0 - 1) are
polynomials in a';, i, j = 1,. .., n. A system will, as far as matrix A is
concerned, certainly be regular if the n eigenvalues are different, i.e. if
the n values implicitly defined by (p(r, A) = 0 are different. Excep-
tions will occur for given A if and only if det A = 0 (degree of poly-
nomial reduced) or if the discriminant D which is a polynomial in
b0,..., bn vanishes. Discriminant D and det A may now be regarded
as polynomials in n2 real variables a\\ i, j = 1,. . ., n which do not
vanish identically, and D = 0 and det A = 0 define algebraic mani-
folds of dimension n2 - 1 in R" . Their graphs in R" are of measure
zero. Multiple roots are thus exceptional, and multiple roots which are
not semi-simple even more so. The set of vectors 1 in R" which do not
fulfil Assumption 3 for given A, is composed of at most n hyperplanes
in R" and hence of ^-dimensional measure zero, for if 1 is orthogonal
to a complex eigenvector q, (1 + R)qA = q, it is also orthogonal to
the complex conjugate vector q, (1 + R)qk = q = (1 + R) qA, hence
1 is orthogonal to the real vector q + q. Similarly for Assumption 4.

Irregular systems are thus exceptional but may be of interest insofar
as they permit simplifications which may be regarded as useful ap-
proximations to the more general case, but generalisations from this
simplification should be made with care.
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118 The Dominant Technique

Theorem 3.1: Let two regular systems (A, 1, d7), (F, m, d") be given.
Their wage curves will be identical, i.e. d'p' = d"p" if and only if both
systems are of the same order and if A and F are similar matrices with

Y = 1 , . . . , /.; i = l,...,g

where

QAQ ' = T = SFS '

d'Q - ' = c1, d " S ' = c", Ql = v', Sm = v"

(For simpler conditions see 3.8, for joint production see 3.9 below.)

Proof. Using the notation explained above, we have for any regular
system (A, 1, d)

dp = dQ 'Q[I - (1 + r)A] Q 'Ql = dQ '[I - (1 + r)
QAQ ] Ql

= cf v,

where T = [I - (1 +
T = diag {T1, , . . . , T '}

T' =

V l + RJ

V l + R

i

TJ being a quadratic matrix of order / . One obtains by induction
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On Counting Equations 119

T! =

1 +*,-
R, ~ r

1 +

(L±A)fi

U - r) /?. - r

With

f v = Zu(r)

where Z = diag (Z1,,.. ., Z ' } ,

o \
V:,

z; =

and u(r) is the transposed vector of vector

- r , - rj ' R2 - r ' ' ' ' '

we can write

dp = cZu(r)

If two regular systems are given, d'p' and d"p" may both be ex-
pressed in this form. Consider d'p'. d"p" as meromorphic functions of
r in C. Since the relevant components of c', c", v', v" are positive, the
singularities (poles) of dp' and dp" must be the same and of the same
order, if d'p' = d"p"; hence A and F must have the same characteris-
tic equation; they are similar matrices with (after permutations) the
same diagonal form T and the same vector u(r) so that
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120 The Dominant Technique

0 = d'p' - d"p" = (c 'Z' - c"Z")u(r)

The columns of the matrix U = [u(r,),. . ., u(rn)] are given by the
vector u(r), taken in n different points r,, . . ., rn (none of which equals
one of the poles / ? , , . . . Rg). If U was singular, there would be a not
vanishing row vector a such that aU = o. The polynomial of at most
degree n - 1 % = <p \|f where (p(r) = (fl, - r/i . . . (Rg - r)fg, \y =
au(r) would therefore vanish in n points, therefore identically, which
is impossible since it is easy to see that neither <p nor y vanishes in
more than n points. Hence det U # 0, implying

c'Z' = c"Z"

which is the condition more explicitly stated in the theorem. The con-
verse is proved by following the argument backwards.

We list a number of corollaries of this theorem most of which are
used in the main part of the chapter.

3.2: Modified assumption. Theorem 3.1 still holds if it is assumed that
A, 1, d') is regular and that (F, m, d") is of the same order as (A, 1, d').
If d'p' = d"p", (F, m, d") will then also be regular. (The proof is
analogous to that of 3.1.)

It follows from 3.1 that two regular systems of different order, i.e.
involving a different number of commodities and processes, can never
have the same wage curve.

It follows from the above that the regularity of (A, I, d) entails the
regularity of the transposed system (A', d', 1') since

d[I - (1 + r)\]~l 1 = 1' [I - (1 + r ) A T ' d '

3.3: If the systems (A, I, d') and (F, m, d") are of order n and m
respectively, their wage curves intersect in at most n + m — I points
or everywhere, for dp' = dp" entails ipyd'p' = (p\|/d"p" where (p, \|/
are the characteristic polynomials of A and F respectively. On both
sides of (p\j/d'p; = (p\|fd"p" there are polynomials of at most degree
n + m — 1.

An exception may highlight the importance of the various regularity
assumptions: If (A, I, d) is any regular basic single product system
with maximum rate of profit R > 0, the system [A, 1, q(I - A)] where
q(I - A) is the standard commodity will not be regular. In
fact, the latter system will have the wage curve w = 1 — (r/R) which

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



On Counting Equations 121

is the same wage curve as that of the one commodity system (A, 1, d)

with A = a = (1 + R)~\ 1 = 1 and d = , f D , for (1 + r)ap +
1 r A

w = p yields w = 1 - (r/R) if we normalise (1 + R) = /fy>.

3.4: Behaviour of price vector. The price vector of a regular system of
order n, p(r), (in terms of labour commanded) assumes n independent
values at n different rates of profit, for otherwise there would be a
vector a with ap(r) = 0 for r = r,, . . . , rn. This implied aQ~'Zu(r) =
bu(r) = 0, r = r , , . . . , /•„; where b = aQ~'Z =£ o; in the notation used
above which is impossible by virtue of the argument used in the proof
of Theorem 3.1 (cf. Chapter 3 in this volume).

3.5: Behaviour of vector of activity levels. The activity levels q =
d(I — (1 + g)A)"' of the regular system (A, 1, d) may be interpreted
as prices of the transposed system (A', d', 1') which is regular accord-
ing to 3.2. The vector of activity levels therefore assumes n linearly
independent values at n different rates of growth.

3.6: Vanishing points. Each component of the vectors p and q van-
ishes in at most n — \ points if the system is regular, for the adjoint
[I - (1 + r)\]Ad consists of polynomials of at most degree n — 1; if
any component vanished at n or more points, it vanished identically.
But if a component of p or q vanished identically in a regular system,
this implied that p or q would be contained in a hyperplane of R"
which is impossible because of 3.4 and 3.5.

3.7: Maximum rate of profit and limits in approaching it. The equations

[I - (1 + AV)A]P = 1

q[I - (1 + /?,.)A] = d

have no solution for a regular system (A, 1, d), since, for example, the
first, with i = l, say, can be transformed to obtain

Q[I - (1 + /?,)A]Q-' Qp = [I - (1 + /?,)T]Qp = Ql

which has no solution since the first row of [I - (1 + /?,)T] vanishes
while q,l * 0.

On the other hand, we obviously have
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122 The Dominant Technique

1 ~
lim w(r) = lim •— = lim (clV) = 0
->« - « d(I ~ (1 + r)A)-'l R

and the limits

lim (/?,. - r)fiq = lim (/?,. - r)f'd[l - (1 + r)A]"'
r -* Rt r - » /ff

lim (/?, - O^p = lim (/?,. - ^^[I - (1 + r)A]' 'l
r - * R,

exist and are proportional to the unique eigenvectors of the regular
system (A, 1, d) associated with /?„ for

lim (/?,. - r)'<d[I - (1 + r)A]"' = lim (AV - r / d Q ' T Q
r -* R, r -* R,

All elements of (/?, - r)/jT tend to zero for r -» Ri except the first
element in the last row of Tj which tends to (1 + /?,)•''. The vector will
therefore in the limit be proportional to the unique q, given by (1 + R.)
q;A = q,. Similarly for p.

Economically, the behaviour of q in the limit means that activity
levels on a balanced growth path will get proportional to 'standard
proportions' or to the 'von Neumann' vector as the rate of growth
tends to its maximum (supposing /?, > 0, q; > o).

The maximum rate of profit R of basic single product systems (A s O)
is known to be a simple root of the characteristic equation of A (theo-
rem of Frobenius). Thus / , = 1 if, without loss of generality, /?, = R.
Prices p(r) in terms of the standard commodity q(I — A) with q(I —
A)p(r) = 1, p = w[I - (1 + r)A]"'l, w = 1 - (r/R) therefore fulfil

lim p(r) = lim w p(r) = lim R ~ K [I - (1 + r)A]''l = p(R)
r -* R r —* R r -> R A

where p(r) are again prices in terms of the wage rate, w the standard
wage rate and p(R) prices at the maximum rate of profit

(1 + R)Ap(R) = p(n-)

normalised so that q(I — A)p(n") = 1.
The remarkable fact is that the limit for q is independent of d (the
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On Counting Equations 123

need to approach the maximum rate of growth becomes as it were
more important than the task to produce a specific output), and the
limit for p is independent of I (wages become insignificant).

3.8: Simple roots. If and only if A and F are similar, there is a matrix
N, det N * 0, with F = NAN'1, for Q A Q 1 = T = SFS'1 implies
F = NAN""1, N = S ' Q . Using matrix N, the conditions of Theorem
3.1 may be expressed thus, if all roots are simple:

The wage curves of the regular systems (A, 1, d'), (F, m, d") will be
identical if and only if A and F are of the same order and there is a
non-singular matrix N with F = NAN"', Nl = m, d"N = d'.

These conditions are sufficient for the identity of the wage curves since

d"p" = d"[I - (1 + r)F]-'m = d"[I - (1 + r)NAN"']-'m

= d"N[I - (1 + r)A]-'N-'m = d' p'

The conditions are necessary. No coefficient v/, v'' c', c'j vanishes if
all roots are simple and the system is regular, hence we may define

A = diag {v'[/v{, v>'2, . . ., v"jv'n), det A ¥= 0, and N = S"1 AQ

With this we have, since T is diagonal, NAN"1 = S"'A QAQ"'A"'S
= S-'ATA-'S = S-'TS = F, and AQ1 = Av7 = v" = Sm, hence
Nl = m. Analogously A =_diag {c\lc'[, c'2/c'l c'jc"n), N = S " ' A Q ,
NAN"1 = F, d"N= d"S'AQ = c"A<p = c'Q = d'. But the conditions
of Theorem 5.2 yields c' v' = c" v" if all roots are simple, hence
A = A, N = N.

3.9: Joint production systems. Since prices of a joint production sys-
tem (A, B, 1, d), Bp = (1 + r)Ap + 1, can be expressed as p = [I -
(1 + r)(B - A)~'A]~'(B - A)"'l and since an analogous transforma-
tion is possible for activity levels, yielding q = d[B — (1 + r) A]~'
= d(B - A)~'[I - (1 + r)A(B - A)"1]"1, the results obtained in 3 .1-
3.8 are valid for joint production systems. In particular, the joint pro-
duction system (A, B, 1, d) can be said to be regular, if [(B — A)"'A,
(B - A)"'l, d] is regular, and since dp = d[B - (1 + r)A]"'l = ql
for all r, [A(B - A)'1, 1, d(B - A)"'] will then also be regular (see
3.2); (B - A)"'A and A(B - A)"1 are similar. In the formulas 1 + r
and 1 + Ri have to be replaced by r and Rr Theorem 3.1 may be
restated as follows.
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124 The Dominant Technique

If two joint production systems (A, B, 1, d'), (F, G, m, d") are regu-
lar, their wage curves are identical if and only if [(B - A)"'A, (B -
A)~% d'] and [(G - F)"'F, (G - F)"'m, d"] fulfil the conditions of
Theorem 3.1. If all roots are simple, these conditions may be restated
as MAP = F, MBP = G, Ml = m, d'P - d".

These conditions are sufficient for the identity of the wage curves
since d"p" = d"[G - (1 + r)F]"' m = d'P[G - (1 + r)FJ~' Ml = d'
{M"'[G - (1 + r)F]P- '}- ' 1 = d'p'.

They are necessary since according to 3.8 we must have N(B — A)"1

AN"1 = (G - F)"'F, Nl = m, d"N = d' which implies the conditions
above if we define M = (G - F)N(B - A)"1 and P = N"1.

3.10: Equal prices in two systems. If a price in terms of labour com-
manded, say p,, is the same for all rates of profit in two systems (A, 1)
and (F, m) such that (A, 1, e,) and (F, m, e,) are regular, with all roots
being simple, we have F = NAN"1 and Nl = m with the nth row of
Nn, = e,, for we must have e,N = n, = e,-. More generally: if m prices,
the first m, say, are equal in both systems, regularity conditions being
fulfilled, we must have F - NAN"1, Nl = m with

N=P °
I N2

} n — m

This leads to the theorem proved in Chapter 3 in this volume: if all
prices of two regular systems are equal, the systems are identical, if
they are single product systems, and they are related by F = MA,
G = MB, m = Ml, if they are joint production systems. It follows as
in Chapter 3 that prices of two different regular joint production systems
may coincide in at most n points or else they are related by F = MA,
G = MB, m = Ml, for the equation

[G - (1 + r)F] [B - (1 + r)A]"'l = m

is equivalent to

[G - (1 + r)F) [B - (1 + r)\)J = m det [B - (1 + r)A]

which is an equation of polynomials of degree n.

3.11: Switchpoints and truncations. Points of truncation are either points
where one activity level vanishes so that n — 1 processes involving n
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On Counting Equations 125

commodities coexist with non-negative prices (case A). Or they are
points where one price vanishes so that n processes involving n — 1
commodities coexist (case B). For any given price or activity level
this may happen in at most n — 1 points as we saw in 3.6, but the
same can now be shown from a different point of view. We discuss
case B: We have, with C = B - (1 + r)A, c,p = / , ; / = 1, . . . , n;
p s o, with pn = 0, say, q c; = d', j = 1,. .., n; q 2: o. We then can
find non-negative activity levels such that d" is overproduced, for CT'
1 = P> Pn = 0> ' > °< implies that the last row cn of C = C"1 is not
positive.

Therefore (q + ecn)C = d + een (en nth unit vector), and e > 0 can
be increased until at least one component of q vanishes. The corre-
sponding row and the nth column are to be taken away to obtain the
truncation which has a switchpoint with C regarding commodities 1 , . . . ,
n - 1, but different activity levels. The extent of overproduction of
commodity n may be varied, as may be illustrated by noting that case
B (normal truncation) is the one encountered in fixed capital systems:
an old machine of age T has to be truncated when its price is negative.
We are here considering the borderline case where its price is zero at
a point where all other prices are the same for the truncated and the
untruncated system while activity levels are undetermined in that a
greater or lesser overproduction of the old machine is permissible at
price zero. Activity levels are therefore at this point free to vary con-
tinuously between the activity levels of the untruncated system which
are uniquely determined such that the machine of age T is still used
and not overproduced and the activity levels of the truncated system
where the machine of age T is still produced (overproduced) although
it does not belong to the truncation because it is not used. Case A
(dual truncation) seems economically less relevant.

In either case the real wage is the same for the original system and
its truncation, since ql or dp is the same for both. In fact, the real
wage is the same for all truncations C which can be formed with det
C # 0 by deleting one of n rows where a price or one of n columns
where an activity level of the original system vanishes. The wage curve
of the original system is therefore crossed by up to n wage curves of
truncations at such a point. Supposing that all these truncations are
regular, we have, if each of the n prices and n activity levels vanishes
in n - 1 points, up to In (n - 1) points where the wage curve of the
original system is crossed by a bushel of n wage curves of truncations
of order n — 1. According to 3.3 the wage curve of the original sys-
tem is crossed at most n + ( n - l ) - l = 2 n - 2 times by each of
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126 The Dominant Technique

its n2 truncations, yielding also 2n (n - 1) crossing points taking ac-
count of the fact that n truncations may be involved in each (cf. also
Corollary 1).

Switchpoints as they are known from the literature are points where
n + 1 methods for the production of n commodities coexist at the
same prices, and where activity levels are up to a point indeterminate
('method switches'). If there are non-negative activity levels to pro-
duce d with n + 1 methods, the same is also possible with only n
methods according to the basis theorem; and the method to be omitted
may or may not be uniquely determined. Formally, there could also be
switches of commodities: if n + 1 commodities are produced with n
methods, activity levels could at one rate of growth happen to be such
that no commodity was overproduced while prices were indeterminate,
but no economically meaningful example of this seems to be known.
'Slightly overproduced' consumption goods would not receive zero prices
in reality because a minor excess of production could be disposed of
if competition is not absolutely perfect; the consumption good would
at any rate be charged a positive prices. Means of production, on the
other hand, are typically machines and rather objects of truncations
than of 'commodity switches' (cf. also Corollary 2).

3.12: International trade.: An instructive caricature. Suppose capital
movements equalise the rate of profit in Britain and France and sup-
pose that this rate of profit varies greatly and frequently. Suppose that
the workers estimate their real wage by the amount of time they need
to earn the money for their favourite drink, called beer in Britain and
wine in France. If they succeed in equalising the wage in this sense in
both countries whenever the rate of profit varies, the economies of
Britain and France must be essentially the same (3.1) and beer is wine
(3.10) if we know that both economies are regular systems.

The following observation is equally far removed from reality but a
little more serious in so far as it is related to a famous theorem in
international trade theory: if relative prices are imposed from outside
on a regular economy, there is at most one rate of profit compatible
with them. For if relative prices, expressed, for example, in terms of
the first commodity, were the same at two rates of profit, i.e. if

P.inVPiifi) = Pi(r7)lp]{r2), i = 2, . . ., n

the vector p(r,) would be proportional to p(r2) contradicting 3.4.
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On Counting Equations 127

5.4 COUNTING OF EQUATIONS

If all relevant truncations are regular and diflFerent, multiple solutions
to the linear programme occur only at points where diflFerent wage
curves cross, and the solution is always quadratic outside these points.
Sraffa's 'counting of equations' is then vindicated: there are at least as
many processes as commodities to be produced (for otherwise the con-
sumption basket could not be produced in the required proportions),
but prices leave on the other hand no room for more processes than
there are commodities.

One is therefore tempted to assume that all truncations are regular
because irregular systems are of measure zero in the space of all sys-
tems of given order, but there is a little snag: regularity conditions
require that det ( B - (1 + r)A) does not vanish identically (where A, B
is a truncation) but many truncations may contain entire columns of
zeros for both A and B belonging to truncated machines. The state-
ment that non-negative systems are regular with probability one is
misleading in so far as non-negative systems are with probability one
positive! Zeros contain a very specific information. There is little differ-
ence between 1 and 1.0001, but a model may behave in a qualitatively
diflFerent way economically and mathematically according as to whether
an element equals 0.0001 or whether it is strictly equal to zero. The
question therefore arises whether systems with a given pattern of ze-
ros are likely to be regular. The answer is easy in the case of single
product systems; it suffices to assume det A =£ 0. (Cf. the remark about
pure consumption goods at the beginning of section 5.3 above.) Simi-
larly one may postulate det (B — A) =£ 0 for any independent joint
production system as in Schefold (1971). Truncations are more diffi-
cult; but there is no harm, as far as I can see (after examining fixed
capital and other cases) in the restricted assumption that at least those
truncations are regular which are q-feasible for some g, 0 :S g < R,
and which fulfil det (B - (1 + g)A) =£ 0. They will then contain at
least one consumption good (d ^ o) and they will not contain col-
umns with all outputs and inputs vanishing (&' = bJ = o). The as-
sumption leaves ample room for complicated given patterns of zeros
in A, B and d. We shall assume, moreover, that all regular trunca-
tions are different in that they have different characteristic equations
or, which is a slightly lesser requirement, applicable if all character-
istic roots are distinct: Jwci different regular truncations of the same
order (A, B, T, d") and (A, B, 1 , d ) are assumed rjever to be_related by
linear equations of the form AN = MA, BN = MB,1 , = M l , dN = k
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128 The Dominant Technique

with M, N being non-singular quadratic matrices (see 3.9 above).1

Adding these two assumptions to those made for Theorem 2.1 and
assuming that the original set of processes is in the stationary state
capable of producing a surplus of both final and intermediate goods in
that there i s q ^ o such that q(B - A) > o, we obtain a statement
which is considerably stronger than Theorem 2.1 and which confirms
that a quadratic solution consisting of equalities emerges at the same
time as a result of a comparison of systems (where the counting of
equations is the point of departure) and as a solution to or the out-
come of the von Neumann approach which starts from inequalities (theo-
rem 4.1). 4.2 shows that normally w(R) = 0; the 'last' truncation
appearing on E behaves rather like a single product system.

Theorem 4.1: The envelope E of q-feasible wage curves is continuous
and falls strictly monotonically from a positive finite value at r = 0 to
wE(R) > 0 at a maximum rate of profit R > 0. The solution to the
linear programme is unique, and given by the augmented vectors of
prices and activity levels of a uniquely determined perfect truncation
except at a finite number of 'critical' points and except in so far as
prices of phantom goods (although they can be put equal to zero) are
(within limits) indeterminate in entire intervals.2 E is intersected by
not coinciding wage curves of different truncations in each critical point.
Critical points with multiple solutions (if they occur) can always be
regarded as superpositions of points of truncation and switchpoints (see
3.11 above) and conversely.

4.2: We cannot have wE(R) > 0 with all q-feasible truncations at R
without columns of simultaneously vanishing inputs and outputs (i.e.
with »' + bJ ± o for all j in A, B) being regular. If wE(R) = 0, if (A,
B) is the 'last' perfect truncation appearing on E (for r — £ < r s R),
and if (A, B) is basic, we have (B - (1 + r)A)"J_> O for R - 5 <
r < R, and some 8 > 0. R is a simple root of det (B - (1 + r)A) = 0
and there is a positive standard commodity associated with R for A, B.

Proof of Theorem 4.1: Using the notation of the proof of Theorem 2.1
above (the tableau on p. I l l ) we can state independently of the spe-
cial assumptions for Theorem 4.1:

Lemma 2: If the solutions to the linear programme at r = g < R are
chosen such that the numbers h + s — k in the primal and k + t — h
in the dual are maximised, the solutions are canonical and the matrices
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C** = [CJ , Cf]

have maximal rank k and h respectively.
For otherwise we should, for example, have rk C** < h so that

there would be an open convex set <p of vectors q > o with qC** =
(di dk+l) = d** which, augmented with zeros, solved the dual.
The boundary points of (p would also solve the dual but with less than
h positive components or with one of the inequalities turned into an
equality contrary to the assumption that Ic + t — h is maximal. This
ensures also that the solutions are canonical.

It follows (still independently of special assumptions) that the linear
programme can have multiple solutions only if at least one canonical
tableau is degenerate. Suppose, no tableau was degenerate while there
were several solutions to the primal and/or the dual. If a tableau cor-
responding to a pair of optimal solutions p, q is not canonic, its cor-
responding canonical tableau is degenerate and the assertion is proved.
If each tableau is canonical, and not degenerate, each involves a qua-
dratic truncation for s = t = 0 implies h = k since k^h+s, h^k
+ t. The positive prices and activity levels are the same for both,
since the 7th component of p must vanish for all solutions of the pri-
mal if commodity j is overproduced for one solution of the dual, and
similarly the ith component of all solutions of the dual must vanish if
process 1 turns out to be unprofitable for one solution of the primal,
while other elements of p, or q do not vanish if s — t = 0. There is
therefore one and only one quadratic truncation corresponding to all
solutions of the primal and dual. This truncation Cj has not vanishing
determinant (Lemma 2) so that p, q and the augmented vectors p, q
are uniquely determined contradicting the assumption and showing that
both the solution to the linear programme is unique and the truncation
yielding this solution.

Consider a point r = g where the solution is chosen according to
the assumption of Lemma 2. The quadratic matrix of order (k, k) con-
sisting of k linearly independent rows of C* is denoted by C*, the
quadratic matrix of order (h, h) consisting of h linearly independent
columns of C** is denoted by C**. C* is a p-feasible truncation, C**
is a q-feasible truncation with no vanishing column and with qC** =

•;•&** # o; it is regular. C* and C** define wage curves w* and w**
(cf. section 5.2) with w*(r) - w**(r) because d*p* = dp = ql =
q**l**. We distinguish four cases of degeneracy:
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130 The Dominant Technique

(a) If h > k, the wage curves w* and w** can only intersect, not
coincide, because the sum of the order of the poles of w** as a
complex function equals h whereas the sum of the order of the
poles of w* is k if C* is regular, and less otherwise (cf. 3.1, 3.3
above).

(b) If h = k, s > 0, and if C* = C**, there are s rows in C* which
are not in C* and which do not vanish because 1 > o, p* > o.
One of them may be exchanged against a row of C* so that the
resulting matrix C has a not vanishing determinant at r and hence
a wage curve w. If vv and w* coincided in an interval, C would be
regular according to 3.2 because C* = C** is regular, but wage
curves of different regular truncations of the same order have been
assumed not to coincide. The same argument applies to w* and
w**, if C* * C**.

(c) If h < k, and if we are not at a critical point, all columns cj - by

- (1 + r)&> of C** which are not in C** fulfil aJ = b J = o,
hence dj = 0, for if aJ + bJ + o, column j could be exchanged
against a column of C** in such a way that the resulting trunca-
tion C*** would fulfil det C*** # 0; C*** would be q-feasible,
hence regular, and would engender a wage curve different from
w**, hence r would be critical, contrary to the assumption. Let,
without loss of generality, &> = bJ = o for 1 < j < K and for K
+ h + 1 < j < k + t. We can assume K > it - h > 0 but we
must have K < k because d**p** > 0, C** = [c*+1 cK+h).
There are K rows i, < . . . <iK in C* with iK ^ h + s and with
i, > h + 1 such that we obtain a not singular matrix C = (cJ

a); a
= i,,. . ., iK; j = 1, . . ., K\ because det C* + 0 and because c( =
0; i = \,...,h;j= 1,..., K. The matrix C = (c'a); o = 1,. . .,
h, i,, . . ., iK; j = 1, . . ., K + h; is q-feasible and det C = (det C)
(det C**) ¥= 0, d # O, hence C is a regular truncation, its wage
curve crosses vv** at r and does not coincide with w** because
the order of C is not equal to that of C** since K > 0. Point r is
therefore critical.3

(d) h = k, t > 0. We may now assume that s = 0, hence Cj = C*. If
the point is not to be critical, we have C* = £** and - for the
same reason as at the beginning of case c (h < k) above - vanish-
ing columns in C** which are not in C**, hence C2

t = O, B2
} = O,

A2 = O, dj• = 0, j = k + 1,. . ., k + t. Now it is clear that this
constellation (h - k, t > 0) can be found in entire intervals with-
out critical points. For if there exist unique vectors p, q such that
C}p = 1 , qCj = d and such that the augmented vectors of p, q
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On Counting Equations 131

are optimal solutions at each r, prices pk+l,. . ., pk+l can be equal
to zero in this interval although the corresponding goods are nei-
ther used nor produced (hence not overproduced). These prices
are indeterminate within the limits given by the inequalities
h + 1, .'..', n (inequalities because s = 0 outside critical points).

It follows from (a), (b), (c), and (d) that critical points, i.e. points
where not coinciding wage curves cross or touch the envelope, are
finite in number and that they are isolated points. There is no degen-
eracy at other points and h = Ic, s = 0, except in so far as t > 0 is
possible for means of production which are neither used nor produced
in the optimal truncation (case d).

Points of truncation and switches in the sense of 3.11 are clearly
points where the tableau is degenerate. Conversely, if the tableau is
degenerate with h = k + 1, ? = 1, j = 0, we have a point of trunca-
tion (case B in 3.11), and if it is degenerate with h = k, t = 0, s = 1,
we have a switchpoint (method switch in 3.11). All other cases are
superpositions of these, with possibly reversed roles of activity levels
and prices.

The envelope of the q-feasible wage curves is strictly monotonically
falling because wage curves of regular systems cannot be constant in
any interval. The productivity assumption ensures R > 0.

Proof 4.2: If we had wE(R) > 0, the linear programme could be solved
at R, the solution being represented as in the tableau of Lemma 2, and
qC, g d, q > o. Let c \ . . ., c*+' denote the columns of C**, and
suppose that (without loss of generality since the difference between
C| and C] does not matter in what follows) c ; # o; 7 = 1 , . . . , J and c'
= 0 , ; = J + 1,. .., k + t. If c ; = o, we must have a-1 = B; = o,
dj = 0, for otherwise c ' could be exchanged against a column of C**
to form a truncation C with qC = d so that G would be regular, but
then det C = 0 because c' = o. This is impossible according to 3.7
above since wE(R) = q l > 0. Suppose there was no p s o such that
c'^| + . . . + c'pj = o. There would then be q > o according to
Lemma 1 with q{c ' , . . . , c') > 0 and since qc ' = dj = 0, j = J +
1,. .., k+t, q[B, - (1 + r)A|] =£ d for some r > R contradicting the
assumption. There must therefore b e p i o with (without loss of gen-
erality) (£,, . .., pK) > o, with pK+l = . . . = pj = 0, and with

-c* = i\plp K \
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132 The Dominant Technique

therefore

Since the left-hand side is not positive, the right-hand side not nega-
tive, equality can only hold if qc* = 0, and since the same argument
can be applied to c ' , . . . , c*"1 we have qc 1 = . . . = qc* = 0. This
implies that the quadratic truncation C = (C1,. . ., cA) has vanishing
determinant if K S h, and if K ^ h, det C = 0 because cK is a linear
combination of c \ . . ., c*"1. But J > h since rk C** = h, and C
(which is q-feasible) is regular, hence det C = 0 is imcompatible with
q C = d according to 3.7, therefore wE(R) = 0. The remainder of 4.2
follows from Chapter 2 in this volume, Theorem 4.2.

5.5 EXAMPLE

We conclude with the example

. _ [1/12 1/61 _ [3/4 1/31 _ [1/61 _ /79 l\
A ' 11/4 1/eJ' B " Ll/4 2/3J- ' ~ L5/6J- d " 1144 ' 367

with the wage curve

(24/13)(2-rj(r + 6)
' ' 4r - 1

The wage curve is negative for r < 1/4, it diverges at r = 1/4 and
falls monotonically from + <» to zero between r = 1/4 and R = 2.
One finds q > o for 9/11 < r < R and p > o for 1/2 < r < R so that
the system as a whole will be superior for 9/11 < r < R, and it will
in fact be superior independently of d for 1 < r < R since [B -
(1 + r)A]"' > O for 1 < r < R (cf. Theorem 4.2).

Truncation is inevitable for 0 < r < 9/11. The four truncations to
be considered are given by

The truncations wj and w, are not productive of d, let alone q-feasible
for g > 0; one finds that w\(g) is q-feasible for 0 ^ g s 9/11 and
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On Counting Equations 133

IV, C wage curve of truncation

truncation productive of d
q-feasible truncation

envelope E

20-

10-

*-r,g

Figure 5.2 The four truncations

w](g) is q-feasible for 9/11 s g < 1, while w(r) is only productive of
d, but not q-feasible for 0 s ^ < 9/11 so that the envelope wE(r)
consists of w\(r) for 0 ^ r < 9/11 and w(r) for 9/11 < r < R. A dual
truncation occurs at r = 9/11.

The four truncations are shown in Figure 5.2.
Figure 5.2 shows wage curves of the two sector model and of its

four truncations. Note that disequilibrium is possible, if g < r, e.g. if
r = 9/10, g = 1/4 (unless equilibrium is redefined as in Chapter 7, cf.
p. 178).

Equations:

" 69 r' = 3 6 ~ 3 6 r
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134 The Dominant Technique

Notes

1. For the main statements of 4.1 it would also be sufficient to assume that
all truncations, (A, B, 1, d ) with det (B - (1 + r)A) ^ 0 and d * o have
different wage curves. Explicit reference to regularity could thus be avoided
at the cost of losing some mathematical and economic insights as to the
causes of coinciding wage curves.

2. Consider, for example, the case of a lorry which could be used for up to
twenty years but which is only used for ten years in the optimal truncation
of a pure fixed capital system. The eleven-year-old lorry will be produced
but not used, hence it is overproduced and has price zero, but lorries of
ages between twelve and twenty years are neither used nor produced; they
are imaginary or 'phantom goods'. Positive shadow prices could be as-
cribed to them in a von Neumann world if they were small enough not to
cause unused processes to turn profitable but such a positive price would
not make sense from the point of view of Sraffa. General von Neumann
systems as discussed in section 5.2 above can even lead to solutions with
'phantom commodities'; i.e. phantom goods with prices which cannot be
put equal to zero but which are indeterminate within a positive range. By
proving that the optimal solution is given by a perfect truncation we prove
the corollary that such phantom commodities cannot exist under the as-
sumptions of Theorem 4.1 except at critical points.

3. Case h < Jc gives rise to phantom commodities injntervals if the wage
curves of C and C** happen to coincide because C is not regular. Sup-
pose e.g. that

is a decomposable Sraffa system with (Aj, BJ), (Af, Bf) being pairs of
quadratic matrices. If all prices of basics p, and of non-basics p2 are posi-
tive in a neighbourhood of r = 0, say, if d2 = o and if only the basic
processes are activated, there will be no feasible solution to the primal of
the form (p, , o), i.e. with prices of non-basics p2 = o, if (B2 - (1 + r)
A])p, is not =£ 12. Some non-basics are then 'phantom commodities' be-
cause at least one non-basic process would become profitable if one did
not ascribe positive prices to non-basic goods. The wage curve of the sys-
tem and of its basic part coincide since d2 = o, and herein lies the irregu-
larity of (A, B, 1, d), but it is absurd first to introduce non-basics and then
to exclude them from basket d.
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6 Von Neumann and Sraffa:
Mathematical Equivalence
and Conceptual Difference*

6.1 THE FRAMEWORK OF COMPARISON

In this chapter I compare Sraffa's and von Neumann's methods for the
analysis of joint production systems from the point of view of econ-
omic methodology; a parallel article gives the mathematical background
with complete proofs but without the interpretation proposed here (see
Chapter 5 in this volume and the summary of mathematical definitions
and results in the Appendix).

6.1.1 Prices and Technical Change in Sraffa Systems

We recall that Sraffa considers economic systems. Flukes apart and
assuming some variability of the scales of processes, the number of
commodities is equal to the number of processes, for the socially nec-
essary composition of net output could not be produced if the number
of processes were less than the number of commodities, whereas prices
would be overdetermined and/or the rate of profit would be lower in
some processes than in others, if the number of processes exceeded
the number of commodities. Hence there are quadratic input and out-
put matrices A, B respectively, and a labour vector 1 such that the
equations is vector form

(1 + r)Ap + wl = Bp

determine prices p and wage rate w in terms of some standard of prices
if distribution is given (e.g. through fixing the rate of profit r). Ac-
cording to the classical tradition, the theories of distribution and of
the composition of output have to be discussed separately in specific
historical contexts; but one may consider hypothetical variations of

•First published in The Economic Journal, 90 (March 1980), pp. 140-56. I should like
to thank Ian Steedman for helpful comments.

135

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



136 The Dominant Technique

the rate of profit in order to examine their effect on relative prices.
The complications in the movement of relative prices in single prod-
uct systems furnish Sraffa's critique of the simultaneous determination
of output, distribution and prices characteristic of neoclassical theories
of long-period equilibrium. Nevertheless, basic single product systems
remain essentially simple in that all commodities composing the capi-
tal stock are analogous in one respect: their prices in terms of the
wage rate are known to be positive and to rise monotonically to infin-
ity from r = 0 up to a maximum rate of profit. By contrast, joint
production systems may lead to qualitatively different movements of
prices, including prices falling in terms of the wage rate. Such price
movements may arise even in fixed capital systems.

Sraffa only deals with economically meaningful systems in which
prices are positive at some rate of profit. However, a hypothetical variation
may cause some prices, determined as formal solutions of the system
of equations, to turn negative. While it is clear that processes with
negative prices have to be discontinued in any actual capitalist system,
a theoretical examination of the causes of the negativity of prices is of
economic interest. (For a discussion in the context of fixed capital
systems see Chapter 9 in this volume.)

Technical change can take two essential forms in Sraffa joint pro-
duction systems. The first can be illustrated by means of basic single
product systems. An alternative method of production for one com-
modity in the system may be invented and may allow a rise in the
real wage (whatever its standard) at a constant rate of profit, or a
change in the rate of profit may lead to the same kind of replacement
of the method of production for one commodity by another, previously
known method. All prices in terms of the wage rate will be lower at a
given rate of profit for the system containing the method which is
preferred at that rate of profit. Moreover, if we refer to the prices of
the system with the preferred ('new') method as 'new' prices, and
those of the system with the superseded method as 'old', it can be
shown (Chapter 2 in this volume) that the entrepreneurs who are first
to adopt the 'new' method when 'old' prices still rule will make extra
profits relative to the normal rate of profit, while the entrepreneurs
who are last to change will make losses relative to normal profits when
'new' prices rule. We call this kind of change of technique a method
switch (following Steedman, 1976).

A second type of technical change is associated with fixed capital
systems. A change in the rate of profit may cause the price of an old
machine to turn negative; the old machine will then have to be elimi-
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Von Neumann and Sraffa 137

nated from the system together with the process using it. It can be
shown that truncation (as we shall call this change) rules out negative
prices (wherever they occur between r = 0 and the maximum rate of
profit of the system) without the introduction of a previously unused
'outside' method, simply by deleting one commodity (the old machine)
and one process from the system, which continues to have an equal
number of commodities and processes.

The extension from single product to generalised joint production
Sraffa systems meets with some problems: the standard commodity may
not exist (Schefold, 1971); the monotonicity of the wage curve is in
doubt (Sraffa, 1960, sections 71-2) and it is not obvious which of the
previously used methods of production is replaced if a new method of
production is introduced in a joint production system (Sraffa, 1960,
section 96), etc. It can be shown, however, that these and other issues's
can be faced satisfactorily if some assumptions are added to Sraffa
approach to joint production, so as to make it comparable with von
Neumann-type models. The essential assumption to be introduced (an-
other will be mentioned later) is: balanced growth with constant re-
turns to scale at a pre-assigned growth rate g (usually taken to be
equal to the rate of profit) producing a given composition of the bundle
of consumption goods (to be denoted by a vector d). The theories of
growth, distribution and composition of output remain, nevertheless,
separate matters and thus the assumption does not lead us far away
from Sraffa's way of thinking.

We retain, on the other hand, the emphasis on an analysis of techni-
cal change by means of comparisons of two (or more) economic sys-
tems, represented by systems of equations and differing by one (or
more) processes of production, i.e. we regard the comparison of sys-
tems as a characteristic feature of the classical approach, to be con-
trasted with the determination of a simultaneous equilibrium on the
basis of an evaluation of a huge set of alternative activities in the
'book of blueprints' of the von Neumann approach. Each step from
one system to another is analysed here only in so far as prices are
concerned; we abstract from such changes in distribution and output
composition as may result from technical change and, in particular,
from changing capital-output ratios in a process of accumulation.
Such a comparison of systems is of interest because it represents the
first step towards the analysis of technical progress, and because the
above result about surplus profits accruing to the entrepreneurs who
are first to make a transition (and the losses to those who are last) is
at least indicative of the processes leading to the adoption of the preferred
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138 The Dominant Technique

method. The preferred method is the one allowing a higher real wage
(in terms of basket d) at a given rate of profit or a higher rate of
profit, given the real wage, in a comparison of two (or more) systems
both (or all) of which are capable of producing the desired basket of
consumption goods d.

6.1.2 Growth and Technical Change in Sraffa Systems

Changes in the rate of growth may now cause phenomena which are
dual to method switches and truncations. A method switch, if induced
by a change of distribution, implies that a method which was unprofit-
able and hence 'outside' the system, for example at low rates of profit,
becomes profitable and replaces an existing method at higher rates of
profit. Both systems are supposed to be capable of producing the same
basket of consumption goods, both systems have the same vector of
prices at the switchpoint where their respective wage curves cross,
and prices are positive in both systems in a neighbourhood on either
side of the switchpoint. Similarly, the truncation of a machine occurs
at a point of truncation such that both systems (with and without the
old machine) are capable of producing the basket of consumption goods
on either side of the crossing point of the wage curves, but the price
of the old machine will be zero at this 'point of truncation' and turns
negative on the side where it is preferable not to use the old machine.

The dual phenomenon to the method switch is the commodity switch,
due to changes in the rate of growth. Suppose that straw is a raw
material in the construction industry and corn a consumption good.
Then, with unchanged methods of production, straw may be overpro-
duced at low rates of growth and corn at higher rates, so that we have
two systems composed of the same methods, one containing corn as a
commodity commanding a positive price, with straw being overpro-
duced and 'outside' (although part of the produced straw is known to
be necessary to production) and one containing straw as a commodity
commanding a positive price with corn being overproduced and 'out-
side'. (In the later case, although it is necessary to consumption,
corn is overproduced and 'outside' economic consideration - but it is,
like oxygen produced by trees, not 'outside' the technical or natural
'system'.)

Finally, a dual truncation occurs if the requirement that a given basket
of consumption goods be produced within a system results in a nega-
tive activity level in consequence of a change in the rate of growth so
that the corresponding process must be discarded. Obviously, this will
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Von Neumann and Sraffa 139

occur only if the remaining processes are still able to produce the re-
quired basket of consumption goods; but one good which was a com-
modity with a positive price, for example at low rates of profit and
growth, will be overproduced and hence free at high rates. It may be
necessary to use the criterion of the highest real wage in order to de-
termine the commodity which is to be overproduced and thus to be set
'outside' the system in order to restore equality of the number of pro-
cesses used and commodities produced. A new vector of prices will be
found such that the commodities in the preferred system will have
positive prices at high rates of growth.

Commodity switches and dual truncations cannot occur in single
product or fixed capital systems because they have non-negative activ-
ity levels at all feasible rates of growth irrespective of the composi-
tion of consumption goods in final output. Single product and fixed
capital systems are economically more important than other special
kinds of joint production systems; hence the emphasis on method switches
and truncations in the literature. Commodity switches and dual trunca-
tions have in common that prices change discontinuously and activity
levels continuously at the point where the corresponding wage curves
cross (vice versa for method switches and truncations).

6.1.3 The von Neumann Approach

The 'von Neumann' approach is represented here by the linear
programme

max d'p s.t. [B - (1 + r)A]p § 1 (p 5* o)

min q i s.t. q'[B - (1 + g)A] g d' (q s o)

expressed in terms of inequalities, where A, B are input and output
matrices of order (n, m) respectively without a necessary coincidence
of the number of activities and prices. Prices are here expressed in
terms of the wage rate. Consistency demands the golden rule assump-
tion r = g. The maximisation of consumption per head in the dual
will involve, in all optimal vectors of activity levels, zero components
for those processes which are unprofitable for any optimal price vector
in the primal, and all optimal price vectors will have zero components
for commodities which are overproduced in any optimal solution in
the dual. Optimisation leading to a simultaneous solution of the sys-
tem of inequalities and the consideration of overproduced goods and
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140 The Dominant Technique

of unprofitable activities seem to make the von Neumann approach
strikingly different from that of Sraffa, and most authors have tended
to believe that they are essentially different. However, in reply to such
a contention, Steedman (1976) has claimed that both are essentially
similar, at least from a formal point of view, and we shall now con-
sider how far this is in fact the case (see also Chapter 5 in this volume).

It is clear that the two approaches are conceptually different in that
the Sraffa method allows one to view the adoption of a preferred method
as a transition, facilitated by surplus profits accruing to innovating
entrepreneurs, from one system to another, with the preferred system
yielding a higher real wage, given the rate of profit.

The primal in the von Neumann approach, on the other hand, con-
tains the rule 'max d 'p ' . It implies that the real wage in terms of d,
i.e. w = 1/d'p, is to be minimised since the vector p denotes prices in
terms of the wage rate. A minimisation of the real wage corresponds
to a minimisation of the rate of profit if the real wage is considered as
given. Hence the search for the minimum 'rate of interest' in the original
von Neumann model where necessary wage goods are treated on the
same footing as necessary technical means of production.

This minimisation of the rate of profit is usually interpreted as the
result of a competitive process (e.g. in Gale, 1960). It appears to be
paradoxically opposed to the classical principle of a maximisation of
the rate of profit (given the real wage).

6.1.4 Establishing Formal Equivalence

Steedman has succumbed to the temptation of introducing a minimum
wage curve in the Sraffa approach in order to make it comparable with
von Neumann, but it turns out that this is not necessary. We can prove
that the processes which are activated and the commodities which are
produced but not overproduced according to the solution of the linear
programme define the same Sraffa system in a simultaneous determi-
nation as would be chosen according to the Sraffa approach in a finite
number of successive comparisons of different Sraffa systems, taking
into account processes which could be used but which are ultimately
discarded in the final solution. An exact formulation and proof of this
statement requires certain caveats and modifications, but it is instruc-
tive to discuss the most essential aspects of the assertion in economic
terms without using mathematical formulae explicitly.

The point is that the number of activated processes is (flukes apart)
equal to the number of goods with positive prices (commodities) in
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Von Neumann and Sraffa 141

the optimal solution to the linear programme. The corresponding ele-
ments of the input-output matrices therefore form a 'quadratic' Sraffa
system with an equal number of columns and rows, to which must be
added a vector of the labour inputs to activated processes. This 'opti-
mal' system has the property that the activities used in it will produce
(but not overproduce) those consumption goods in basket d which are
commodities within the system and which have positive prices accord-
ing to the solution of the primal (at r = g). The activities used will at
the same time overproduce the goods in d which are not in the system
but which have to be produced.

Similar quadratic systems can be formed using processes which are
not all in the optimal solution but which nevertheless taken together
have the property that they can produce d with positive activity levels,
such that the goods in basket d inside the system are produced while
those outside the system are overproduced. We can compare any of
the wage curves of these latter systems (to be called 'q-feasible'), say
system //, with the wage curve of the 'optimal' system denoted by /.
The latter method must lie on the envelope of these wage curves, since
activity levels of any q-feasible system (augmented by zeros for pro-
cesses not in the system) correspond to a vector which is feasible in
the dual programme. Employment is therefore lowest in the optimal
system and the real wage, given by the basket d, is highest (per man
employed). Since employment must be equal to the labour commanded
by the basket of consumption goods, if workers only consume and
capitalists only save (r = g), the wage in terms of d is the highest for
the system / among all q-feasible systems. System / can only be a
solution to the primal if the price vector of system / - augmented by
zeros for goods outside the system and applied to processes in system
// outside system / - indicates losses. This shows, from the point of
view of transitions, that if system // were the old and system / the
more advanced system, the 'old' method, when new prices ruled, would
make losses. Moreover, since the primal minimises the real wage in
terms of d, any similarly augmented price vector of a suboptimal sys-
tem II cannot be feasible in the primal programme, because it contains
negative elements (as in the case of an old machine which has to be
truncated) and/or shows extra profits in a process which cannot be in
system // (where we have price equations) but which must be in sys-
tem /. The latter case indicates that some 'new' method(s) in system /
are more 'advanced', and extra profits will induce entrepreneurs to
replace an 'old' by a 'new' method.

The apparent contradiction between the maximisation of the real wage
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142 The Dominant Technique

according to SraflFa and its minimisation according to von Neumann is
thus resolved: if we compare systems which are technically feasible
q-feasible) at r = g (for example, various productive single product
systems producing d and having a maximum rate of profit exceeding
r), the real wage is maximised, whereas the rule 'max d 'p ' of the
primal plays no role whatsoever in this comparison. The suboptimal
systems are excluded although they imply a lower real wage, because
the corresponding augmented price vectors are not feasible in the pri-
mal (they show surplus profits when applied to the preferred method).
It is clear that, from the point of view of a comparison of systems
coming up one by one in a process of technical progress (as is best
exemplified in the single product case), only those systems which are
capable of producing the required basket of consumption goods and of
sustaining the given rate of growth are worth comparing, so that it is
clearly the rule of maximising the real wage which is relevant in this
context. The primal can nevertheless be interpreted, too, but from a
different point of view: in the 'final' equilibrium, no matter how it is
attained, profits and wages are lowered to normal rates through com-
petition. This equilibrium only rules in the optimal system (flukes apart)
and it is such that any entrepreneur who assesses the economic viabil-
ity of processes outside the system will notice that they will all show
losses if evaluated at optimal prices independently of their technical
feasibility as parts of the system. Mathematically, we might conceive
of a step-wise approximation to this equilibrium by choosing the sys-
tem with the lowest real wage from among those which fulfil the price
conditions of the primal. However, such a comparison would be eco-
nomically meaningless. Systems with vectors of prices and quantities
which are feasible both in the primal and in the dual are optimal. The
optimal would therefore be the only one of the systems fulfilling the
price condition of the primal which could also function technically
and which could therefore be considered as an economic system in
itself, independently of the other processes.

It follows that, from the economic point of view, we can only relate
the maximisation of the real wage in a comparison of technically fea-
sible systems on the one hand to the method of considering the primal
of the linear programme as a simplified general equilibrium on the
other (with the optimal solution forming the only economically rele-
vant system in the primal). We can in general not make a comparison
between different economically meaningful systems, with the one with
the lowest real wage being 'optimal'. The primal programme gives no
hint as to how the final equilibrium is attained; contrary to the asser-
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Von Neumann and Sraffa 143

tion of Gale (1960), the primal is therefore not a description of a com-
petitive process, but gives the economic reason for the stability of the
result of this process.

6.1.5 Intersecting and Coinciding Wage Curves

Analytically, there thus emerges the following picture: no quadratic
systems are considered which do not define a wage curve (e.g. be-
cause all their elements vanish), but all wage curves of the remaining
quadratic systems are drawn; they are defined uniquely for each r =
g, and they can (our second assumption) be assumed to be different,
i.e. to intersect only in a finite number of points. An example for such
a diagram is shown in the Appendix. The wage curves of q-feasible
truncations are drawn in bold lines, their envelope falls monotonically
to zero at a finite maximum rate of profit (except for flukes) and it
indicates the system which solves Sraffa's problem of maximising the
real wage at each r = g. It is at the same time the equilibrium solu-
tion to the linear programme (primal and dual) and it is unique except
at points where wage curves cross.

Denote the number of positive prices in a solution to the linear
programme by k, the number of zero prices of goods which are not
overproduced by t, the number of positive activity levels by h, the
number of zero activity levels of processes which are not unprofitable
by s. We have (flukes apart) a non-degenerate quadratic solution (h =
k, s = t - 0) everywhere except possibly at points where the envelope
is crossed by other wage curves. It is not difficult to identify the cases
(i) h = A:, s = 1, t = 0; (ii) h = k, s = 0, t = 1; (iii) h = k + 1,
s = 0, t = 1; (iv) h + 1 = k, s = 1, t = 0 as points of a (i) method
switch; (ii) commodity switch; (iii) truncation; (iv) dual truncation re-
spectively. All other cases of degeneracy, i.e. of (s, i) 3s 0 may be
regarded as superimpositions of these four. These superimpositions can
lead to quite complicated patterns.

Now consider the neighbourhood of any crossing point and the pos-
sibility of transitions. A q-feasible system with positive prices is called
viable. Two systems, differing by one method of production, can then
be viable on both sides of a switchpoint on the envelope; and a viable
system is either itself optimal or its price vector, augmented by zeros
for goods outside the system, cannot be feasible in the primal, which
means that it causes surplus profits if applied to some process outside
the system (indicating that the process yielding surplus profits should
be used and that the transition to the other system should be made).
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144 The Dominant Technique

Two systems having a point of truncation on the envelope in common
are both viable on one side of this point. The same is true for a point
of dual truncation, but the truncation which is not viable on one side
is not viable there because it is not q-feasible. Finally, of two systems
having a commodity switch in common, only one is q-feasible on ei-
ther side (although both have positive prices).

These differences show that not all comparisons made at a given
r = g have the same economic content, and a fair amount of work
may have to be done before one can move from the formal compari-
son to the discussion of real transitions. It makes sense to compare
two systems which fulfil technical requirements (i.e. which are q-feas-
ible) and, as such, are potential objects for comparisons under econ-
omic planning. But transitions led by the attraction of surplus profits
and the repulsion of losses relative to normal profits are characteristic
of capitalist conditions, and presuppose that both systems compared
are viable. The sequence in our theoretical procedure of first eliminat-
ing wage curves of systems which are not q-feasible, and of then ap-
plying the criterion of the maximisation of the real wage, is thus justified
in so far as a transition can only take place if both systems function
technically and if both yield positive prices. They are then viable, and
the criterion of surplus profits and losses will lead to the maximisation
of the real wage, given the rate of profit or, vice versa, of the maximisa-
tion of the rate of profit, given the real wage.

My related paper (see Chapter 5 in this volume) explains why fluke
cases of coinciding wage curves which seem to disturb this picture are
in a mathematically rigorous sense exceptional, if they lead to degen-
erate solutions all along the envelope and why 'counting of equations'
in the sense of Sraffa works with probability one. An example of such
an exception would be a group of m processes which happened to
produce n commodities for consumption in the socially necessary pro-
portions for all r = g > 0, with n > m. It is clear that the Sraffa
approach then fails (prices of production are not determined uniquely,
given the technique and distribution). The task of showing by means
of economic intuition that the Sraffa approach does not fail in the rele-
vant cases is therefore not trivial.
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Von Neumann and Sraffa 145

6.2 CONCEPTUAL DIFFERENCES

6.2.1 Equilibrium and Processes

The primal in the von Neumann approach could also be interpreted to
express the maximisation of the value of consumption (max d'p). In
fact, the maximisation of the value of net output by independent pro-
ducers is logical in a pure labour theory of value if r = g = 0, and it
leads not surprisingly to a minimisation of labour used. This interpre-
tation is economically less stringent in a capitalist framework (g =
r > 0); the primal then says that competition minimises wages if the
rate of profit is considered as given. But whatever the interpretation
adopted, the formulation does not point to a process of repeated tech-
nical change but to the competitive determination of a final equilib-
rium from which it would be unprofitable to depart. Sraffa's theory, on
the other hand, is in my view applied best in the context of theories of
technical progress (Chapters 11 and 12 in this volume) where new
methods supersede each other one by one in the rapid, near continu-
ous succession of technical changes characteristic of a process of ac-
cumulation. The process can go on as long as the fundamental underlying
determinants of investment and distribution are not disturbed either
directly (e.g. crises of confidence, wage struggles) or indirectly (e.g.
changing capital-output ratio). Analytically, this involves the compari-
son of viable systems as a first step towards the analysis of accumula-
tion in a process of technical change.

To regard the optimum solution as a final equilibrium growth path
implies that a complete list of feasible alternative methods of produc-
tion is assumed to be given in the von Neumann approach prior to the
definition of commodities by the market. This is a very bold assump-
tion, since it implies that all intermediate goods (machines, etc.) which
may be necessary only in connection with some commodities are known
with all their characteristics before the choice takes place and even if
they are never actually used. In some contexts the assumption actually
appears to be implausible: the shock of accumulating environmental
damages could never have arisen, if all waste products which are now
costly to remove had really been known when the methods of produc-
tion emitting them were evaluated and then installed. To start, as Sraffa
does, from an interrelated set of commodities produced by means of
commodities, with positive prices in a given state of distribution, and
to consider the adoption of alternative methods of production only
subsequently, and one by one, constitutes a methodologically more
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146 The Dominant Technique

cautious procedure, because actual and potential techniques are distin-
guished and because room is left for the consideration of a (possibly
non-competitive) imposition of methods which would not be least-cost
techniques if external effects were taken into account.

The reader may now object that we have only grafted a neoclassical
interpretation on the primal and a classical on the dual so that too
much is being read into formulae which are, after all, mathematically
equivalent. In fact, even if conventional representations of von Neumann's
model do not stress the existence of the surplus as the cause of posi-
tive profits, the surplus is nevertheless there. Since we have seen that
we can regard the choice of technique as resulting from a maximisation,
not a minimisation, of the rate of profits if we work out the underlying
systems approach and compare q-feasible systems, one might say that,
quite broadly speaking, the von Neumann model is classical in nature,
despite the similarity between price formation in the primal and neo-
classical equilibrium, because it embodies a surplus theory of distribu-
tion and because capital is not treated as a scarce factor (either in the
form of malleable capital or in that of an endowment of pre-existing
capital goods).

Each of these statements is true but the conceptual differences be-
tween von Neumann's and Sraffa's approach remain. They appear at
first only as matters of presentation or of emphasis. Sraffa does not
treat duality, while the textbook emphasis on duality suggests a treat-
ment of problems as dual analogues which are, at least according to
Sraffa, of quite different economic status. Switchpoints due to a change
in a method of production, or points where a machine has to be trun-
cated when the rate of profit changes, are clearly economically rel-
evant, whereas it is questionable whether meaningful examples of the
dual phenomena can be found, e.g. of a change in the use of a com-
modity because the rate of growth changes. The continuous rise of
real wages leads to the adoption of more mechanised methods which
would not always be adopted if wages were lowered. Every economist
knows examples of this, but who knows of a good which is, in the
same set of processes, overproduced at one rate of growth but not at
another? Formal examples are easily constructed but I have not come
across any of obvious economic relevance. An asymmetrical treatment
of the quantity system and the price system as in Sraffa's original ap-
proach is justified for many reasons. It finally destroys even the math-
ematical equivalence of the different criteria for technical choice in
both models.
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Von Neumann and Sraffa 147

6.2.2 Beyond the Golden Rule

Differences in the interpretation even of one and the same formula can
be of great relevance in economic theory (cf. e.g. alternative interpre-
tations of the quantity equation for the circulation of money). Here we
have found that different conceptions of equilibrium and the choice of
technique were at the root of different, but mathematically equivalent
formulations. But the mathematical equivalence of the results disap-
pears and more fundamental differences show up if the unrealistic golden
rule assumption or, as far as Sraffa is concerned, balanced growth is
dropped. It is a remarkable fact - which contrasts with 'ideological'
interpretations - that both criteria lead to the same result in a com-
parison of single product systems, and also if r = g, but the results
are different (though unsatisfactory from the point of view of either
school) if g < r, which proves that the criteria are really distinct. If
g < r, either criterion for the choice of technique may not only in-
volve a loss of consumption per head - an inefficiency well known
and frequently discussed in the context of single product and fixed
capital systems - but the system chosen according to the primal at r
may only be productive of d at g, and not q-feasible, so that, with the
technique chosen, some commodities within the system receiving (in
general) positive prices at r are necessarily overproduced; production
of d is possible in the system at g, but not without overproduction. In
other words: the primal solution chosen at r assigns positive prices to
goods which are inevitably (i.e. for all activity levels feasible in the
dual) overproduced at growth rate g. Such a constellation (not pos-
sible in fixed capital systems and probably to be generally excluded
only in fixed capital systems - see Corollary 4 in the Appendix) is
regarded as a disequilibrium in neoclassical economics, where over-
produced goods must be free because of perfect competition, but a
classical economist with a different concept of competition might speculate
whether some degree of overproduction of specific commodities at
positive prices could not be compatible with some degree of imperfect
competition and prices calculated at rates of profit with limited devia-
tions from the average, since it is quite plausible that some (certainly
not all) forms of overproduction are compatible with positive prices of
overproduced goods. The dilemma of the neoclassical disequilibrium
could thus be circumnavigated in some cases. But the rule of maximising
the real wage would then lead to a choice of technique among produc-
tive, not q-feasible systems, with different results sometimes even in
the case r = g.
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148 The Dominant Technique

It would be difficult to extend the theory in this direction, however,
first of all because considerations about the nature of competition im-
ply a different level of abstraction. Srafifa, not dealing with growth and
overproduction in any explicit form, nevertheless encounters the diffi-
culties of the choice of technique with joint production and reacts by
imposing an assumption which allows him to stick to his logic but
which is so restrictive that it nearly begs the question. Having ex-
plained that prices in terms of labour commanded need not rise mono-
tonically with the rate of profit in the presence of joint production, he
cautions the reader at the very end of his book that his criterion for
finding the correct combination of n among n + 1 methods of produc-
ing n commodities jointly is based on the assumption that every price
in terms of labour commanded rises monotonically with r (cf. Schefold,
1971) - a condition which is hardly ever fulfilled in general joint pro-
duction systems. Thus Sraffa himself was aware that the problems of
joint production in its full generality transcend the logic of classical
theory and force one to look for other theories, but the point is prob-
ably not to look for more general models but rather for theories of an
altogether different kind. One possibility would be to distinguish types
of joint production which do not entail violation of the classical or
neoclassical logic of price formation (see Chapter 2 in this volume),
but one might also choose to accept the challenge. It is a rather obvi-
ous fact that 'political forces' (power of individual firms, hence im-
perfect competition, trade unions, public authorities) interfere in a variety
of forms in all sectors of the economy of which joint production is an
essential feature. I surmise that this is no coincidence. The political
intervention looks spontaneous, but occurs because the pure laws of
the market do not by themselves readily furnish an 'optimal solution'
to the question: which technique is best? The 'arbitrariness' of this
kind of political intervention is, from the point of view of our model,
inevitable and the more so the more complex becomes the structure of
production. To administer excess output so that a positive price can be
maintained is in fact a relatively minor problem compared to others
arising with imperfect competition in conditions of high technological
complexity. (An extension of the equilibrium concept is nevertheless
pursued in Chapter 7.)

6.2.3 Summary

We have shown that Sraffa's method of comparing different 'quadratic'
joint production systems and of choosing the one with the highest real
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Von Neumann and Sraffa 149

wage as 'optimal' is, under certain simple assumptions, mathemati-
cally equivalent to the solution of a von Neumann model with a vari-
able real wage, but Sraffa's method is, in so far as it represents a
preliminary for the analysis of transitions between different economic
systems, conceptually different from the von Neumann equilibrium, in
which the choice of activities leads to a minimisation of the real wage.
The solution to von Neumann's problem is found to be given by the
envelope of the wage curves of those subsystems which are techni-
cally capable of producing the required basket of consumption goods
at a rate of growth equal to the rate of profit, but the mathematical
equivalence of the two approaches vanishes, and both may fail to yield
economically satisfactory results if the golden rule condition is violated.
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Appendix: Mathematical
Formulation

The given set of activities (A, B, 1, d), where A = (a/) is the input matrix,
B = (b{) the output matrix, 1 = (/,) the labour vector, d = (dj) the basket of
consumption goods (real wage), i = 1,. . ., m; = 1,. . ., n, contains a finite
number of_quadratic systems (A, B, T, d), of order s, 1 s s «s min (n, m),
A = (a;), B = (bv

H), 1 = (/„), d = (dv), u = i, if; V = j j , \ 1 =s i,
< . . . < is =£ m; 1 * jy < . . . < js =£ n; which are also on occasions called
subsystems, especially if (A, B, T, d) does n_ot_coincide with (A, B, 1, d) or
truncations, especially if the system (A, B, 1, d) is itself part of larger sys-
tems containing it (e.g. of (A, B, 1, d) if the latter is itself a system which
implies n = m). Each system consists of the elements of an equal number of
rows and columns of A, B, 1 and d. We have d 3= o (dj - 0 means that j
denotes a mean of production, dt > o that j denotes a consumption good). We
assume 1 > o. _

The_ truncated vector d_is produced by activity levels q at rate of growth g
if q'[B - (1 + g)A] = d'. A system (A, B, T, d) is productive_of (atjeast) d
at rate of growth g if there is q s» o such that q'[B - (1 + g)A] =S d' and if
q'[B — (1 + g)A] 5= d' where q is the augmented vector of q, i.e. the vector
the elements of which are equal to the corresponding elements of q for pro-
cesses used in the system and zero otherwise: qv = g, for v = i = i, i,;
q, = 0 for all other i. A system is productive of at least d at rate of growth g,
in short, if d can be produced and possibly partly overproduced by activating
processes used in the system only, and if this concerns both the commodities
in the truncation and the commodities outside. A system which is productive
of d at g is productive of d at all g ^ J.

A system is {^feasible at rate of growth g, if q'[B - (1 + g)A] = d', q'
s= o, and if q'[B — (1 + g)A] S d' where q is the augmented vector of q.
A system which is q-feasible at g is productive of d at g, but it is very
important to realise that the converse is not necessarily true in general joint
production systems (it is true, however, for single product systems which,
being productive, fulfil the Hawkins-Simon conditions and can produce any
'bill of goods', and for fixed capital systems which can produce any bill of
consumption goods at non-negative activity levels). A system is strictly q-
feasible at rate of growth g if there is q > o such that q'[B - (1 + g)A] =
d' and q'[by - (1 + g)&>] > dt for all j # ;, ;„ with at, > 0, and q'[b;

- (1 + g)a*] 3= 0 for j * _/,, . . ., j , with dj = 0, i.e. if the truncated vector
of consumption goods is produced without overproduction at positive (not
only semi-positive) activity levels within the system, if all other consumption
goods are overproduced and if no mean of production is produced in negative
quantities.

In each of these three cases the vector q provides a feasible vector in the
dual of the linear programme. The analogous definition on the price side is: a
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Von Neumann and Sraffa 151

system is ^-feasible (strictly ^-feasible) if there is p s o (p > o) such that
[B - (1 + r)A]p = T and if the augmented vector p fulfils [B - (1 + r)A]
p § 1 (with [b, - (1 + r)a,]' p < /, for all i # ,, . . ., t j ) .

If a system is both q-feasible and p-feasible, the corresponding augmented
vectors provide optimal solutions to the linear programme of section 6.1 above,
since q and p will each be feasible in the programme and since

q'l = q'T = q'[B - (1 + r)A]p = d'p" = d p

Such a system will be called almost perfect.
We consider the wage curve of each system. If there_exist_(possibly not

unicjue) non-negative vectors q and p for_a truncation (A, B, T, d) which ^olve
q'[B - (1 + g)A] = d', [B - (1 + r)A] p = 1 at g = r, the value q ' l can
be uniquely defined, for if we have two solutions for the first equation, say

q" [B - (1 + g)A] = d' = q"'[B - (1 + g)A]

we get

q'T = q"[B - (1 + r)A] p = d p = q"'[B - (1 + g)\] p = q " l .

The wage curve w = 1/q'T may thus be uniquely drawn as a function of r = g
(except at those points where q'l = d 'p = 0) for each truncation for which
solutions q and p exist at all.

c,w
I

\

•. \

• • • • . \

\

-*• 9J

Figure 6A. 1 Wage curves of system and truncations. Key: • q-feasible
system; productive system; other system; envelope;
c, consumption per head; w, wage rate.

We imagine the wage curves of q-feasible systems for - 1 =s r < <», where
they exist, to be drawn in bold lines. The envelope of these wage curves is
denoted by E or wE(.r). All other wage curves are then drawn as dotted lines.
One can prove that E provides a solution to the linear programme; this choice
maximises the real wage and conforms therefore to the conventional criterion
of choice among different Sraffa systems.
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152 The Dominant Technique

Theorem 1: Suppose (A, B, 1, d) consists of m processes and n commodities
with a, 3= o (each process uses at least one input), b' s» o (each commodity is
produced), 1 > o, d 3= o. The envelope E of wage curves of q-feasible sys-
tems is then continuous and monotonically falling from a finite value at r =
— 1 to a non-negative value at the maximum rate of profit R, — 1 < R < ~.
At each r, — 1 « r < R there are almost perfect systems on E, the augmented
vectors of which are solutions to the linear programme (of section 6.1 above)
which can be solved for - 1 «s r < R but not for r > R, and no q-feasible
system extends beyond R.

For proofs of this and other results below see Chapter 5 in this volume.
The following corollaries concern the relationship between optimal and

suboptimal systems.

Corollaries to Theorem 1

Corollaries 1 and 5 assume that (A. B, I, d) is itself a system (with
n = m).

1. Suppose system / is at r = g on E and system // is a q-feasible system
below. We then have:

(a) If / is the original system, the application of the augmented price vec-
tor p" of truncation // in system / implies extra profits if p" 8 o.

(b) If // is the original system, the application of the augmented price
vector p ' of truncation / in system // implies losses, and p" has nega-
tive components. (These statements can be reversed.) ,

2. Denote the n + 1 systems which can be formed to produce n commodities
dj be means of n out of n + 1 methods of production (a,, b,, /,•); i = 0,
1,. . ., n; ; = 1,. . ., n by (A<0, B<0, I(0); i = 0, 1 n; their price vec-
tors (in terms of labour commanded) by p(l>, their wage curves in terms of
d = (d dn) by wl'\r); i = 0 , . . ., n; where i is the method omitted.
Suppose that the systems 0, 1, . . ., s =£ n are viable (q-feasible with
p(1) > o) at r = g, det [B(l) - (1 + r)A(0] # 0, while no other system to
be formed from (af, b,, /,•), i = 0, 1,. . ., n is q-feasible. If and only if
wm\r) > w(i\r), i = 1 , s; we have [b, - (1 + r)a,]'p0) > /, and [b0 -
(1 + r)ao]'p(O) < /0, i = 1 s.

3. Suppose a system is productive of d for some g, o =£ g < R, and suppose
that the augmented price vector is strictly p-feasible, with 1/d'p > wE at
r = g. The truncation willjhen not be q-feasible for g = r, and overpro-
duction of components of d with positive prices cannot be avoided, using
non-negative activity levels. The maximum of consumption per head (bas-
kets of d) which can be obtained by activating all the processes used in
the system and no others will be lower than_on E at g = r, while the real
wage 1/d'p = 1/q'l expressed in terms of d is by assumption_higher. In
formulae: 1/d'p > w(r) > c(g) where c(g) = max 1/h' 1 s.t. h 3s o and
h'[B,_- (1 + g)Ah] £ d', A,, B, being the processes used in the trunca-
tion A, B

4. If all systems are q-feasible in all intervals in which they are productive,
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Von Neumann and Sraffa 153

there is no wage curve of a productive system above E\ and in each pro-
ductive truncation with positive prices at r the real wage in terms of d will
be equal to consumption per head at g = r.

5. If the original system is q-feasible with positive prices at r = g, it is on E
(hence dw/dr < 0) and it will remain on E for those (and only those)
variations of d for which it remains q-feasible.

Corollary 1 shows how profits and losses regulate the adoption and rejec-
tion of processes in a system and its truncations, Corollary 2 shows the same
for the choice among the n + 1 possible systems which can be formed from
n methods to produce n goods jointly. It generalises the well-known single
product case where two methods are available for the production of one com-
modity. Corollary 3 explains why wage curves above E are irrelevant even if
they belong to productive systems. If the pre-assigned rate of growth g equals
r, the maximisation of the real wage at r would, taken by itself, lead to the
choice of this system, but the choice would not be consistent because some
commodities within the system would receive positive prices at r and yet be
overproduced at g. Such a situation represents a dilemma from the point of
view of the classical theory (maximisation of the real wage) which can only
be avoided by restricting the choice to q-feasible systems. There is an analo-
gous neoclassical dilemma if g < r, for if the wage is minimised and a sys-
tem on E is chosen at r it may not be q-feasible at g, although it will be
productive, so that goods which are overproduced at g receive positive prices
at r. This is the disequilibrium mentioned by Burmeister and Kuga (1970). An
escape from both dilemmas is indicated by Corollary 4: if we assume a sys-
tem and all its truncations to be q-feasible whenever one is productive, the
'disequilibrium' does not occur if g =s r. But this assumption, which is ful-
filled in fixed capital systems, is unfortunately only fulfilled in fixed capital
systems, unless we add restrictions on the permissible variations of the con-
sumption basket. (The point was mentioned above.) Corollary 5 gives obvi-
ous limits to variations of the components of d (limits to 'non-substitution').

The results presented so far show that optimal solutions to the linear
programme can conceptually be found by constructing the envelope of wage
curves of q-feasible systems,' and the corollary shows that the comparison of
systems on E with systems below is meaningful, but the case for the systems
approach is not compelling yet, in so far as the optimal solution may be multiple
with the optimal solutions of primal and dual forming convex sets of possibly
several dimensions. Such multiplicities imply that, apart from at least one
'quadratic' solution which always exists, there are other 'rectangular' solu-
tions having an excess of the number of commodities with positive prices
over the number of processes used or vice versa.

Now it can be shown that 'rectangular' solutions at some r — g on E can
only occur if several wage curves belonging to different systems (which are
not necessarily all q-feasible) intersect on E at r = g. Wage curves of differ-
ent systems being rational functions of r can normally intersect only in a
finite number of points or they must be identical. If the latter were likely to
be the case, the systems approach would lose much of its interest, but it suffices
to consider an example in order to understand the exceptional character of
systems with coinciding wage curves: imagine a Sraffa single product system
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154 The Dominant Technique

with n industries whose prices are proportional to labour values and imagine
an (n + l)th industry which happens to produce some of the first n commodi-
ties with the same organic composition as the first n (which are by assump-
tion of equal organic composition). These n + 1 methods of production producing
n commodities will, by assumption, be compatible at all rates of profit; the
'solution' is not 'quadratic'.

The example is clearly highly exceptional because relative prices do not
change. It can be argued (see Chapters 3 and 5 in this volume) that Sraffa
systems constructed at random will be 'regular' with probability one, where
regularity means that prices in a system of n commodities will vary in such a
way that the price vector assumes n linearly independent values at any n different
rates of profit. This in turn, implies that the wage curves of systems which
are really different cannot coincide. An equation of the form

[b0 - (1+ r)ao]'p(r) = /0

where p(r) is the vector of prices in terms of labour commanded in a regular
system of n commodities and processes, and where (a0, b0, /0) is a (linearly
independent) (n + l)th process, cannot hold in n + 1 points.

Regularity may be violated if 'many' elements of a system vanish, but we
may nevertheless assume that at least all q-feasible systems are regular, if
they do not contain columns with all inputs and outputs vanishing, and that
the processes of no regular subsystem of (A, B, 1, d) can be expressed as a
linear combination of the processes of another regular subsystem. This as-
sumption (which has to be modified slightly to be made quite precise) ex-
cludes only cases which are flukes in a strict sense: as a set they are of measure
zero in the set of all systems. To exclude these cases (in particular the case of
equal organic composition in all industries) is not to deny the economic im-
portance of the labour theory of value, but exceptional systems have to be
analysed as exceptions. The assumption is sufficient to guarantee that all relevant
wage curves are different, so that multiple solutions occur in isolated points
only. Some other consequences follow in Theorem 2, where it is further as-
sumed that the original set of processes is capable of producing a surplus of
both final and intermediate goods in the stationary state (there is q 2= o such
that q'(B - A) > o).

Theorem 2: The envelope E of q-feasible wage curves is continuous and falls
strictly monotonically from a positive finite value at r = 0 to wE(R) = 0 at a
maximum rate of profit R > 0. The solution to the linear programme is unique,
and given by the augmented vectors of prices and activity levels of a uniquely
determined perfect truncation except at a finite number of 'critical' points and
except in so far as prices of means of production which are neither used nor
produced in the truncation can (within limits containing zero) be indetermi-
nate in entire intervals. £_is_intersected by wage curves of different systems
in each critical point, if (A, B) is the 'last' system appearing on E (for R - e
< r =£ R), there is a unique positive standard commodity associated with R
for A, B.

Systems not fulfilling the regularity assumptions may be difficult in that for
them all values of r may be critical, i.e. the solution to the linear programme
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Von Neumann and Sraffa 155

may be degenerate for all r, whereas systems fulfilling our regularity assump-
tions will have degenerate solutions only where wage curves intersect or in so
far as prices of means of production which are neither used nor produced are
not uniquely determined, although they can be set equal to zero. Most of
Theorem 2 is thus intuitively easy to grasp. Lack of space does not allow me
to give a fuller account of different types of 'switchpoints' between subsystems,
or between a system and its truncation. Note that a maximum rate of profit
implies a zero minimum wage in the regular case.

The main conclusion is clear at once: if an acceptable way of making the
exceptional character of irregular systems explicit is to say that they exist
with probability zero, it must also be accepted that 'counting of equations'
works with probability one, and for the reason advanced by Sraffa: if n com-
modities are given, at least n processes will be required to produce the de-
sired output, but not more than n can coexist at positive prices, with exceptions
pointing to an irregular relationship between (A, B) and d or 1. Such a solu-
tion consisting of equalities emerges at the same time as a result of a com-
parison of systems (where the counting of equations is the point of departure)
and as a solution to, or the outcome of, the von Neumann approach which
starts from inequalities.

Note

1. This is not, of course, a proposal of a new mathematical algorithm for an
easy solution of an actual programme!

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



7 The Dominant Technique in
Joint Production Systems*

7.1 INTRODUCTION

There was very little discussion of Sraffa's theory of joint production
during the first ten years after the publication of Production of Com-
modities by Means of Commodities (Sraffa, 1960) because attempts to
understand his theory of single product systems and the critique of the
dominant theory of capital absorbed all attention. Thereafter, the theory
of joint production came increasingly into focus. One reason, little
understood at first, was that for the first time Sraffa's approach pro-
vided economists working in the classical tradition with the possibility
of defining prices of production in the presence of multiple product
industries. When I wrote my 'Mr Sraffa on Joint Production' in 1970,
Luigi Pasinetti drew my attention to the famous passage in Jevons
([1871] 1957) in which he invokes joint production to prove that a
classical cost of production theory - as he understood it - could not
explain the relative prices of by-products. A little later, Sraffa's solu-
tion to the explanation of relative prices was used by Steedman to
criticise Marx's form of the labour theory of value (Steedman, 1975).

Sraffa's argument had been that the structure of production and con-
sumption should be regarded as given and that the prices of produc-
tion, derived when the rate of profits was given, could be used as the
starting point for an economic analysis by comparing different long-
period positions of the economy in the cases of both single and joint
production.

Another series of investigations led to the analysis of specific joint
production systems. Sraffa had been the first to show how the treat-
ment of fixed capital as a joint product might lead to a more rigorous
theory of depreciation. The rent of land could be explained in terms of
the price of land as a joint product which leaves a process in the same
state as it had entered it, and other specific forms of joint production

* First published in Cambridge Journal of Economics, 12 (1988), pp. 97-123. I should
like to thank C. Bidard and I. Steedman for very helpful comments, criticisms and
suggestions.
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The Dominant Technique in Joint Production Systems 157

systems could be discussed with properties similar to those of single
product systems. The questions then arose whether a system of the
form proposed by Sraffa could be expected to emerge in a competitive
process if the technology of an economy was given in the form of a
spectrum of techniques, and which techniques would be adopted if
distribution varied. To answer such questions, the structure of produc-
tion and consumption could not be regarded as given simultaneously
any more; demand had to be introduced if one did not have the rather
trivial case of single product systems with constant returns to scale.
And even with single production and constant returns some informa-
tion about demand is needed for the choice of technique, namely which
goods have to be produced, though the proportions are not relevant to
this choice. It would have been problematic to introduce demand in
the form of a neoclassical system of preferences, for an important function
of the system of preferences is to determine distribution through sup-
ply and demand at full employment (Garegnani, 1983a). The preferred
way to look at the matter was to assume constant returns to scale, i.e.
to rule out land, to begin with, and to exclude increasing returns to
scale, which are better discussed together with changes of technique
due to technical progress because of the irreversible character of in-
creasing returns.

The elementary consideration, to be found in Sraffa's book, is then
this. Suppose that we are in equilibrium. The 'requirements for use',
consisting of consumption goods and investment goods, are given in
fixed quantities (not necessarily such that full employment obtains).
There cannot then be more methods in use than there are prices of
commodities to be determined, for that would overdetermine the sys-
tem and be incompatible with the uniformity of the rate of profits. On
the other hand, there cannot (except for flukes) be fewer methods, for
otherwise there would not be enough methods to adapt the proportion
in which commodities appear in the net product of the economy to the
requirements for use. I prefer to speak here of the demand for con-
sumption goods and to replace the demand for investment goods by
the assumption of a given rate of uniform growth, although different
rates of growth for different sectors are conceivable and may be com-
patible with a nearly uniform rate of profits if the profits of slowly-
growing industries are channelled to the fast-growing ones to finance
their investment requirements.'

But if we assume a given uniform rate of growth, demand consists
of the demand for consumption goods, and there are three kinds of
change to be considered:
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158 The Dominant Technique

• changes in the structure of demand,
• changes in the methods available for production,
• changes in distribution.

The third kind of change is probably the least important from the point
of view of concrete economic analysis but provides the most conve-
nient starting point for the theory, as has often been said and as we
shall confirm below.

We do not have much by way of a classical theory of the demand
for consumption goods. Leading ideas of classical analysis had been,
first of all, the distinction between necessary and luxury goods, and
second, the establishment of a link between the 'macroeconomic' ap-
proach to accumulation, social forces, and the structure of consump-
tion (see Chapter 14 in this volume). The following elements (which
have in part been used by neoclassical economists, although in a different
framework) might be useful for the reconstruction of the classical analysis:

(a) Modern socioeconomic theories of consumption retain and develop
part of the classical approach with the emphasis on basic needs
and the analysis of hierarchies of needs (a concept opposed to that
of substitutability). Furthermore, the consumer may be considered
as a person fulfilling different, often partly contradictory, roles in
society. Consumers may avoid role conflicts by sticking to habits
and conventions. To that extent, their needs tend to be fixed. Needs
are transformed in a process of cultural evolution which may be
described but which is beyond the reach of formal analysis.

(b) A division of consumers into groups according to economic and
sociological criteria with specific consumption patterns allows one
to predict changes of demand associated with changes of distribu-
tion or with migrations of people from lower to higher income
classes, etc.

(c) Households may be viewed as units which produce the services
necessary to maintain their lifestyles, i.e., to live according to their
needs, by means of commodities bought on the market and dom-
estic work. If the same services can be provided by means of cheaper
commodities, the demand of the household changes.

It is thus possible to provide a theoretical model for the empirically
observed elasticity of demand for consumer goods with respect to changes
in incomes (b) and prices (c), and to reconcile this observation with
the idea that needs tend to be fixed for a given social group.
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The Dominant Technique in Joint Production Systems 159

The analysis of consumer demand is difficult and not capable of
many useful generalisations. In sections 7.1-7.3 and Appendix 1, we
shall assume that the total demand for consumer goods is given in
rigid proportions which are kept fixed while we consider other types
of change.2 This does not imply that all classes and segments of the
population have identical consumption patterns. But it is plausible to
take needs as given if people adhere to specific social groups, defined
by having those needs in common. Conflicts reinforce habits and the
economic system also tends to impose needs, e.g. for transportation,
given the spatial separation of work and living.

In a sense, then, the structure of production and the demand for
consumption goods are regarded as 'socially necessary' when the analysis
starts. As we have seen, and as will be shown more rigorously below,
this entails that the number of commodities (i.e., of goods with posi-
tive prices) and of processes (i.e., of methods which are actually used)
will be equal. But in reality, there are often not only more methods
theoretically available than there are processes actually used, but the
number of processes used often seems to exceed the number of com-
modities produced.

Reasons for the inequality of the number of processes and the num-
ber of commodities are discussed in Chapter 13 in this volume. An
inequality is possible only if some equilibrium conditions are violated.
As regards an overdetermination of prices (more processes than com-
modities), the obvious cause is competition between different processes
in the production of the same commodity or group of commodities. If
the prices of commodities produced are uniform, the different processes
will yield different rates of profit. In the long period, one expects the
most profitable technique to rule the roost; I call it the dominant tech-
nique. An exact analysis of what constitutes the dominant technique
under conditions of constant returns to scale is the object of the main
part of this chapter. In single product systems, it is the technique which
entails the lowest price in terms of the wage rate. But if land is present,
we have to add the condition that the area cultivated should suffice to
satisfy demand so that a rising population leads to rising prices in the
absence of technical progress according to the Ricardian paradigm.3

In single product systems without land (with circulating capital only)
and also in some joint production systems one should expect the so-
cially necessary technique to emerge quickly from a competitive pro-
cess in such a way that the methods which do not dominate are not
activated, i.e. disappear. However, with a slow diffusion process of
information, the introduction or diffusion of new techniques may also
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160 The Dominant Technique

be slow so that 'old' and 'new' methods coexist in time. If the new
methods are used to define prices of production, they represent the
dominating technique. Ideally, market prices are close to prices of pro-
duction of the dominant technique; obsolescent methods then show losses
relative to normal profits in terms of these market prices. Or, in a
'second-best approximation', market prices are close to the prices of
production of the dominant technique of 'yesterday'. The methods of
the dominant technique of 'tomorrow' should then show extra profits,
and more backward methods, losses.

The gravitation of market prices to prices of production and the
convergence in the selection of methods to the most profitable tech-
nique cannot always be assured, however. If there is a wide spread in
the production conditions of different industries, it is possible to de-
fine as 'socially necessary' those methods of production which are used
in an 'intermediate' position so that prices and profits of other firms
are then spread around the average by definition. The drawback is that
we have no theoretical norm for determining this kind of socially necess-
ary technique. It is in fact more an empirical concept, used by Marx
in vol. Ill of Das Kapital and in input-output analysis. We use the
Ricardian concept of the dominant technique composed of advanced
methods instead.

The presence of fixed capital (machines used during several periods
of production) necessarily slows down the diffusion process. In pure
fixed capital systems it seems appropriate to assume that the most
advanced methods dominate and to postulate that the old equipment
(one machine per process) has been written off (to eliminate overdeter-
mination). It continues to be used, however, as long as the price of the
product (derived from the dominating technique) exceeds the direct
costs (the circulating capital used in the process) by a margin which
may, following Sraffa (1960), be called a quasi-rent of the machine (a
non-basic by analogy with land). If the quasi-rents are capitalised at a
rate of discount to define a capital-value of the old equipment, the rate
of profit is uniform by definition even for the obsolete methods (with
the equipment at capital-values) as long as the rate of discount re-
mains equal to the general rate of profits. If the rate of discount di-
verges from the rate of profits (as is characteristically the case in the
short run), the consequent changes of capital-values will be observed
to vary in an opposite direction with respect to the prices of new equip-
ment as long as the market prices of the latter stay close to prices of
production. The dynamic Keynesian implications cannot be discussed
here, but what has been said may suffice to indicate that the formal
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The Dominant Technique in Joint Production Systems 161

overdetermination of prices (more processes than commodities), far from
being just an anomaly, is the expression of the classical process of
competition, intertwined with the process of gravitation.

In the converse case of the one just considered, the number of
commodities seems to exceed that of processes (methods actually used).
For instance, some use for a by-product is discovered. Suppose that
more of the by-product is available than is necessary for its use in
production or consumption. The market price of the by-product now
adds a profit contribution. Then there are four possibilities:

1. There is free disposal and the market price of the by-product tends
to zero.

2. Disposal is costly, e.g. because some method for disposal is being
imposed. This means that there will be an additional process for
the disposal of the commodity.

3. The method producing the by-product is run at a lower level, and
the reduced production of the main product is compensated by its
increased production in a new and different process.

4. The most interesting possibility - the tendency of the market price
of the by-product to vanish - will lead to the discovery of new
uses for the by-product either in production or in consumption. If
in consumption, the by-product will become a commodity to be
used in the domestic production for the satisfaction of a given need.
If in industrial production, the commodity will be a substitute for
one used in a pre-existing method of production.

We can therefore see that the indeterminacy of the price of the by-
product disappears. Either its price of production is zero (free dis-
posal), or additional processes come in which help to determine the
relative price of the by-product so that equilibrium is restored.

Now I maintain that some assumption about disposal (free or other-
wise) has to be made in every analysis of the emergence of the so-
cially necessary technique. Otherwise, it will not always be possible
to adapt the supply of commodities to the demand. Excess production
of goods leads to zero prices being ascribed to them (if disposal is
free), or negative ones (if disposal is costly). Free disposal means that
there are costless activities (not counted when we count equations)
which remove overproduced goods from the economic sphere.

We shall assume free disposal and perfect competition in what fol-
lows. In On Counting Equations (Chapter 5 in this volume) I had found
that the number of commodities (goods with positive prices) will always
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162 The Dominant Technique

be equal to the number of processes (methods in actual use) if demand
is given in fixed proportions and if the rate of growth is equal to the
rate of profits (the Golden Rule). The dominant technique therefore
then exists and is (apart from 'irregular' cases) 'square'. The wage
curve associated with it, which shows the real wage rate as a function
of the rate of profits, falls monotonically up to a finite maximum rate
of profits. However, the processes used and the commodities produced
are not always the same at all rates of profits. Some methods are more
profitable than others at different rates of growth and some commodi-
ties, which are produced exactly in the correct proportions according
to the given vector of demand at one rate of growth, may in part be
overproduced, and therefore free, at another rate of growth.

It is surprising that the seemingly different problems of choosing
the appropriate technique among the available methods of production
at different rates of profits and that of adapting the production of goods
at different rates of growth to demand (so that each good is produced
in sufficient quantity and some are possibly overproduced) should in
almost all cases lead to the result that the dominant technique is unique
and square. It is even more surprising that the result holds if the rate
of profits and the rate of growth differ. I had myself doubted the possi-
bility of extending much of the above propositions to the case where
the rate of growth and the rate of profits differ (see Chapter 6, p. 148).
Others have raised similar doubts, notably Salvadori (1985) and Bidard
(1984a), from whose analyses I have otherwise greatly benefited.

Not only the existence but also the form of the dominant technique
have been subject to doubts. Even if it exists, it is not clear a priori
how it may be characterised in the presence of joint production. Is it
not possible that one process, producing all the commodities in the
final output jointly by itself, could alone represent the dominant tech-
nique, while all other methods are less advanced? It is obvious that
the number of processes in the dominant technique is equal to that of
commodities with single product industries. It is also intuitively clear
that one process could not determine all the prices, but what simple
criterion would allow us to characterise the dominant technique with
joint production? The answer has already been given on the basis of
intuitive reasoning. The trivial rule for single product systems: 'one
among many competing processes in the production of each commod-
ity enters the dominating technique' is for joint production replaced
by: 'of many competing joint production processes, exactly as many
will enter the dominating technique as there are commodities to be
produced'.

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



The Dominant Technique in Joint Production Systems 163

We shall show in the next section that the dominant technique, ap-
propriately defined, exists in the relevant range, if the rate of growth
and the rate of profits differ, and that it is unique, 'square', and that
the wage curve is essentially monotonically falling.

7.2 THE DOMINANT TECHNIQUE

We now turn to the formal analysis of the dominant technique in the
case where the rate of profits r exceeds the rate of growth g. The
dominant technique must have three properties:

(a) The methods used must produce the commodities and produce or
overproduce the goods in the vector of demand d at rate of growth g.

(b) If evaluated at the prices assigned to commodities at r, methods
not used will not yield higher profits than correspond to the rate
of profits r, which is uniform for all processes (i.e., for all the
methods used).

(c) If the solution according to (a) and (b) is not unique, that technique
should be chosen which yields the highest wage rate in terms of d.

Properties (a) and (b) are familiar; (c) needs explanation. We formalise
(a) and (b) first. We assume that the technology consists of methods
a,, b,(« = 1 , . . .,m) which form semi-positive matrices for inputs A
and outputs B, where aj and bj (j = 1,. . .,«) are the amount of com-
modity ; used or produced in process i. The labour inputs /, are given
by vector 1 (i = 1,. . .,m) and the vector of demand for consumption
goods is d; d = (d ,dn). Conditions (a) and (b) then imply that we
should have a row vector of activity levels q, q = (q{ . . .qm), and a
column vector p, p ' = (/?,,. . .,/?„), of prices such that q and p are
semipositive and

q(B - (1 + g)A) i= d (1)

(condition (a)). Overproduced goods are free:

q(B - (1 + g)A)p = dp (la)

Condition (b) is

(B - (1 + r)A)p g 1 (2)
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164 The Dominant Technique

where unprofitable activities are not used:

q(B - (1 + r)A)p = ql (2a)

This has been called a cost-minimising system (CMS) (cf. Johansen,
1972; Salvadori, 1982). In the familiar cases of single production and
fixed capital, the method chosen according to Sraffa's criterion (c) of
maximising the real wage yields a CMS, and conversely a CMS is a
system which yields the highest real wage. The same is true in the
Golden Rule case with general joint production as long as the real
wage is maximised among systems fulfilling (1) and (la). But there
may result several CMSs from a joint production technology with g < r,
while the maximisation of the real wage in itself does not lead to a
CMS. But if both criteria are applied, the 'correct' CMS is found and
represents the dominant technique (DT). It follows from the definition
that DT yields a unique, highest real wage at a given rate of profits.
That it is, except in a finite number of points, engendered by a unique
'square', CMS must be proved. To show all this, we first simplify the
CMS. Equations (la) and (2a) imply

dp = ql + (r - g) qAp (3)

Conversely, (la) and (2a) follow from (3), if (1) and (2) hold. For
otherwise we have q(B - (1 + r)A)p < ql and/or q(B - (1 + g)A)p
> dp, hence dp - ql < q(B - (1 + g)A)p - q(B - (1 + r)A)p,
contradicting (3).

A CMS is not necessarily the DT because there is, so to speak, an
optimisation necessary both at g and at r - a problem which does not
arise with single product systems because production can adapt to de-
mand without overproduction. This is illustrated by the fact that any
CMS can be viewed as a game (Los", 1976). Let Q be the set of all
q ^ O fulfilling (1) and P the set of all p ^ O fulfilling (2), and let
q*,p* be the vector of activity levels and of prices of a CMS (A,B,l,d).
Then we have

Theorem 1: For all qe2 and pef

q*(B - (1 + g)A)p* S q ( B - ( l + g)A)p*
q*(B - (1 + r)A)p* § q*(B - (1 + r)A)p

(For proof, see Appendix 3.)
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The Dominant Technique in Joint Production Systems 165

Given the price vector p*, activity levels q* are thus chosen at g which
minimise q(B - (1 + g)A)p*; conversely, given activity levels q*,
prices p* are chosen so as to maximise q*(B - (1 + r)A)p.

The 'players' at r and g maximise or minimise, given the result of
the other. But, under capitalism, a decision taken at r ought to prevail
if there are several equilibria; the real wage is maximised. The reason
for adopting this decision rule is clear if we imagine the wage curve
as given. Among several systems, fulfilling conditions (a) and (b) of a
CMS, the most advantageous is that which yields the highest rate of
profits, i.e. that with the highest wage curve; because it will be the
one which yields the highest rate of profits, if the real wage is given.

The definition of the dominant technique (DT) as the CMS yielding
the highest real wage is unambiguous, if the envelope of the wage
curves falls, for the rate of profits will also be highest, given the real
wage; and we shall obtain an envelope which is essentially falling.
The definition corresponds to that given by Sraffa in the last section
(96) of his book. (He assumes that the wage falls in terms of all stan-
dards.) But the definition raises in fact two difficulties. First, of optimality;
second, of gravitation.

7.2.1 Optimality

The DT will yield the highest real wage, but not necessarily the high-
est consumption per head (the 'neoclassical' criterion of optimality),
nor necessarily the highest income per head ('Keynesian' criterion),
nor does it necessarily minimise labour values ('classical' criterion).
Figure 7A. 1 in Appendix 1 will show an example of two CMSs such
that the DT yields a higher real wage but a lower output per man
employed than the other CMS. The criterion which has been adopted
simply corresponds to the well-known capitalist principle of investing
where the rate of profits is highest. However, the difficulty that 'progress'
in this sense does not necessarily imply 'progress' according to other
criteria arises not only with joint, production systems, but, as is well
known, also with single production. I have argued that it may be ruled
out only if technical change takes on particularly simple forms (Chap-
ter 12 in this volume).

7.2.2 Gravitation

Supposing that the wage curve falls, the DT as defined here is that
combination of methods which would be chosen if capitalists could
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166 The Dominant Technique

act as a collective; the rate of profits is at a maximum at the level
of the individual, the market and the economy among uniform rates of
profits compatible with the given real wage. The solution is stable in that
a method not in the DT will be less profitable if evaluated in terms of
prices of the DT (the DT is a CMS).

It may be asked whether the DT can be attained through market
processes, starting from a situation in which other methods are used
and other prices rule. I propose to call a DT which can be so attained
an 'effectively dominant technique' (EDT). Whether the DT is an EDT
depends on many factors in the transition from disequilibrium to equi-
librium, such as effective demand, distribution, the technology, and
market price formation. I discuss only the last two aspects. A DT can
be said to be an EDT only with respect to rules for the transition
which must be specified.

One set of rules may be called the 'surplus profits and losses mecha-
nism' (SPLM) which involves only a slight departure from equilib-
rium. I mean the familiar evaluation of an alternative method in terms
of the prices of production in a given state of distribution and de-
mand, such that the alternative method yields surplus profits or losses
relative to the normal profits earned by the processes used in the sys-
tem. An alternative method will yield losses in a CMS by definition
by single product systems, fixed capital systems and for joint produc-
tion systems. On the Golden Rule path, this is compatible with an
additional property (because of the uniqueness of the CMS): in a sys-
tem which is suboptimal because it omits one of the methods of the
DT and uses another instead, the first entrepreneurs to adopt the 'missing'
method will earn surplus profits, so that there is an incentive to make
the transition to the DT. In these cases, the DT is an EDT with respect
to the SPLM, as is shown in the initial sections of Sraffa in Part III of
his book for single product systems and as I have shown for fixed
capital and for Golden Rule conditions.

But this property does not hold in general. If there are two CMSs,
(/) and (//), in the joint production case, a method of (/) which is not
in (//) yields losses in terms of prices of (//), and a method of (II)
which is not in (I) yields losses in terms of prices of (/). In this sense,
each CMS is 'stable' so that an economy might remain in state (/)
even if (//) represented the DT; the surplus profits mechanism which
holds for single product and related systems will here not lead to the
adoption of the DT (system IT) if the economy is in state (/). The DT
is not necessarily an EDT with respect to the SPLM.

If transitions are based on a choice of technique where a technique
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The Dominant Technique in Joint Production Systems 167

is adopted if it yields the highest rate of profit in terms of market
prices, the story gets vastly more complicated. Even if there is only
one CMS (which is the DT), effective dominance is not assured. For
whether the DT will be attained through processes of gravitation is
already a problem for single product systems. Whether gravitation obtains
depends on which of a variety of possible hypotheses about market-
price formation, the behaviour of firms and the microeconomic choice
of technique are made. The theorists of gravitation are likely to en-
counter even worse problems in the field of joint production than they
are used to with single product systems, but that is no argument against
the definition of the DT here adopted. The problem of whether domi-
nance is effective is serious, but it is to be located within the domain
of theories of gravitation and not within the theory of prices of pro-
duction, because the criterion of profit (or wage) maximisation for the
system as a whole allows us to define the DT.

In future research, one should look for conditions which would, like
simple forms of technical progress, ensure the uniqueness of a CMS
and its superiority according also to other optimality criteria, and for
processes of gravitation which might lead to the DT even with mul-
tiple CMSs. The definition would remain justifiable even if both at-
tempts were not completely successful, however, since it affords a
theoretical norm with which market processes may be confronted. Econ-
omic theory cannot exist without such norms; the concept of a price
of production is itself a leading example.

Having defined the CMS and the DT, we consider the definition of
the real wage. It is here treated in the usual way. Prices pd in terms of
basket d are normalised, dprf = 1, so that prices in (l)-(3) are prices in
labour commanded or prices expressed in terms of this wage rage wd:

P = PJwd

The wage curve wd will be shown to be essentially monotonically fall-
ing. (3), rewritten in terms of prices pd, is for every CMS

dprf = wdql + (r - g)qApd

It means that consumption equals wages plus profits minus investment.
Of course, (r - g)qApd is the value of capitalist consumption if a
classical savings rule is adopted. On the other hand,

wd = dp/dp = I/dp
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168 The Dominant Technique

is the real wage rate to be maximised according to condition (c) among
different CMS (if they happen not to be unique).

We shall now prove the existence of a CMS. To this end, we con-
sider two pairs of a linear programme with its dual. To begin with, q*
and p* are arbitrary non-negative vectors. The first pair (primal and
dual) is

PI: min xl s.t. x S o , x(B - (1 + r)A) S d - (r - g)q*A,
P2: max (d - (r - g)q*A)y s.t. j s o, (B - (1 + r)A)y ^ 1

The second pair is

P3: max dy s.t. y ^ o, (B - (1 + g)A)y ^ / + (r - g)Ap*
P4: min x(l + (r - #)Ap*) s.t. x S o, x(B - (1 + g)A) ^ d

Inspection of programmes PI and P2 reveals that 'fixed point solu-
tions' yield a CMS. In fact, solutions where the initially given vector
q* is chosen in such a way that for a solution x* to PI we have x* =
q* fulfil the conditions of (l)-(3), with q = x* = q* and p = y*
(solution to P2, given q*).

Conversely, a CMS at r and g is a solution to PI and P2, if q = q*
= x*, p = y*. The constraints hold because of (1) and (2), and the
fundamental theorem of linear programming assures us that we are dealing
with a solution, if (3) holds.

A similar reasoning holds for P3 and P4, and the solutions are the
same. We thus have

Theorem 2: Activity levels q i£ o and prices p ^ o will be a CMS to
(A,B,l,d), if and only if there are solutions x*, y* to PI and P2 with
q* = q such that x* = q* = q and y* = p, and this will hold if and
only if x* and y* are solutions to P3 and P4 with p* = p such that y*
= p* = p and x* = q.

The characterisation of the CMS as a solution to two related but
distinct linear programmes at r and g helps to understand its game-
like character: the maximisation of P2 and the minimisation of P4 are
each relative to a target set by the other player. We now make the
usual assumptions about (A,B,l>d): each good is produced (b; 3= o;
j = 1,. . .,«), each process uses at least one input (a, 3* o; i = 1, . . .,m),
we rule out land (a; ¥= b'; j = 1, . . .,n), each process uses labour
(1 > o), but d is only assumed to be semi-positive (d 3= o; di = 0 is
possible if i is a mean of production). These are the assumptions familiar
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The Dominant Technique in Joint Production Systems 169

from Chapter 5 in this volume. We can then show that a CMS will
exist in the relevant range, if the rate of profits is smaller than R, i.e.
smaller than the maximum rate of expansion or smaller than the maximum
rate of profits which can be reached under Golden Rule conditions.

Theorem 3: If 0 *£ g «£ r < R, there is a CMS fulfilling (l)-(3). (For
proof, see Appendix 3.)

The structure of the solutions can be analysed by showing that they
are essentially 'square' and yield the familiar wage curves of Sraffa
systems implicit in a spectrum of techniques (A,B,l,d). As is well known,
square subsystems or truncations (A,B,l,d) are obtained from (A,B,I,d)
by considering square matrices of order h which consist of the ele-
ments on h rows and columns of A and B, together with the corre-
sponding elements of 1 and d(d and d respectively). Formally, the square
truncations are A = (aj), B = (bf), 1 = (/,), d = (dj); where i, j run
from i, to ih and from jt to j h , 1 =£ i, < . . . < ih «£ m; 1 ^ j , < . . . <

]h ^ "'

Consider truncations with det (B - (1 + r)A) * 0, d # o. They
define truncated vectors of prices p and of activity levels q:

p = (B - (1 + r)A)_- T
q = d(B - (1 + r)A)~ '

and these yield in turn 'augmented vectors' p,q:

_ lPi> i = ' .'*. _ [?>. ' = iv • • -Jh
[0 otherwise ' lo otherwise

which consist of the prices p, of the goods (commodities) in the trun-
cation, with prices being zero for all other goods, and similarly for
activity levels.

For each such truncation, a wage curve may be drawn:

w(r) = I/dp = (d(B - (1 + r)A)~ '!)" '
w(g) = 1/ql = (d(B - (1 -

If det(B — (1 + r)A) vanishes in an isolated point F, a continuous
extension of the wage curve into r is usually possible (see Chapter 5
in this volume for such difficulties).

If p ^ o, we call the corresponding truncation p-feasible at r if its
augmented vector p fulfils (2). We call it q-feasible at g, if q s* o and
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170 The Dominant Technique

if its augmented vector q fulfils (1). Vectors p and q will then also
fulfil (3); hence every truncation which is both p-feasible and q-feas-
ible yields a CMS!

Among the many truncations which can be formed, consider the more
limited number for which det(B - (1 + r)A) does not vanish identi-
cally. The system of wage curves drawn for them between 0 and R is
the same as in Chapter 5 and Chapter 6 in this volume for the case
g = r, because w(g) = w(r) if r = g. Imagine the wage curves of
q-feasible truncations to have been drawn in red and those of p-feasible
ones in green. Then it is clear from my earlier work that the red curves
will be either below or on, the green curves either above or on, a
'middle' curve which exists and is - in the regular case - continuous
and strictly monotonically falling. More precisely, it is composed of
continuously connected pieces of curves which are both red and green.
Except at points of connection (i.e., of intersection of wage curves)
this wage curve is unique. We call it the golden rule curve. It consists
of the wage curves of truncations solving P1-P4 for r = g.

Now, if g < r, a CMS will have been found if there is a truncation
with a wage curve which is red at g and green at r. The point is to
show that there are no other solutions.

Theorem 4: U0^g^r<R and if regularity is assumed, a CMS
will exist and be given by a square truncation which is q-feasible at g,
p-feasible at r, and each CMS will - except in a finite number of
isolated points - be given by only one square truncation. The wage
curves intersect only in a finite number of points. The dominant tech-
nique will, among all CMSs, be given by the wage curve of that trun-
cation for which w(r) is highest. It is uniquely defined except at a
finite number of points where wage curves of different truncations,
each representing the dominant technique, are connected. (For proof,
see Appendix 3.)

This result is important because it shows that the analysis of the
dominant technique for the general case g < r may be based on the
analysis of the wage curves familiar from the analysis of the special
case g = r. A more rigorous extension would show that not only the
number of points is finite where we do not necessarily have as many
commodities as methods used, but that also the number of points is finite
where, for a given truncation, another method, not in the truncation, is
equally profitable or where another good j , not in the truncation, is not
overproduced (this latter statement holds only if j? + bJ + 0, however).
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The Dominant Technique in Joint Production Systems 171

The critical points may briefly be listed. We have switchpoints (as
known from the single product case), points of truncation (as known
from fixed capital: points where the value of an old machine vanishes
because its optimal lifetime changes, given a change in the rate of
profits), and dual switches and dual truncations where the roles of ac-
tivity levels and prices are reversed (cases not found in single product
or pure fixed capital systems). Apart from the switchpoints and the
points of truncation which are characterised mathematically by the fact
that a component of the price vector or the activity levels vector changes
sign with a change of the rate of profits, there are, for general sys-
tems, also points where a price diverges to infinity in [0, R). The same
may not happen for a component of the vector of activity levels since
1 > o, hence w(g) = 1/ql would have to vanish, contradicting g < R.
Since d is not strictly positive, it is possible that dp tends to a positive
finite value while some pt diverges at some F because d, = 0. Such
points will be called pathological because they may imply a discon-
tinuity of the wage curve; r'™r dp and ^ . dp may be unequal.4 How-
ever, the Golden Rule curve is continuous:

Theorem 5: If all truncations appearing on the Golden Rule curve are
regular, it is continuous. (See Appendix 3 for proof.)

In general, we have:

Theorem 6: The wage curve of a regular truncation involves no
pathological point. (See Appendix 3 for proof.)

It follows from Theorem 6 that pathological points5 cannot cause
discontinuities of wage curves in the regular case, but there are ex-
amples of systems leading to a multiplicity of CMSs in some interval
of the rate of profits (Appendix 1, Figure 7A.1), and this may lead to
discontinuities in that the wage curve of a truncation is continuous at
r but is a CMS only on one side of r while another truncation, with a
different value of the wage at r, is a CMS at least on the other side of
r (Appendix 2, Figure 7A.6). The interest in this question derives more
from formal elegance than from economic relevance, however.

Before we return to the main theme, another remark is in order
concerning the maximum rate of expansion of the system, hence also
the maximum rate of profits under the condition r = g, and it is well
known that the rate of profits cannot exceed R for single product and
pure fixed capital systems even if g < r. But general joint production
affords examples of CMSs with 0 =s g < R and r > R (one is given
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172 The Dominant Technique

below). The limit to which r can be extended then becomes a function
of g, but we shall not investigate it here because the interval [0,R)
may be regarded as the economically relevant range.

However, we may recall that no meaningful truncation can extend
its rate of profits to infinity at positive prices so that the rate of profits
remains bounded for any system:

Theorem 7: The rate of profits of a self-reproducing basic Sraffa system
cannot be extended indefinitely without some prices turning negative.
(For proof, see Schefold, 1971, pp. 33-4.)

We now investigate the monotonicity of the wage curve of the dominant
technique in [0,R). The Golden Rule curve is known to fall strictly
monotonically. The wage curve of the dominant technique will at least
not be a constant function if the corresponding truncation is regular.

If the same truncation is the dominant technique at both r, and r2,
r, < r2, the CMS is given by vectors q and p, = p(r,) at r and the
same q and p2 = p(r2) at r2. The vectors p, and p2 are optimal in P2
at r, and r2 respectively, given q = q*, and p, is feasible in P2 at r2.
Therefore

(d - (r2 - g)qA)p, « (d - (r2 - g)qA)p2,

hence

dp2 3= dp, + (r2 - g)qA(p2 - p,) (4)

It follows from (4) that the wage curve of the dominant technique will
be falling between r, and r2 if qA(p2 - p,) is positive. Since q 5* o,
qA Ss o, this will be the case if p2 ~ p, does not contain 'many'
negative elements. One may also say that the wage curve falls if the
value of capital rises in terms of the wage rate (which is plausible for
the aggregate).

Another argument, showing that rising wage curves are not likely to
be found, runs as follows: let q(r) = d(B - (1 + r)A)~' be the activity
levels which we should obtain if we had a rate of growth equal to r,
supposing, for formal simplicity, that (A,B,l,d) is a square truncation
which represents the dominant technique. The dash denotes the derivative
with respect to r.

(dp)' = (d(B - (1 + r)A)-'l)' = d(B -
(1 + r)A)-'A(B - (1 + r)A)-'l = q(r)Ap(r) (5)
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The Dominant Technique in Joint Production Systems 173

Now w'(r) = (I/dp)' = - (dp)7(dp)2; the wage curve therefore falls,
if q(r)Ap(r) > 0 in (8), and this will be the case, since p(r) > o, if not
many elements of q(r) turn negative as one moves from g with q =
q(g) (which is positive) to r with q(r). Changes of activity levels of
individual methods are not likely to be so large as to dominate the
positive elements of q(r)A.

The third argument is this: large changes in relative prices are
associated with points of truncation, and a point of truncation affords
the example of the non-monotonicity of a wage curve (see Appendix 1,
Figure 7A.4). But the truncation concerns one method of production
and one good which are eliminated from the system at a particular
rate of profits. It is clear that such an occurrence may have a large
effect in a small system of two or three sectors such as are used for
mathematical examples, but even then the values of the parameters
have to lie within ranges. I therefore propose the following:

Proposition: The wage curve of the dominant technique of large joint
production systems is likely to be falling.

From the point of view of pure theory, one may restrict attention to
the falling parts of the wage curve of the dominant technique and one
has to admit the possibility of discontinuities.6

7.3 WHAT HAS BEEN ACHIEVED?

We have shown that the essential properties of the wage curves of
single product systems hold also with joint production - hence the
main tool for the analysis of accumulation with technical progress,
used with single product systems, can also be used here. The wage
curve still expresses the trade-off between wages and profits. It is
geometrically identical with the curve relating consumption per head c
and the rate of growth g. For if (A,B,l,d) represents a square joint
production system or a square truncation, the curves w(r) = I/dp =
l/d(B(l + r)A)~'l for the wage in terms of standard d and c(g) =
dpd/ql = 1/ql = l/d(B - (1 + g)A)~'l for consumption per head are
geometrically identical. They are the same as those obtained for the
Golden Rule case. (Real consumption is d, consumption valued at prices
pd in terms of d is equal to unity so that consumption per man employed
is 1/ql.) As is well known, this duality relationship allows us to read
the formula for capital per head k off the wage curve: since wages
plus profits equal consumption plus investment, we have, in per capita
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174 The Dominant Technique

terms, w + rk = c + gk, hence k = (c — w)/(r — g). The wage curve
thus remains the appropriate tool for capital theory, too. This is possible
because consumption per head is regarded as given at the actual rate
of growth while the real wage is expressed in terms of consumption
only as a standard; it need not be proportional to it (see Appendix 2).
It is true that not only, as with simple production, the precise shape,
but also the maximum rate of profit and the ordering of wage curves
of different systems may now change with large changes of demand,
but since this is in general not the case for small changes, the essence
of the analysis is preserved.7

The idea that Sraffa's classical method might somehow fail in general
joint production systems has been with us for a long time. I had myself,
starting from Schefold (1971), drawn some negative conclusions, and
asserted, in Chapters 5 and 6 in this volume, that equilibrium might
not be found, if g < r. Meanwhile, other authors like Lippi (1979),
Salvadori (1982) and Bidard (1984a) had obtained a number of positive
and some negative results which led them to some sceptical conclusions
(see also d'Autume, 1988) but, at least as far as the existence of the
dominant technique is concerned, the negative conclusions have turned
out to be unwarranted, if one admits the possibility of truncation: a
dominant technique, with the number of processes used being equal to
that of commodities, exists within the relevant range, and its wage
curve is likely to be monotonically falling.8

We have proved that all the information about the solutions to the problem
of the choice of technique is contained in the diagram of the wage curves
of all the (square) truncations. All CMSs are found by identifying those
among the 'red' wage curves at g (q-feasible wage curves) which are also
'green' (p-feasible) at r. At least one such wage curve exists for 0 «£ g ^
r < R, and possibly beyond R. The DT has the highest wage curve at r;
it may be expected to be monotonically falling and it appears to be continu-
ous, although an example has been found of a CMS (not a DT) with a
wage curve which is not continuous in that it has a piece of a 'green'
wage curve such that the wage rate rises monotonically as the rate of
profits is lowered up to a point where the truncation ceases to be p-
feasible. The curve (intersected by others) ceases to be 'green' there,
and one has to raise the real wage and to 'jump' to a green wage curve
above on the envelope (see Appendix 2, Figure 7A.6). The problem,
therefore, is not - so to speak - that there are 'loose ends' of wage
curves but that, for example, a wage curve which is continuous at some
rate of profits r, is green only on the right, but not on the left side of
r, while the DT appears to be continuous 'above' this point.9
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The Dominant Technique in Joint Production Systems 175

The existence, uniqueness and monotonicity of the dominant tech-
nique are important in order to extend the familiar methods of classi-
cal economics to joint production. The main remaining difficulty concerns
market prices. It is not clear why a process of gravitation of market
prices to prices of production should tend to the prices of the domi-
nant technique and lead to the adoption of its methods. The attempts
to formalise processes of gravitation reveal difficulties even under simpler
assumptions (single product systems, given real wage). Of course, the
conceivable market processes are many and diverse; their diversity is
the very reason why such processes have traditionally not been formalised
and why 'gravitation' is an axiom rather than a result in classical theory.
Models which formalise gravitation are bound to be special - if they
were not, they would represent the 'general' theory. At a general level,
we can - given the state of the art - really not do much more than
state that gravitation is plausible to some extent in the case of single
product systems and less so in the case of joint production systems
with several CMSs. For if the economy happened to work using a
suboptimal truncation, large fluctuations of market prices might be
necessary to let the dominant technique appear profitable, but once the
dominant technique is reached, it would remain stable only provided
these fluctuations are not too large. One may speculate that imperfections
of markets are not necessarily harmful, in that a 'better' technique
may be imposed. The imposition of a socially necessary technique and
the competition for the dominant technique would then not necessarily
impede but possibly reinforce each other.

The search for a mathematical confirmation of Sraffa's arguments
concerning the existence and formal properties of his price system has
been long and tortuous. I think that it has now in essence been com-
pleted. The important assertions have been proved; it is of interest
only to the specialist that some details have turned out to be incorrect,
especially regarding Sraffa's description of the choice of technique in
the joint production case. We are now free to turn to new tasks like
the analysis of the social forces defining the socially necessary tech-
nique. More discussion is also needed concerning the legitimacy of
taking demand as given when analysing prices and distribution, and of
taking the latter as given, when analysing demand. These conceptual
simplifications are one of the reasons why more definite conclusions
emerge from a classical analysis than from neoclassical general equi-
librium theory and why we are able, for instance, at least to define one
dominant technique while neoclassical general equilibria often have
multiple solutions.
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Appendix 1: Graphic
Illustrations and Examples

In our examples, there are two goods and several methods of production (a,,b,,/,);
i = 1 , . . . , m; d is the demand vector. We normalise here not eb; = 1, all j ,
but /, = 1, all i. The vector c,(g) = b, - (1 + g)a, indicates the quantities c,,,
cl2 of goods 1 and 2 respectively which are the net output of process i (it may
be negative for one of the goods) at a rate of growth equal to g. We have
c,(- 1) = bj. Two methods, c, and c2, say, form a truncation of order two.
The price vector p associated with this truncation at r is orthogonal to c,(r) -
c2(r), since p must fulfil c,(r)p = /, = 1 and C2(r)p = l2 = 1, hence (c,(r) -
c2(r))p = 0. A little reflection shows that, for c, and c2 to form a CMS, it is
necessary that c,O) - c2(r) be sloped negatively and on the outer convex hull
of all the c,(r). Let q be the vector of activity levels, with <?,C|(g) + q2c2(g)
= d, hence Jc,c,(g) + *2c2(g) = ud, where xx + x2 = 1, *,, = q^q, + q7),
u = \/(q, + q2). We have

w(g) = 1/ql = l/(9 l + q2) = u (Al.l)

Therefore, for c, and c2 to be a CMS, it is necessary that the vector (id be a
convex combination of c,(g) and c2(g) or that the half-line through d pass in
between c,(g) and c2(g). For each CMS of order 2, consisting of processes c,
and Cy, w(r) is, according to (Al.l) , equal to the distance between the origin
and the point of intersection between the half-line through d and a line through
both c,(r) and cy(r). The dominant technique is found by maximising w(r). In
Figure 7A.1 we have two CMSs of order 2: c, and c2, and c2 and c,, while c,
and c3 do not form a CMS (example communicated by Bidard); c, and c,
represent the dominant technique because Q represents a higher real wage
than Q*. The same diagram is used to represent another paradox which is
characteristic of joint production: the real wage of a CMS may fall when a
new process is introduced.

If only processes (1) and (2) are first given (forming a CMS), the addition
of a process (3*) represented by b3 and c3* (1) to replace c3(l), causes the
real wage to fall to Q*, with processes (2) and (3*) now forming the only
CMS, because c,(I) now is inside the convex hull of the c,(l).

Next, we have to consider truncations of order one, obtained from the same
processes. If ct(g) is above (below) the half-line through d, cn(ca) is a q-
feasible truncation because good 2 (good 1) is overproduced. If cy,(r) > 0 is
maximal among cn(r),. .., cml(r), cf[ will be p-feasible, since c,i(r)p, = 1
entails p, = l/cfl(r), hence cjrjp^ = cn(r)/cn >£ 1; i = 1, . . ., m. Similarly
c,,2 > 0 will be p-feasible if cn{r) is maximal among cn(r),. . ., cm2(r). Note
that for truncations of order one, with e.g. good 2 being overproduced:
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Good 2 i

Good 1

Figure 7A.1 Two CMS of g = 0, r = 1. Processes 1 and 2 represent the
dominant technique; point Q indicates w(r), if third process is given by b3

and c3(l). Q* indicates a real wage if third process is given by b j and c?.
Processes I and 2 yield a higher level of consumption (point P) than 2 and 3.

Good 2

e,(r)

• • Good 1

Figure 7A.2 The CMS is given by c2,

w(r) = I/dp = \/dlP] = I/(</,/C/l(/•)), hence cy,(r) = (A1.2)

In the following example for m = 3, there is no CMS of order 2, but one
CMS of order 1; it is c2l (see Figure 7A.2).

The combination of process 1 and process 2 is superior at r to the combinations
of processes 1 and 3 or 2 and 3, but this combination is not q-feasible at g,
hence no truncation of order 2 can be a CMS. Of the truncations of order 1,
cn is ^-feasible but not p-feasible, while c,,(g) is q-feasible but c,,(r) is not
positive. The CMS is given by c2l. Salvadori's alleged example of the non-
existence of a CMS in Salvadori (1985) is of this type, but I hasten to add
that, using a definition of CMS closer to the one adopted here, he of course
later admits the existence of a solution; he believes incorrectly that the adoption
of the other definition leads away from a Sraffian approach. (Since we are
talking of mistaken beliefs in the non-existence of dominant techniques.
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The Dominant Technique

* - Good 1

Figure 7A.3 Two processes forming a q-feasible and p-feasible truncation
for small r and with a point of truncation at r,. The scale on u.d shows
multiples of d, hence w, according to (Al. l) and (A1.2).

I may mention that w\ solves the allegedly unsolvable problem in Chapter 5
in this volume, p. 133 and w1 can be shown to be a solution also for the case
0 « g =£ gl\ 1 and some r > R.)

Figure 7A.3 shows an example leading to a dominant technique having a
'bump' (non-monotonicity) in its wage curve which is shown in Figure 7A.4.

In Figure 7A.4, the dominant technique is given by both processes (on the
Golden Rule curve) for 0 < g < r < r,, and also, if 0 < g < r, and r, < r
< r2. It is given by c22 if 0 < g < r, and r > r2, it is given by c n if g = r2

and r > r2, etc.
Finally, Figures 7A.5 and 7A.6 show the example of a discontinuity of the

wage curve of a CMS: for g = 0 and r = 4, the Golden Rule curve is a CMS
but ceases to be one at r = 3: for r slightly smaller than 3, only the wage
curve of the dominant technique is a CMS; it is continuous. It should be
noted that the wage curves of Figures 7A.4 and 7A.6 have been derived
graphically from Figures 7A.3 and 7A.4, using (Al.l) and (A 1.2).
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The Dominant Technique in Joint Production Systems 179

(1.2)

c22

Figure 7A.4 Key: — all wage-curves to Figure 7A.3; — q-feasible
wage curves; — p-feasible wage curves; ^ ^ Golden Rule curve. (1,2):
wage curve of both processes.

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Appendix 2: The Influence of
Changes of the Composition
of Output on the Dominant
Technique

The main application of the theory of the DT concerns technical progress but
we shall discuss here another aspect: The effect of changes of demand (treated
essentially as exogenous), with distribution and the level of employment being
given. Except for the special cases, we do not formalise the process of how,
inversely, demand might be affected by technical progress and changes of
distribution in the course of accumulation. Of the following six problems, the
first four [(a)—(d)] concern causes for taking the vector of demand, d, as
exogenous. In (e), we deal with a special case of interdependence of demand
and technology (with different demand patterns for capitalists and workers).
Finally, we consider the introduction of a new good (0- Thus we show that
there are alternatives to the neoclassical way of modelling demand.

The assumption of a given vector of demand is important; it means that demand
regulates the composition of investment and the level of employment while

Good 2

C,(0)

e,(5)
Good 1

Figure 7A.5 Examples of techniques leading to discontinuity of the wage
curve of a CMS
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182 The Dominant Technique

distribution remains subject to separate forces. As we assume the rate of growth
to be given, there is no room left for a more sophisticated theory of investment.
Effective demand in this model then depends on the level and composition of
final demand. The level of employment which it determines is ql. If the amount
of labour available is L, the difference L - ql measures unemployment or
overemployment. The former may be reduced through increases in the level
of effective demand, but more often the supply side adapts e.g. through a reduction
of the labour force participation rate or through emigration. Overemployment
is possible as well, e.g. due to increased participation and immigration. An
automatic, direct correction of disparities between ql and L through changes
in factor prices is not envisaged in classical or Keynesian theory.

(a) Effective demand. The simplest reason why components of final demand
may usefully be treated as given, relates to the state. Government may be
introduced by assuming that it is financed by income taxes. Its expenditure
on goods is exogenous; to that extent, the vector d is clearly not to be
explained in terms of supply and demand.

(b) Growth of population. An important influence on d is the composition of
population. If the rate of growth of population is gN, the vector d may be
interpreted as a function of gN (the proportion of young people is larger
than in a fast growing population, etc.). In an industrial economy, effective
demand is likely to increase with gN. In a steady state, g and gN would be
equal in the absence of technical progress.

(c) Groups of consumers. Consumers may be subdivided according to
sociologically defined consumption patterns. Let there be two groups of
consumers, men and women, say, with consumption baskets cM, cF

respectively. If the composition of the labour force changes because the
participation rate of women increases relative to that of men, d as a weighted
average of cM and cF will shift in the direction of cF. The change in demand
may thus be explained exclusively in terms of a change in the composition
of the labour force, while the income of any individual employed remains
roughly the same.

(d) Soft budget constraints and changes in the composition of demand. The
traditional objection to the assumption of a given vector of final demand
is based on the hypothesis that the expenditure of individuals and classes,
and of groups of consumers in general, however defined, is constrained
by their incomes. By contrast, I have argued (Chapter 14 in this volume)
that a classical analysis should assume 'soft' budget constraints. One begins
by taking a structure of production as given and assumes that consumers
are able to fulfil their needs by buying, taken together, the commodities
represented by the vector of final demand through savings and dissavings
(and possibly the redistribution of incomes through the state) so that budget
constraints are binding only within limits. This view presupposes that savings
and dissavings are to some extent a residual which cannot be completely
explained in terms of provisions made for definite future purchases as in
the Austrian theory of capital.

If such a state obtains, we may ask how it would be changed by a
change in demand. Any such change, however small, might affect in principle
the entire equilibrium if budget constraints were binding, but the assumption
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The Dominant Technique in Joint Production Systems 183

that small changes in the composition of demand affect all variables of
the system neither leads to a practical analysis, nor is plausible. Our results
show that, to the extent that distribution is not affected because budget
constraints are soft, it is, within a sufficiently small range of variation,
always possible for the system to adapt to this change of demand by
altering activity levels alone, without switching methods of production.
The adaptation of quantities is, formally speaking, possible because the
dominant technique is represented by a square matrix B - (1 + g)A such
that q = d(B - (1 + g)A)~' is positive; hence small variations of d,
except possibly at points where wage curves cross, will leave q positive.
Larger changes of demand which lead to changes in methods of production
and variable returns are real but not ubiquitous problems which have to
be discussed on their own terms.

Without attempting a formalisation of small variations of demand around
the given growth path, we may note that it would involve a relaxation of
(3), p. 164, e.g. by admitting consumer credit. For (3) links expenditure
out of wages and profits to demand.

The demand flexibility of the system with a uniform rate of profits
stands and falls with the main result of this paper: there must be as many
processes as there are commodities. For we should otherwise (if we had
fewer processes in use than commodities produced) obtain some joint
products in rigid proportion such that there would be no flexibility of
relative outputs left to adapt to passing fluctuations of relative demand
for those products. Such fluctuations may obtain at all times because budget
constraints are soft. This point is important, for if hard budget constraints
are assumed, spurious solutions of no economic meaning, with demand
equations replacing equations of processes in the determination of prices,
become formally possible [see (e) below].

(e) Hard budget constraints with demand related to classes. It is legitimate
to ask what would happen if budget constraints were strictly binding, as
long as one is aware that one is then discussing a special case, the
prominence of which in the literature is due not to its exclusive importance
in reality but to the fact that such an assumption is essential for neoclassical
theory. (3) is a budget constraint; we have so far only shown how it may
temporarily be relaxed, without giving an explanation of 'normal' demand.
Instead of assuming individual preferences, we assume a subdivision of
consumers into groups. The most obvious hypothesis to make (consistent
with the traditional distinction between necessaries and luxury goods) is
that the pattern of expenditure out of wages is different from that out of
profits. Population is divided into two classes, workers and capitalists.
Suppose that only the latter save. Then we have the familiar relationship
r = g/s^, where sc is the proportion of profits saved. If the vector of goods
consumed by workers is cn and that of consumption out of profits is c ,̂
we have d = c,,. + cp so that demand seems again to be given exogenously,
as in cases (a)-(d) above, and the level of employment has to adapt. But,
apart from the familiar equations (1) and (2) of a CMS, we now have not
only an overall budget equation (similar to Walras' Law) like (3), but
also additional equations
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184 The Dominant Technique

ql = clv.p (A2.1)

and

(r - £)qAp = cpp (A2.2)

(A2.1) says that wages buy wage goods (remembering that prices are
expressed in terms of labour commanded); and (A2.2) is the equation for
consumption out of profits. (A2.1) and (A2.2) imply (3), but not vice
versa. Demand is no longer independent of distribution. For if r and g
and cp and c,t are given, d equals c,,. + cp and the DT fulfilling equations
(1), (2) and (3) can be determined for this d, but there is no guarantee
that (A2.1) or (A2.2) and (consequently (A2.2) or (A2.1) respectively hold.
We have one equation too many.

The closure of this model now cannot be discussed without making
further hypotheses about distribution, demand and employment.

The most obvious solution is to assume that <:„. and cp are both exogenously
given and that the rate of profits adapts to fulfil equation (A2.1). The real
wage thus determines distribution. On the basis of the 'proposition' at the
end of section 7.2 we may expect c,,.p to be a rising function of the rate
of profits (if c,r and cp do not differ too much) such that the equilibrium is
uniquely determined for the DT. The demand for luxury goods cp on the
part of capitalists then determines, together with clt, demand for consumption
goods; hence, given g, employment. (A2.2) follows from (3) and (A2.1)
so that this model may be considered as the simplest explanation of how
demand may be regarded as given for both classes in such a way that
distribution, employment and the choice of technique are determined.
However, other views on distribution and employment should also be
represented in our framework, and this will require us to relax the assumption
that demand is completely exogenous.

A first, formally elegant (but conceptually hybrid) model, would be as
follows. The rate of profits and the rate of growth are exogenous. They
determine sc. Workers consume a multiple /„ of the vector of consumption
cu., capitalists consume a multiple tp of the vector of consumption cp; /„
and /,, are scalars to be determined endogenously. We then have the (1),
(2), (3), pp. 163-4, where d has become variable, d = rvi.clv. + tpcp, and

ql = tB.cK.p (A2.3)
(r - g)qAp = j,c,p (A2.4)

We have thus introduced two additional degrees of freedom; we are therefore
now one equation short. The obvious choice seems to be to assume full
employment, hence

ql = L(g) (A2.5)

where L(g) is the amount of labour available which grows at the given
rate g.

A graphic solution for n = 2 suffices to make my point. We assume, as
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The Dominant Technique in Joint Production Systems 185

Good 2 *

*• Good 1

Figure 7A.7 Solution with demand d to equations (l)-(3) and (A2.3)-
(A2.5). Key: . . . . spurious solutions (where Z, are determined in such a
way that Z, = rn.cu. with tKcw + tpcp = c,(g), i = 1,2); — solution for
given real wage, yielding rate of profit r*.

in Appendix 1, /, = 1, all i, and, for further simplification of the diagram,
L(g) = 1. I shall ignore here truncations, i.e. solutions with one good
being overproduced. 1 shall also ignore multiple solutions10 and the question,
which of them should be regarded as dominant. If we have a constellation
as in Figure 7A.7, with two methods of production, the 'correct' solution
is unique because the combination of methods 1 and 2 yields positive
prices. This solution is found by observing that ql equals one according to
(A2.5), hence /„. must, given pO), be such that /,vc,v.p is, because of (A2.3),
also equal to one, and t2cu. is on a line with c,(r) = b, - (1 + r)a,, since
c,(r)p = /,• = 1, i = 1,2. Given /,„ tp can then be determined: the linear
combination of c,r and cp is on the line connecting c,(g) and c2(g) because
of (1) and because <j, + q2 = ql = 1. (A2.4) will then automatically be
fulfilled because of (3) and (A2.3).

The relative price of the solution is given by the slope of the line
connecting Zo = rlvclv, c,(r) and c2(r)." Other cases:

(e.l) The classical case. This is illustrated by re-interpreting Figure 7A.7.
The idea of the given real wage may be expressed by assuming that
c,, is the real wage per unit of labour; (A2.3) becomes

qi (A2.6)
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186 The Dominant Technique

A linear combination of cn and a multiple tp of cp yields d* = c,, +
tpcp, the net product produced by one unit of employment.12 The
rate of profits adapts together with sc. Geometrically, this rate of
profits r* is obtained by varying r and shifting the line through
c,(r) and c2(r) until it hits cu.. Total employment has to be made
dependent on effective demand. If the rate of accumulation is positive,
it may be made to depend not only on the rate, g, but also the level
of investment, /*, measured in terms of labour commanded. To
maintain a steady state, /* has to grow at rate g.

(e.2) The Kaleckian case. Successful capitalists are least bound by a budget
constraint. This is why we assume that they determine investment
(here the rate of accumulation), but they may also determine the
amount they spend on luxury goods. To assume cp as given, tp = 1,
is to illustrate the phrase: capitalists get what they spend, workers
spend what they get. Formally, this is much the same as case (e.l).
The real wage rlvcu. per worker is a residual. The rate of profits and
sc adapt. Employment is made dependent on the overall level of
capitalist expenditure.

(e.3) Kaldor (1955-6) simply assumed full employment in his theory of
distribution of 1956 (later modified by Pasinetti and others). He asserted
that the principle of effective demand operates on distribution: the share
of investment governs the share of profits; g and ic determine r.

(e.4) Others have proposed to take either the ratio P/W of total profits P
to total wages W or the rate of interest as the independent variables
which govern distribution. In each case the corresponding appropriate
hypothesis regarding employment and the consumption of different
classes might have to be different.

But in each case - this is the point I want to stress - a definite composition
of output results, and the output is produced by a technique such that the
number of processes used is equal to that of commodities produced. Hence
the technique will not change as a result of small changes in the composition
of output such as may occur because of small changes in preferences or
because of small changes of incomes.

(f) New goods and new commodities. Finally, after having considered influences
governing changes in the proportion of the goods which enter the vector
of final demand, we may turn to the introduction of new goods and
commodities (see also Chapters 13 and 14 in this volume). The new good
may be a mean of production, but we limit our attention here to the discovery
of a new use in the consumption of a good which had previously been
overproduced. We assume first that it is a pure consumption good, with
costs given. If we had single product industries, a new good could come
into being only if investment had first been undertaken to produce it. It
would sell at a positive price, hence we should call it a commodity. With
joint production, it is a by-product of an existing process. When the new
need for it is discovered, the level at which this process is run may yield
more than enough of the by-product, relative to the need, or less. If less
than enough, the high market price of the by-product is an incentive to
find an alternative method to produce it. In this case, additional employment
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The Dominant Technique in Joint Production Systems 187

is easily created in the new process much in the same way as in the case
of single product industries. If the new process produces other commodities
jointly with the new one, it will produce them at higher costs than any
pre-existing process; otherwise it would already have been adopted prior
to the introduction of the new good. It is the profit contribution of the
latter, visible once its market price has risen beyond a certain level, which
makes the introduction of the new process profitable.

This reasoning shows that in the other case (where there is overproduction
of the new good with the first process, run at activity levels satisfying the
needs relating to the 'old' commodities), no additional process will be
introduced, for that would require a process with lower unit cost than the
one already in existence, and if such a process were available, it would
already have been adopted. The new need can here be satisfied, thanks to
joint production, without additional investment. Examples are provided
by wastes which are sold at prices covering only the costs of transportation
and distribution to consumers (costs of disposal are taken into account in
Chapter 14).

This may be illustrated using the two-sector model with our usual
assumptions. Good 2 is the 'new' one in Figure 7A.8. If old needs are
represented by d and new needs by d*, c, would be the process used
alone first to satisfy the final demand d, and c2 could be introduced later
to satisfy d*. For, given d*, c, does not produce enough of good 2, but,
given d, Cj is superior. If d* in Figure 7A.8 denotes production per unit
of employment, the introduction of good 2 clearly requires an increase in
employment, if the need for good 1 is not diminished.

Good 2 A

• - Good 1

Figure 7A.8 Introduction of a new good (good 2), with needs changing
from d to d*
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188 The Dominant Technique

(g) Changes in demand (summary and conclusion). We have given some
illustrations for the dependence of the dominant technique on the vector
of final demand. We have shown that it makes sense, economically speaking,
to take distribution and demand as given, when deriving the dominant
technique in a classical theory. 'Square' systems obtain and remain invariant
for small changes of demand; larger continuous shifts of demand lead to
spasmodic changes of methods of production.

Table A7.1 Changes in the composition of output

Induced bx Fluctuations Normal positions

I Changes of prices,
due to changes in
methods of production
(real incomes roughly
constant)

II Incomes rising with
productivity (relative
prices roughly constant)

III Changing shares of
distribution

IV Cultural forces

V Interest groups, state

VI Population, natural
forces

Quantities react to
market prices
(Appendix 2(d))

Introduction of luxuries
(Appendix 2 (f))

Effects very diverse

Fashions

E.g. advertising

Eg harvest conditions

Substitution of household
processes with given needs
(section 7.1)

Migration from low to high
income groups; luxuries
become necessaries
(section 7.1)
Effects diverse: special
models ad hoc (Appendix 2(e))
Habits (section 7.1 and
Appendix 2(c))
E.g. energy system
(section 7.1; Appendix 2(a))
E.g. age composition
(Appendix 2(b))

Table A7.1 represents an attempt to present a more complete and more
systematic account of the main, partly overlapping, forces influencing changes
in the composition of output, with indications as to where they have been
mentioned or discussed in the paper. The table does not show the
interdependence of consumption patterns of individuals, groups and the
state which we have also stressed.

The upper part of Table A7.1 (I—III) encompasses the effects of changing
prices and incomes on the demand of consumer groups with given needs.
It is clearly more amenable to formal analysis than the lower (IV-VI)
which shows causes for changes of needs and which requires descriptive
methods.

We wish to isolate those cases where the assumption of a given vector
of final demand is most likely to fail. It would probably be generally
accepted that, as far as normal positions are concerned, one would have
to take needs as determined when passing from the phenomenological
description of social, political or natural forces influencing the composition
of output to the determination of prices and of the DT as in (IV-VI).
This is so not because feedbacks of the choice of techniques and prices
on the determination of habits would be inconceivable - they are, in fact,
quite plausible - but because such feedbacks are likely to be of secondary
importance and are in general form not known anyway.
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The Dominant Technique in Joint Production Systems 189

We may find that matters are similar even in cases (I—HI): feedbacks
exist but cannot be modelled in general form. If the changes of demand
are, as in (I) and (II), themselves induced by changes of the methods of
production, a simultaneous determination of techniques and output seems
to be required, since changes in the composition of output may require
changes of technique. In fact, approaches to the analysis of this interaction
have been proposed, notably by Pasinetti (1981) who represents progress
in terms of increases in the labour productivity of integrated sectors and
shifts of demand in terms of Engel curves. However, progress may also
take different forms and Engel curves require an explanation. The alternative
then is to consider such changes sequentially. This will be especially
appropriate in case (III), since changes in distribution are associated with
possibly dramatic changes in the pattern of accumulation and may thus
give rise to a great variety of different developments. The falling rate of
profits in Ricardo was accompanied by a maintenance of subsistence wages
and a shift of the power to purchase luxuries from capitalists to landlords;
in Marx it was a cataclysmic event. In recent times we have witnessed
slow changes in distribution which might be analysed in terms of a
superposition of cases (I) and (II), with e.g. profits rising more than wages,
and a notable expansion of expenditure on luxuries which have come to
be called 'positional goods'.

However, the problem posed sharply by the analysis of case (HI) is
one which could also be posed for all other cases but which may be
neglected, except for case (III), in order to maintain the sequential analysis
of the economic process: how are assumptions about distribution between
capitalists and workers to be reconciled with the assumption that demand
is given for consumers as a whole? If, in particular, shares change, there
are not only the often discussed implications for the process of investment,
but also for the distribution of the consumption goods in the surplus. Special
models such as the ones referred to in section (e) are available for the
analysis of how consumption is divided between consumption out of profits
and out of wages. Their drawback is that they require special assumptions
for the dependence of consumption on distribution and prices. As we have
seen, different consumption needs can be regarded as given for both capitalists
and workers only if both distribution and employment are assumed to
adapt to this division of demand. If, conversely, the rate of profits is
determined by the rate of growth or the rate of interest, the consumption
of at least one class must adapt. Moreover, the analysis of interdependence
leads almost back to the methods of a simultaneous determination of prices
and quantities (only distribution remains exogenous and open to a variable
social and historical determination). In place of a uniquely determined
DT, we may get a multiplicity of equilibria.

The subdivision of consumers into groups, on the other hand, need not
coincide with that of income receivers into wage and profit earners; there
then remains only the aggregate budget equation (3) which shows that, if
the needs are known or anticipated, the value of income not saved equals
the value of consumption. The corresponding normal position thus is an
equilibrium which may be brought about through effective demand, given
the rate of growth.
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190 The Dominant Technique

I conclude that more differentiated models for the determination of the
composition of output, and for its interaction with the other variables of
the system are, of course, desirable, but that the assumption of a given
total composition remains the strong case in approaching the theory of
the socially necessary and, in particular, the dominating technique.
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Appendix 3: Proofs of the
Theorems

Theorem 1: From the definition we obtain

q*(B - (1 + g)A)p* = dp* S q(B - (1 + g)A)p*

q*(B - (1 + r)A)p* = q*l a q*(B - (1 + r)A)p BQ.E.D.

Theorem 3
Proof. We follow Lippi (1979) in showing the existence of a fixed point solution
to PI. Let X(q*) be the set of solutions to PI, given an arbitrary q*, and
Q = {q g 0: ql « q+ 1) where q+ is a solution of PI for q* = o. We know
from Chapter 5 in this volume that q+ exists and is semi-positive by the definition
of R. The set Q is therefore not empty. It is closed and convex, and it is
bounded because of 1 > o. Choose any q*zQ. X(q*) will then not be empty
because q+ is a feasible vector in PI and the zero vector is feasible in P2. We
find that X(q*) is contained in Q because x s* o, if xeX(q), and xl =£ q+l, for
if q' is feasible for q* = o, q+ is also feasible for q* 5* o, hence q+ is
feasible in the linear programme in which x is optimal, implying xl «s q+l.
Hence, X(q*) is also bounded. It is, by familiar considerations, closed and
convex, and the mapping q* —» X(q*) is upper semi-continuous. By applying
Kakutani's theorem to the mapping q*zQ -> X(q*) c Q we therefore obtain a
fixed point solution. •Q.E.D.

Theorem 4
Simplified proof: We adopt the regularity assumptions of Chapter 5; indeed,
we shall make stronger assumptions and prove a little less in order to obtain
a simpler proof than that found in Chapter 5, pp. 128-32. The essential considera-
tion is as follows. We know that there is, after a reordering of number of
rows and columns, a solution yielding prices (p , , . . ., pk) > o at r and activity
levels (<?,,. . ., <?,,) > o at g, while all other prices and activity levels_vanish;
h ^. m, k «s n. Suppose h < k. Then, the square truncation (A, B, I , d)
consisting of the first h rows and columns of A and B andjhe associated
components of 1 and d will be regular, q = (qlt..., <?,,), and q(B — (1 + g)A)
= d (the equality holds since_(gj,^_. .^_ ph) > o). But the same must be
true for the square truncation (A", B, T, ff) composed of columns 2 , . . ., h +
1: it is q-feasible and regular and

(q(B - (1 + g)K) = 3, since q(b ' - (1 + gW) = dp j = 1 , . . . , k.

Obviously, q T is the reciprocal of the wage paid in both truncations at g,
hence their wage curves intersect at g and have a commodity switch (or a
dual truncation - see Chapter 5, pp. 124-6) at g^ In a neighbourhood of g, the
two wage curves of (A,B , I , d) and (A", B, T, ff) must be different, the wage
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192 The Dominant Technique

curves of different regular truncations being different by assumption. We can
have h < k only in a finite number of isolated points.

As a matter of fact, it is not even necessary to assume that all q-feasible
truncations are regular - this may be an illegitimate assumption e.g. because
there _can be truncations such that we have, for some truncated column,
if = bJ = o, with dj = 0. But we may assume that at least one truncation,
formed of h out of the k columns c ' , . . . , c \ e.g. (c\ . . . , c''), is regular,
where C = B — (1 + r)A. If any other wage curve, involving some other
column, say c*+l, had the same wage curve as (c1 c'1), we should have,
for the activity levels q(g) derived from (c 1 , . . . , c"), q(g)(b*+1 - (1_ + g)
a''+l) = d,]+1 in an open interval, which implied, if q(g) is regular, b*+' =
a'1+1 = a;'+l = o, dh+l = o, according to Chapter 3 in this volume, Theorem
4.2 applied to activity levels. For det(c'(g),..., <f"(g)) does not vanish identically.
Without loss of generality det B i= 0, and the equations q(B — (1 + g)\) = d,
multiplied by z = B~'b /1+l and subtracted from

yield

b"+ 1 - a"+1) + d B ' b * * ' - d,+ , = 0

which implies, if the equation holds in a neighbourhood, b'1+l = Bz, I*+1 = Az,
dh+l = dz. Since we may rule out the fluke by which the coefficients of
columns h + 1 are a linear combination of the columns 1 , . . . , h, we must
have z = o. This, of course, is formally possible since we may always add, to
a given square system, imaginary columns of goods which are neither used
nor produced and have a zero price ('phantom good') or even a not fully
determined positive one ('phantom commodity' - see Chapter 5, pp. 106, 134).
If we make similar assumptions about p-feasible truncations at r, the converse
case of h > k can be seen to occur only in isolated points where we have
switches of methods of production or points of truncation. Hence we must
have h = k in all other points. Q.E.D. HQ.E.D.

Theorem 5
Proof: If p( remains bounded for all i at 7, the Golden Rule curve must be
continuous at F for the wage curves of the truncations appearing on the Golden
Rule curve to the left and to the right of F can then both be extended into 7
and must coincide at F because of the uniqueness of the value of the linear
programmes PI and P2 with r = g and q* = o. It therefore suffices to show
that a single price of a regular truncation cannot diverge at 7, if_w(r) _> 0.
Without loss of generality, we may assume that the truncation (A, B, 1, d)
fulfils B = I (unit matrix) according to_ Chapter 5, section 3.9. If pt, say,
diverges at 7, we have det(I - (1 + r)A) = 0 while there is, in the Golden
Rule case, q(F) & o such that q(F)(I - (1 + r)A) =_d. Let Q be the matrix
(consisting of eigenvectors of A) which transforms A into Jordan's normal
form T (for simplicity we assume that all roots of the characteristic polymonial
are simple). We obtain

dQ = qQQ-'tf - (1 + r)A)Q = qQ(I - (1 + F)T)
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The Dominant Technique in Joint Production Systems 193

where the first row and column of I - (1 + r)T vanish at F. Therefore the
first column of Q(I - (1 + F)T) and hence the first component of qQ(I -
(1 + F)T), hence dq' vanish. Therefore A is not regular. BQ.E.D.

Theorem 6: Using the notation and the assumptions of the preceding proof,
with Z = Q"', dq' and z, 1 do not vanish for a regular truncation, and

(F - r)q(r)T = (F - r )dQQ'( I - (1 + r)A)'QQ~T = d QTZT, A)"1

where t'( tends to (1 + F)~' and all other //tend to zero as r tends to F so that

lim w(r) = lim — = 0
d ' I

but this is a contradiction since w(r) > 0_if F is pathological. Hence the
truncation is not regular, with dq1 and/or z, 1 equal to zero. •Q.E.D.

Notes

1. Note that the following analysis is formally quite general in this respect.
For if investment is known, one can formally regard the demand for
consumption plus investment goods of an economy, growing at arbitrary
different rates of growth in different lines of production, as the demand
for consumption goods of a stationary economy, the analysis of which is
a special case of that presented below. The analysis of this chapter is also
relevant for those cases where one considers gross outputs, not net outputs,
as given.

2. 1 regard the assumption of a fixed vector of final demand as the appropriate
'strong case' in order to approach the classical theory of value. The effects
of perturbations of demand on values may be analysed in a second step.
In the analysis of consumption, by contrast, the strong case would be to
take prices as given and to describe the diverse forces influencing the
composition of output, including the hierarchy of needs. This second question
will not be taken up here, but Appendix 2 contains some simple models
for changes in the composition of output and analyses their impact on the
dominant technique. For special cases, a feedback of prices on demand
will also be considered.

3. However, the technique which rules the roost may also be imposed. This
is obvious in some cases of imperfect competition or if the state interferes
with the choice of technique. But it should be noted that some element of
convention is implicit in the definition of every method of production; it
concerns quality standards, the standard of efficiency in work processes,
the form of presentation of corporate identity, etc.

When we speak of a socially necessary' technique, we therefore mean
two distinct aspects: On the one hand, the selection of technologies according
to criteria of profitability in a competitive system (which leads to the
dominant technique), on the other hand, the imposition of methods, and
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194 The Dominant Technique

of standards for methods, by outside forces. A postulate of the theory
under consideration then is that we should, in principle, be able to isolate
a subsystem of socially necessary methods of production in the actual
system; the socially necessary methods define the prices of production at
the normal rate of profit, and, given these, the profitability of other methods
may be calculated, using normal prices.

4. My proof of the continuity of the Golden Rule curve in Chapte 5, p. 112
was mistaken because it overlooked this possibility, as has been com-
municated to me by Professor S. Takeda. The proof of continuity would
have been valid if the expression

lim (r - F)q(F)Ap(r)
r — r

could have been shown to vanish. But a non-zero value of this expression is
possible if 7 is pathological. The matter is rescued, however, by Theorem 5.

5. The leading species in the genus of pathologies which we have been
considering is familiar to faithful readers of Sraffa's book. Remember his
'beans' (Appendix B of Sraffa, 1960). If there is a self-reproducing non-
basic in a single product system with a rate of reproduction r smaller
than the maximum rate of profits R, its price will diverge to infinity at r
while the prices of basics remain finite. Sraffa concludes that the method
would have to be changed (cf. also his exchange with Newman about this
matter in Bharadwaj, 1970). If such a non-basic is the joint product of a
process producing also basics and if only basics, not beans, are included
in the basket d, it is clear that r would represent a pathological point of
the type just considered; the Golden Rule curve would break off with a
finite value for the wage at the rate of reproduction of the 'beans'; a
different wage curve of a truncation without beans might extend beyond
r. 'But it is absurd first to introduce non-basics and then to exclude them
from basket d' (Chapter 5, p. 134).

6. Less can be said about the difference in the wage rates of two CMSs with
prices p, and p2 and activity levels q, and q2 at the same rate of growth
g and the same rate of profits r. Considering again P2, we have

(d - (r - g)q,A)p2 « (d - (i- - g)q,A)p,

and

(d - (r - g)q2A)p, « (d - (r - g)q2A)p2

since p2 is feasible in P2 with q* = q, and p, is feasible in P2 with
q* = q2. From

dp, - dp, + (r - g)(q2Ap, - q,Ap2) =s (dp, - dp2) +
(r - g)(q2Ap2 - q,Ap,)

we obtain
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The Dominant Technique in Joint Production Systems 195

dp2 - dp, =£ (l/2)(r - g)(q, + q2)A(p2 - p,)

the difference of inverse wage rates is at most proportional to the difference
in the evaluation of the aggregate means of production. The wage rates of
two CMSs can differ the less, the closer prices are on average. 'Dual'
formulae to (4) and (6) may be derived from programme P4 concerning
activity levels.

7. It is clear that large changes of the distributional variables are likely to
be associated with a change of d so that then a new system of wage
curves would have to be drawn, reflecting also a change in the methods
of production. The new system of wage curves could not be compared
directly with the old, since the standard for measuring the wage would
have been changed, requiring a new diagram with new units. But an indirect
comparison is possible, for each curve shows how the wage would change
with a virtual change of the rate of profit if the standard remained the
same.

8. The specific problems of differential rent of the second kind (intensive
margin) as pointed out by d'Agata 1983) are not likely to be relevant to
large industrial systems for various reasons. Salvadori's (1985) example
of the alleged non-existence of a cost-minimising system appears to be
mistaken: He has three methods, and two combinations of two can be
chosen such that the third method left out is in each case more profitable
if evaluated in the prices of the truncation formed of the other two methods,
so that the image is created of an economy switching endlessly back and
forth between two truncations. But one finds a third truncation consisting
of one method and one commodity (the other good being overproduced)
which dominates all other truncations: a (trivially) square system emerges
as a solution in this case, too, and is a CMS.

9. In our analysis we have generally assumed the rate of profits to vary and
the rate of growth to be constant, but the pattern of the curves is given
and fixed and does not depend on whether we vary g or r. Hence, if
wD(g,r) is the real wage of the DT at (g,r), wD may be considered as a
function of two variables, but since wD is everywhere given by the wage
curve of one of a finite number of square truncations wD(g,r) need not be
represented in three dimensions, with g on the first, r on the second and
wD on the third coordinate, but the system of wage curves is a full
representation of wD(g,r) in two dimensions. Only it may happen that, as
in the case of single product systems, one branch (of the wage curve) is
the solution at r for one value of g and another branch is the solution for
the same r and for a different value of g.

10. It is easy to extend Figure 7A.7 to show the possibility of the existence
of multiple solutions.

11. It may be noted that there are in this case also up to two 'spurious' solutions.
They are obtained by taking linear combinations of clv and cp (which are
in each case uniquely determined) such that d is either equal to c,(g) or
to go c2(g). This will satisfy (1), the activity level equals one and (A2.5)
is fulfilled. The straight lines connecting Z, and c,(r) and Z2 and c2(r)
determine in each case prices such that (2), (3), (A2.3) and, consequently,
(A2.4) are fulfilled. We have thus found solutions where the number of
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196 The Dominant Technique

processes used (one) may fall short of the number of commodities produced
(two), with demand (A2.3) helping to make prices determined nevertheless.
But, for the reasons discussed in (d), these solutions should be discarded
as unstable: small variations of demand could not be satisfied without one
commodity becoming overproduced. And the assumption that a permanent
overproduction could be absorbed through a permanent expansion of demand,
following upon a fall in the market price as a result of such overproduction,
would mean to take a decisive step in the direction of neoclassical analysis.

12. Because d* is on the line connecting c,(g) and c2(g).
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8 Joint Production:
A Further Assessment*

Kud|jcov dnexov - abstain from beans (Pythagoras, ca. 500 BC)

8.1 INTRODUCTION

As is well known, the classical theory of value would still be stuck in
an impasse without Sraffa's theory of joint production, because the
authors of the 19th and early 20th century saw no possibility of providing
a general explanation for the pricing of the outputs of multiple product
industries without having recourse to the subjective theory of preferences,
as the early mariginalists did. The solution was very elegant and agreed
with the new approach, which superseded the Ricardian and Marxian
idea of explaining prices of production as modified labour values, by
having direct recourse to the structure of production and consumption.
The structure was expressed in the form of an input-output system,
with given output levels, so that prices could be calculated for single
product industry systems, given the rate of profit, as being equal to
the normal cost of production. The extension to joint production systems
then followed from the simple consideration that the production of a
given vector of commodities as (gross or net) outputs (the 'requirements
for use') is generically possible - if there is some variability in the
scale at which processes may be run - only if there are at least as
many processes used as there are commodities to be produced. Hence
there will be enough processes in use to determine prices, and if the
rate of profit is to be uniform, the number of processes cannot exceed
that of commodities; otherwise, prices would be overdetermined. The
system therefore is 'square'.

Only after this proposition has become clear, does one realise that it
represents a generalisation of the rules of pricing used by the classical
economists who were in the habit of distinguishing between the main
product and by-products of an industry. The price of the by-product

•First published in Political Economy. Studies in the Surplus Approach, 4 (1988), pp.
231-41.

197

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



198 The Dominant Technique

was determined by that of a close substitute produced by a parallel
single-product industry, so that the price of the main product of the
first industry was equal to the cost of production minus the value of
the by-product; thus, there were two processes to determine two prices.
Sraffa's generalisation also allows, among other things, for a determi-
nation of the price of the by-product on the input side of a second
industry, the value of the output of which is determined in a third
process, so that a price may be imputed to the by-product as an input
and, indirectly, to the output of the first process.

If only one machine is used in each process for the production of a
given commodity, the treatment of fixed capital as a joint product easily
fits into this framework, since one process is added to the system
whenever a machine grows one year older. Land may be treated as a
joint product which leaves a process in the same state as it had en-
tered it; the land-price so determined is equal to the capitalised rent. If
the production of one commodity is then extended to different quali-
ties of land, the counting of equations proceeds as in the one-machine
case. But, in general, the rule of counting of equations imposes a special-
isation in that all qualities of land are often technically suitable for the
production of a given small number of commodities, yet - if there are
more qualities of land than there are products - most of them will
produce only one crop because the number of processes which may be
run is equal to the number of prices and rents to be determined. This
is a kind of enforced specialisation which is also relevant to the theory
of international trade.

8.2 PUZZLES AND MORE SERIOUS PROBLEMS

The formal properties of such joint production systems have now largely
been clarified, at least for the case of constant returns to scale: if a list
of methods of production and a given vector of consumption goods
demanded are given, the processes to be used may, under very general
assumptions, be chosen at a given rate of profit and a - usually lower
or zero - rate of growth, such that unprofitable methods are not used
and overproduced goods receive zero prices.1 The solution is (generically)2

square - the number of positive activity levels equals that of positive
prices - though not necessarily unique. It is cost-minimising in that all
processes not in the solution show losses if evaluated in terms of the
prices pertaining to the solution. The real wage, expressed in terms of
the demand vector, can be expected to fall, as the rate of profit rises,
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Joint Production: A Further Assessment 199

on the basis of plausibility arguments (here, there are exceptions which
are not flukes). The wage curve cannot be extended to infinity for
basic systems. It is continuous (except only for flukes) if the growth
rate equals the rate of profit. Since the solutions are square, they are
in general not affected by small variations of demand; one obtains a -
sit venia verbo - local non-substitution theorem. At intersections of
wage curves, there may be switches of methods, of goods and truncations,
among other things.3 (Truncations involve the deletion of one process
and one commodity from a square system so that a system of lower
dimension is obtained, which overproduces the deleted commodity.4)

These results suffice for an extension of the 'macro' characteristics
of single product systems to joint production, concerning the rational-
ity of the choice of technique, the existence of the wage curve, its use
for capital theory, etc. although not all concepts can be transferred.
The standard commodity, for instance, does not always exist in joint
production systems, but that is not important if the standard commodity
is interpreted as a didactic device to facilitate the exposition of the
problems surrounding the concept of the quantity of capital and the
transformation of values into prices.5 And various conundrums appear
if one of the assumptions is violated. For instance, if truncation is not
allowed for, a cost-minimising system may not exist. An example has
been provided with three processes and two commodities, such that
two square systems with positive prices may be formed by combining
either processes 1 and 2 or processes 1 and 3. It turns out that neither
system is cost-minimising because the process not used in each sys-
tem shows surplus profits, so that the image is created of an economy
switching endlessly back and forth between two systems in the com-
petitive process.6 But if truncation is admitted, there is a cost-mini-
mising system of order one, which dominates all other systems, and
the paradox disappears.7

Or there is the problem of self-reproducing means of production.
They cause a difficulty in the single product case, if they are non-basic
and such that their rate of reproduction is lower than the maximum
rate of profit of the basic system. Their price then diverges to infinity,
when the rate of profit attains the value of the rate of reproduction.
A famous example is provided by Sraffa's 'beans'. His solution was to
postulate that the peripheral non-basic was to be discarded.

The seemingly more difficult analogue in joint production is as fol-
lows: suppose that synthetic rubber is produced in the first ('indus-
trial') process of a basic single-product system with a maximum rate
of profit R. R is higher (35 per cent, say) than the rate of reproduction
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200 The Dominant Technique

rT (3 per cent, say) of caoutchouc-producing trees which may be used,
together with labour and raw materials in smaller amounts than in the
first process, to produce caoutchouc as a substitute for rubber by means
of an alternative 'natural' joint production method of number zero.
Rubber (synthetic or caoutchouc) is not consumed. The caoutchouc-
trees are neither consumed nor used in any other process.

The assumptions imply that the 'natural' process would be used at
rates of growth lower than r p with the rate of profit being anywhere
between zero and the maximum. The price of the trees would be zero,
since they would be overproduced. But if the rate of profit r and of
growth g are both higher than rT (say 15 per cent and 4 per cent re-
spectively), two curious effects are observed. First, the raising of g
would lead to a discontinuous drop in the real wage at g = rT, because
it would now suddenly become necessary to use the 'industrial' pro-
cess with its higher costs in labour and materials. Second, with rT< g
< r < /?, the price of the trees could not fall to zero, so that they
would be 'phantom commodities'. To this extent, the system is not
'square'. For if the trees were valued at zero, the 'natural' process
would show surplus profits in terms of the prices of the system using
the industrial process, although it could not actually be used, because
the rate of growth exceeded the rate of reproduction of the trees, whereas,
if a sufficiently high price were ascribed to the trees, 'virtual' losses in
the 'natural' process would reflect the fact that the 'natural' process
was not viable. The lowest price which could be ascribed to the trees
would be equal to the price obtained in the system consisting of all
the processes, including both the industrial and the natural process with
the trees, with prices based on equalities for all the methods.8

The curious consequences of the existence of non-basic growth-limiting
means of production (here the caoutchouc trees) deserve to be dis-
cussed, yet I have dealt with them only in passing in previous publica-
tions, and this has been criticised by Takeda.9 My formal reason is
that they lead to irregular systems because a right-hand eigenvector10

is orthogonal to d, the demand vector, and irregular systems are of
measure zero in the set of regular systems. As I have also emphasised,
certain irregular systems may be of interest, nevertheless, because they
exhibit a specific structure (e.g. systems with a uniform capital intensity).

The substantial reason is this: limiting means of production which
are basic are important. A basic limiting means of production could be
defined as a commodity which is basic and which has its own rates of
reproduction, the highest of which is an upper limit for the reproduc-
tion of the system as a whole. For instance, a corn-using system cannot

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Joint Production: A Further Assessment 201

grow faster than corn on the land which is most fertile in terms of the
reproduction of corn, if corn is basic. Non-basic limiting means of
production like our caoutchouc-trees are technically conceivable, but
economically it is strange to have non-basics which are not consumed.
And, technically, as in the case of Sraffa's 'beans', the limit to the
rates of profit and of growth of the system should, in normal cases,
not be thought to depend on individual processes but, rather, on the
basic system as a whole."

It may be that more important special cases of irregular systems
will be uncovered, but I do not think that research in the area of joint
production should be mainly oriented in this direction, nor do I expect
that such cases could lead to a substantial modification of the idea that
the important features of joint production systems without land12 are
understood by concentrating on the regular case. At any rate, while
the elegance of Sraffa's work continues to afford opportunities to ex-
tend and refine the analysis by formal means, there are diminishing
returns to that activity, and the reconstruction of classical theory also
requires other intellectual inputs.

8.3 IMPORTANT AREAS OF RESEARCH

We still lack a complete and systematic morphology of joint production
systems. Different types of non-basics may be distinguished according
to economic effects: whether basics may be produced, even if non-
basics are not, whether non-basics may be taxed without affecting the
prices of basics, etc. This much is known, and many distinctions have
been made to differentiate joint production systems, which are somehow
'close' to single production, from the general case, especially with regard
to distribution (Chapter 2).

But changes of quantities are, at least empirically, more interesting
than changes in the rate of profit in their different effects on different
systems. As is well known, the reduction of prices in terms of some
fixed standard at a given rate of profits is not an unambiguous indica-
tor of efficiency, if joint production processes are present. The cheapen-
ing of a method of production in use may lead to the increase of some
prices at a given rate of profit, because the lowering of the prices of
some products may mean that other prices have to be raised in order
to achieve a higher profit contribution in processes not directly af-
fected by the technical advance, except in that some output prices are
falling. If, for instance, hot springs are discovered which render steam
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202 The Dominant Technique

cheaper, a cogeneration plant will have to charge more for electricity,
because the profit contribution of steam will be lower, steam being
lower in price. Or, in a more complicated case, if the steam price, as
determined by direct combustion, is fixed, but households need less of
it because of better insulation, electricity from cogeneration plants will
also rise, because a lesser proportion of the waste heat can be sold and
the cogeneration plant is forced to move to a less energy-efficient method
of producing electricity (the profit contribution of steam is reduced,
steam being lower in quantity). The latter case represents a long-per-
iod equilibrium only if the incomplete use of the potential of waste
heat is, as in many places, socially necessary because of institutional
barriers which prevent a more extensive sale of steam.

I have examined various such cases13 and there have been other con-
tributions towards a morphology of joint production, but a complete
picture has not yet emerged. The main result has been to understand
that properties by which joint production systems differ from single
product systems are not to be regarded as anomalies. On the contrary,
in the explanation of the 'anomalies' consists perhaps the most important
'microeconomic' contribution of the various models connected with
Sraffa's theory.

Fixed capital and rent have been fairly thoroughly explored from
the formal point of view, and intermediate cases in between one-ma-
chine worlds or differential rent of the first kind on the one hand, and
the intricacies of joint production systems in general on the other, have
been analysed in several papers.14 What is missing is the appropriate
link with applied work. For example, the theory predicts constant
amortisation, a falling capital charge and hence rising (progressive)
depreciation for a machine of constant efficiency and a finite life-time.
But progressive depreciation is illegal according to German tax laws,
and degressive depreciation is generally recommended. The discrep-
ancy between theory and application is easily explained in this case:
degressive depreciation or constant depreciation with a falling amorti-
sation quota are what one should expect because of increasing mainten-
ance costs in the use of a given machine and in the presence of technical
progress. But only a few authors have ventured into such compari-
sons. Similarly, applications of the theory of rent are notable for their
absence. For instance, the theory predicts a high degree of specialisa-
tion in the use of different lands, but specialisation does not seem to
go that far. I expect to find the most challenging discrepancies be-
tween theory and empirical evidence in this area, and that the tempta-
tion will be greatest to seek refuge in subjectivist explanations.

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Joint Production: A Further Assessment 203

The theory - at least in my interpretation - predicts that the com-
petitive process should lead to square Sraffa systems. It is interesting
to note that this is a postulate rather than a conclusion of those ana-
lysts of empirical input-output systems who are not satisfied anymore
with making joint production disappear by means of simple aggrega-
tion. As I have emphasised in my Palgrave entry,15 different input-
output procedures dealing with joint production have this same postulate
in common. But there is no complete input-output table with joint
production so far, and it is clear that there would be theoretical, not
only applied, problems involved in its construction for any country.
For the theory also predicts that rectangular, not square systems will
be observed during processes of transition. One expects 'too many'
processes insofar as different methods compete to emerge as the socially
necessary technique for the production of a given number of com-
modities, and one often observes 'too few' processes in typical
multiproduct industries where the processes are hidden which might
make the system square. The main hidden processes arise from two
causes: one does not easily observe how outputs might be varied and
one does not 'see' the different household processes for the satisfac-
tion of given needs, which may be necessary in order to arrive at a
sufficient number of processes in the counting of equations. What, then,
are the operational rules for isolating the socially necessary technique,
relative to which advanced methods yield surplus profits, and back-
ward ones losses? How are these to be distinguished from temporary
inequalities of profit rates, due to changes of supply and demand, and
from those due to market power?

So far, gravitation has been an axiom rather than a result in classi-
cal theory, for if we had a general theory of gravitation, it would su-
persede the theory of prices of production. In fact, there are very diverse
approaches to 'gravitation': market prices are variously defined as prices
somehow given in a market (but why are prices uniform?), and profit-
ability is calculated to determine the direction of investment. Or mar-
ket prices are calculated from supply and demand, somehow specified,
or they result from charges on costs. Or market prices are averages,
resulting from mixed technologies, etc. The surplus profits and losses,
observed in transitions between techniques (my 'Surplus profits and
losses mechanism' or Bidard's market algorithm)16 are a preliminary
consideration. The gravitation models yield different results, and they
must be distinguished further in their effects on joint production. I do
not regard it as likely that theoretical models for the gravitation of
particular forms of market prices towards prices of production will
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204 The Dominant Technique

replace the axiom of gravitation with its intuitive appeal. This is not
said in order to deny the importance of theoretical and applied work
in this area, especially in relation to an analysis of the short run.

It may well be that the level of abstraction has to be changed when
applied problems have to be dealt with, but it would not do simply to
juxtapose the theory of prices of production and, for instance, a Keynesian
aggregate model for the analysis of effective demand, because it has
to be shown why different approaches can be thought to be compatible
(Chapter 17). And in some cases, such as the theory of exhaustible
resources, a classical model can be adapted to the question at hand,
without a substantial modification of its familiar structure.17

There have been many attempts to extend the classical theory by
developing new approaches to the theory of distribution and in order
to reconcile it with the Keynesian theory of effective demand, or by
introducing hypotheses about technical progress and about changes in
the composition of output and of needs. All these areas are to a greater
or lesser degree connected with problems of joint production. I do not
think that those theoretical endeavours will be successful, however, if
they are not accompanied by important contributions to economic policy
in traditional fields, such as the regulation of economic activity, and
more recent ones such as environmental economics. Outside observers
of classical theory are right to ask not only what it is, but also what
purpose it may serve.
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Appendix

This appendix contains the diagrams for Salvadori's (1985) example discussed
in the notes to the text. The input and output coefficients are shown on his
Table 2 (p. 164) for Figure 8A.1 and on his Table 3 (p. 165) for Figure 8A.2.
The wage curve [i,j] is the wage curve for a subsystem of order 2, consisting
of processes i and j . The wage curve (i,j) is the wage curve for a subsystem
(truncation) of order I, consisting of process i, with goody being a commodity
which is produced in the precise quantity required. As usual, the wage at rate
of profit r is equal to consumption per head at the rate of balanced growth g.
In those ranges of a rate of growth where a subsystem produces or overproduces
the requirements for use at non-negative activity levels, the wage curve is
drawn as a dotted line (q-feasible). In those ranges of the rate of profit where
a subsystem yields non-negative prices, such that no process shows excess
profits, the wage curve is drawn as a broken line (p-feasible). The golden rule
curve is drawn as a both dotted and broken line. All other wage curves are
drawn as continuous lines.

Figure 8A.3 shows the effect of a limiting mean of production in a dispensable
process (the caoutchouc-trees of n. 8). The 'natural' process is the dominant
technique, yielding the highest real wage, for low rates of growth and high
rates of profit.
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Figure 8A.1 Diagram for Salvadori's (1985) example
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206 The Dominant Technique
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Figure 8A.2 Diagram for Salvadori's (1985) example
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Figure 8A.3 Effect of a limiting mean of production in a dispensable process
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Joint Production: A Further Assessment 207

Notes

1. Lippi (1979).
2. A sufficient condition for squareness is that the coefficients of the rele-

vant truncations are regular in the sense of the discussion in Chapter 5 in
this volume. Regular systems will be obtained with probability one, if
non-negative coefficients are chosen at random, under the condition of
self-reproduction. But the coefficients will then also be positive with prob-
ability one. One therefore must add the assumption that some coefficients
are zero, and that the p-feasible and q-feasible truncations which appear
as solutions are regular, despite the presence of zeroes. This implies for
example, that the input matrix of any solution must not vanish.

3. If truncation is not admitted, satisfactory solutions are not always ob-
tained, as results from the example in Salvadori (1985, p. 164) where
three processes, producing two goods, can be used to form three square
systems of two processes and two goods. Of these three systems, one
shows lower costs than the two others, but it involves a negative price in
some range of the rate of profit. This system therefore is not the cost-
minimising solution. To find it, truncation has to be admitted. The wage-
curves of all the three systems and the six possible truncations are shown
in Figure 8A.1. Inspection shows that there are no anomalies or difficul-
ties if truncation is admitted, except insofar as some wage curves are
horizontal because they contain no basic.

4. For proofs of these assertions, see Chapter 7 in this volume.
5. See Schefold (1976c and Chapter 4 in this volume).
6. See Salvadori, (1985).
7. The wage curves of Salvadori's example (1985, p. 165) are shown in

Figure 8A.2 (p. 206), based on Salvadori's Table 3. Again, there are no
anomalies in the solutions, if truncation is admitted, except for the irregularity
of horizontal wage curves, of which two happen to coincide. Truncation
(1, 2) is the cost-minimising solution in the interval where Salvadori seems
to imply that there is no long-period position (Salvadori, 1985, p. 166).

Salvadori (who was only comparing subsystems of order two) noted
that the systems made up of processes [1, 2], and [1,3] both produce the
requirements for use at g = 0 in stationary conditions, but neither was
p-feasible for 1 < r < 9/5. Since subsystem [2, 3] is not q-feasible at
g = 0, he did not observe that [2, 3] is p-feasible, and q-feasible to boot,
for g and r in that range, so that [2, 3], there, is the golden rule solution,
while the truncation (1, 2) is the solution, if g = 0 and 1 < r. A limit to
the rate of profit is here missing because (1,2) contains no basic.

The irregularities of Salvadori's examples are not essential to the argument.
In the construction of numerical examples, one easily hits irregular systems
because numbers are not chosen at random, but in such a way that
computation is easy. A regular truncation of order one necessarily has a
positive input coefficient because, for regular systems, it is assumed that
the input matrix is not singular. Because of this assumption, pure con-
sumption goods require a separate consideration. The zero-input in (1, 2)
is responsible for the lack of a limit to the rate of profit.

8. Formally, we have n + 1 methods and goods, with labour (/„ /,,. .., /„) > o.
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208 The Dominant Technique

Matrix (a{; i,j = 1 , . . . , n; and matrix (a\; i = 0, 2 n;j = 1 , . . . , n; are
both semi-positive, productive and indecomposable, and we have semi-
positive prices such that

Pi s + /.(I + r) {a)px + ... + aJ-P,); j = 1 n
P, + Pi « /. + (1 + r)(a0°po + o fo + • • • + W

with 1 being the 'industrial', 0 the 'natural' method, with (/„, 0, a j , . . . ,
«o) < (/,, a\ a") and r r = \la% - 1 < R, where /? is the maximum
rate of profit of the system consisting of the methods and commodities
1 , . . . , n. Semi-positive activity levels are such that a semi-positive demand
vector d = (0, 0, d2,.. ., dn) is produced or overproduced, with prices of
overproduced goods (here trees, if 0 < g < rT) being zero and activity
levels qi of methods not used (method 1 for 0 ^ g < rT and method
0 for rT < g < R) being zero. One finds that rT is a pathological point
(see Chapter 7 in this volume) because p0 tends to infinity as r is lowered
to rT. The wage remains positive all the same, because trees are not
consumed. The 'natural' system consisting of the price equations i = 0,
2 , . . ., n with p0 — 0 has the wage curve wN. It is q-feasible for 0 s g
< rT and p-feasible for 0 < r < Rn, where /?,„ R < R,, < ~, is the finite
maximum to which the rate of profit may tend in the 'natural' system.
The 'industrial' system consists of price equations 1,. .., n and of the
relationship for process 0 with sign ' s ' , and with q0 = 0. The corresponding
real wage is w,. The industrial system is q-feasible for 0 £ g < R and p-
feasible for rT < r < R (excepting for the phantom price). We have w^r)
> w,(r), 0 s r < R. The wage curves are shown in Figure 8A.3 (p. 206)

9. See Chapter 5, p. 134 and Chapter 7, p. 194, in this volume; see also
Takeda (1984).

10. In the example, it is an (n + l)-column eigenvector, with a non-zero
element as its first and zeroes as its other components, which is associated
with rT.

11. See Sraffa's reply to Newman in Bharadwaj (1970).
12. It has not yet been worked out satisfactorily how land should be inserted

into this framework. It may be regarded as a limiting mean of production
with a rate of reproduction of zero. In fact, r = 0 is a highly pathological
point where land prices as capitalised rents diverge to infinity. Hence one
important cause for non-proportional growth: production on fully utilised
lands is stagnant and expansion proceeds on no-rent lands or through
intensification where the more land-using method must contract to make
room the less land-using one.

13. See Schefold, Chapter 13 in this volume.
14. See e.g. Salvadori (1988).
15. Schefold (1987).
16. Bidard (1990a).
17. Schefold (1989), pp. 218-31.
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Part III

Fixed Capital and Technical
Progress
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9 Fixed Capital as a Joint
Product*

9.1 INTRODUCTION

Since the Reswitching Debate the point has become familiar that the
means of production in a capitalist society represent different 'quantities
of capital' depending on the prevailing rate of profit. But because these
discussions were about a critique of the neoclassical theory of value
and distribution and not about a new comprehensive theory of capital,
they have been conducted either in terms of circulating capital without
machines or in terms of production by means of one machine at different
ages (cf. Hicks, 1970, Nuti, 1970). Although von Neumann and Sraffa
revived the 'old classical idea' (Sraffa) of treating what is left at the
end of the year's process of production as an economically different
good from the one which entered the process, very few1 have tried to
construct models with several fixed capital goods which are explicitly
distinguished from other kinds of joint products.

It is true that the common approach of dealing with the problem of
fixed capital in special one-machine models and of dealing with the
interaction between industries in special circulating capital models seems
to correspond to economic intuition. While joint production of the mutton-
wool kind creates a multitude of difficult problems, it is indeed the
peculiarity of fixed capital as a joint product that it has properties
similar to those of circulating capital in as far as interindustry rela-
tions are concerned, while some of the problems of the evaluation of
machines can be discussed in models with one consumption good pro-
duced by means of one machine. But there are essential problems of
the choice of technique in the presence of machines that can only be
understood in a more comprehensive and more complex model.

This will be shown by means of a discussion of the more formal
properties of fixed capital, and in particular of the relationship be-
tween inter-industry relations and the efficiency pattern of individual
machines. The model is built on Sraffa (1960). Switching of techniques

'First published in Jahrbucher fur Nationalokonomie und Statistik, 192 (1978), pp.
415-39.
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212 Fixed Capital and Technical Progress

and truncation are discussed in this generalised framework.
It turns out (contrary to what might have been expected on the basis

of Nuti, 1973) that the same truncation may return at different levels
of the rate of profit, if more than one machine is involved.

9.2 MACHINES

Single product systems have a number of simple properties which do
not obtain in general joint production systems, but hold within fixed
capital systems. Commodities are e.g. separately producible in single
product systems with constant returns to scale, i.e. it is possible to
produce a net output consisting of only one commodity, using positive
activity levels, and in basic single product systems (with an indecom-
posable input matrix) all processes will be indispensable, i.e. nothing
can be produced without activating all processes. The comparative ease
with which fixed capital systems as we shall define them are handled
is due to the fact that new machines are separately producible within
them and that the prices of old machines appear as derived from those
of the new ones, once their prices are known. If the system is
indecomposable, i.e. if the input and the output matrix are not
simultaneously decomposable, this will be reflected in the fact that
only processes using old machines will not be indispensable.

In order to define what we mean by a pure fixed capital system, we
distinguish between finished goods (circulating capital and new ma-
chines) and intermediate goods (old machines of various ages). In or-
der to isolate our problem from that of joint production in general, we
assume that each process produces one and only one finished good (no
superimposed joint production). The processes engaged in the produc-
tion of a finished good taken together will be said to form a group.
We assume not only that no transfer of intermediate goods between
groups takes place, but also that within each group only one machine
at various ages is used. (The latter assumption is fairly easily relaxed,
the former only under additional restrictions - see Schefold, 1971.)
There is always one primary process which uses exclusively finished
goods as inputs, among them the new machine. After the end of the
year the new machine leaves the process as a one-year-old machine
together with the output of the finished good and enters the first inter-
mediate process by which it is used and also reproduced as a two-
year-old machine. The latter enters a second intermediate process, etc.
until the machine is worn out.
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Fixed Capital as a Joint Product 213

Our preliminary assumption of admitting only one ageing machine
in each group allows that the same kind of new machine may enter
different groups. But as a consequence, each new machine will gradu-
ally turn into a different set of intermediate goods. They are character-
ised by the group in which they are used since no trade of old machines
between groups takes place. The point is that the efficiency of the
machines will vary to different degrees with age in that the amounts
of finished goods produced, of raw materials, spare parts, etc. used up,
and of labour employed, will vary with the age of the machine. The
efficiency may be falling, e.g. because an increasing number of spare
parts has to be used to keep the output of the finished good constant.
Efficiency may rise because a machine works more smoothly after it
has been run in. More importantly: the model does not exclude the
possibility that the processes representing the construction of a ma-
chine which (like a tanker) takes several years to be built are com-
bined to form one group with the processes using the completed machine
to produce a finished good (oil transportation). In the processes repre-
senting the construction of the tanker no finished good would be pro-
duced, only the intermediate good 'tanker under construction. Such a
combination in one group of the processes for a machine under con-
struction with the processes using it looks formally like the group rep-
resenting a machine which is initially inefficient in the extreme because
it produces nothing (in fact it is itself being produced), and suddenly
its efficiency is positive when it starts to operate (i.e. when the output
coefficients showing the amount of oil transported become positive).
Constant efficiency is not ruled out either, but of lesser interest in so
far as it excludes a meaningful treatment of the most characteristic
problem of fixed capital, i.e. the problem of determining the economic
lifetime of a machine as distinct from its maximum physical lifetime.
If the efficiency of a machine consisting of many parts is constant,
there is no reason why it should not last forever, if it is properly main-
tained, viz. if those parts which are of fairly constant efficiency but
finite duration are replaced periodically (valves, light bulbs, etc.). We
shall not discuss everlasting machines explicitly, however, although
they can be included in the framework of our analysis without great
difficulty. We are mainly interested in machines the efficiency of which
varies because not all their parts are capable of periodic replacement
for economic and/or technical reasons.

It will be seen that machines of falling efficiency may yield formal
solutions where old machines receive negative prices. In the last and
most important section of the chapter we shall prove that it is always
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214 Fixed Capital and Technical Progress

possible to truncate old machines with negative prices from a given
system without affecting the net output of finished goods, provided
only the system is productive. Despite its importance, we do not turn
to the problem of truncation at once because the formal consideration
of negative prices which is unavoidable from a mathematical point of
view can be given an instructive economic meaning which will be
discussed below.

We now turn to the formal definition: there is a total number of n
commodities in the system of which, say, the first / are finished, the
rest intermediate goods. If the machine involved in the production of
finished good i has a maximum physical lifetime of 7", years, the group
of processes producing good i may be written as follows:

(1 + r)[a,(Op, + m,.(f - l)p2] + w/,(/) = b,(r)p, + m,(f)p2;

t = i, 2 , . . . , r,

where p, is the /-vector or relative prices of finished goods, p2 the
(n - /)-vector of prices of intermediate goods. /,(/) is the input of
labour, a,(f), b, (0 are/-vectors for inputs and outputs of finished goods,
m,(/ ~ 1) and m,(f) are (n - /)-vectors for input and output of
intermediate goods, all to the fth of 7", processes for the production of
good i. The wage-rate w and the rate of profit r are assumed to be
uniform as is customary in Sraffa-type models.

Clearly, b/{t) = 0, i ¥= j . Since the total output of each commodity
equals one, we have

X b\{t) = i , i = i , . . . , /
1 = ]

Processes with b';(T:) = 0 are economically not viable and will be
truncated (see section 9.5), but fcj(t) = 0 for t smaller than Tj is not
ruled out (machine under construction, see above). Our main assumption
is that the system is productive, i.e.

£ a\(t) < \,j = 1 , . . . , /

The first process uses finished goods exclusively, i.e. m;(0) = o, / =
1 , . . . , / , and all primary processes use some finished goods as inputs,
hence a,(l) > 0; / = 1, . . ., / . Since the machine is used up after the
last process, 111,(7",) = o. If no machine is involved in the production
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Fixed Capital as a Joint Product 215

of good i so that the process uses circulating capital only, put formally
7, = 1, 01,(0) = m,(l) = o. Finally, since each machine is both a
different good at a different age and characterised by the process in
which it is used (no trade between groups), the (T, — 1) + . . . +
7, - 1) = n - /-vectors m,(f), i = 1 , . . , / ; t = 1, . . ., 7, - 1; are all
d fferent unit vectors. All equations taken together can be written in
iratrix form as

(1 + r)Ap + wl = Bp

where

A =
a,(2), 111,(1)

I =

a/7}), 111,(7} - 1),

pi

, B =
b,(2), 111,(2)

By a familiar procedure2 the intermediate goods can be eliminated
from the system: one combines the equations of each group i by multi-
plying the rth equation by a factor (1 + r)T'~' and summing over t for
each group i to get the reduced system

(1 + r) A(r) p, + w\{r) = B(r) p,

where

Mr) =
a,(r)

, B(r) =
b,(r)

, Kr) =

•,<»•) = Z (1 + r)r'-'ai(f),
1=1

b» =
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216 Fixed Capital and Technical Progress

Tj

l(r) = £ (1 + ffr' /,. {t).
1=1

This system will be called the integrated system because of the fol-
lowing intuitive interpretation: instead of thinking of the 7j processes
of group / as of Ti separate activities running side by side at the same
time, imagine an entrepreneur producing finished good i in T, succes-
sive years. At the beginning of the first period he will have to buy a
bundle a,(l) of finished goods (including his new machine), at the end
of the period he obtains b,(l) as an output to be sold. He will have to
buy a,(2) to start production with the one-year-old machine and pro-
duce during the second period, etc. till his machine is worn out at the
end of the 7",th period. Hence Tt is the total turnover period of group i.
Considering it as a whole, the entrepreneur may strike the balance by
multiplying each input and output by that power of (1 + r) which
indicates the number of full periods that have passed by since it has
been bought or sold. The resulting equation is the integrated process.
As one should expect, it is identical with the equation for group i in
the integrated system which we obtained above by mathematical elimi-
nation of the intermediate goods.

Before we consider its mathematical properties, let us discuss the
integrated system in greater detail from an economic point of view.

If activity levels were such that at some time all integrated pro-
cesses with turnover periods 7",,..., Tf could start simultaneously, they
would all simultaneously end again after a time equal to the smallest
common multiple of 7*, . . ., Tf which we denote by T. Obviously, if
the rate of profit was calculated on the basis of T periods, we should
then be confronted with a single product system since no net output of
intermediate goods would appear explicitly in the equations. Since the
way in which the rate of profit is calculated does not affect the techni-
cal characteristics of the system, it is therefore intuitively plausible
that finished goods are separately producible and have positive values
which are equal to those obtained in the original system. When the
rate of profit is zero, it does not matter at which time the products
appear. But if the rate of profit is positive, the subdivision of the 'long
period' T into the unit period of production matters. To disregard the
dating of inputs and outputs within the 'long period' T would mean to
add up all inputs used during the 'long period' and to treat them as if
they had to be available at its beginning and similarly to add all out-
puts and to treat them as if they were to be available only at its end.
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Fixed Capital as a Joint Product 217

By so doing one would obtain a system equal to the integrated sys-
tem at r = 0. The construction of the integrated system at r = 0
amounts simply to adding up the equations for each group so that in-
termediate goods cancel out. The integrated system at r = 0 provides
therefore an approximation for prices at low rates of profit.

The quality of the approximation depends on the evenness of the
distribution of inputs and outputs during the 'long period', i.e. on the
efficiency pattern of inputs and outputs to integrated processes. Look-
ing at it this way one should make the following guesses: prices of
finished goods are positive at least at low rates of profit. If all inputs
and outputs are evenly distributed over the 'long period', i.e. if all
machines are of 'constant physical efficiency', the system should es-
sentially behave like a single product system: prices in terms of the
wage rate are positive and monotonically rising up to some maximum
rate of profit. But if the distribution of inputs is uneven, i.e. if the
machines are of variable efficiency, the situation may get more com-
plicated. E.g. if most of the output of an integrated process is pro-
duced at its beginning, this may be of no effect at low rates of profit,
while high rates of profit may cause the value of the product to fall,
even relative to wages.

The possibility of a fall of prices of finished goods in terms of the
wage-rate leads to the possibility of a perverse relationship between
the rate of profit and the wage-rate and is, as we shall see, related to
the occurrence of negative prices of old machines as possible formal
solutions of a productive fixed capital system. We do not exclude such
negative prices at once as we could do by restricting our attention to
the appropriate truncations of a given fixed capital system, because it
is on the one hand instructive to discuss the relationship between vari-
ous efficiency patterns of ageing machines and the positivity of their
prices, on the other because negative prices of old machines are econ-
omically not inconceivable although they violate conditions of optimality.
For we may imagine an economy in which only finished goods are
traded in an actual market according to the prices corresponding to the
integrated system while old machines always stay with the entrepre-
neur who first bought them when they were new. The prices of old
machines are then nothing but book values which the entrepreneur may
fail to ascertain (a negative book value implies that the entrepreneur
misses the optimal truncation). It will eventually be proved that price
competition in the actual market for finished goods alone leads even
in this case to the choice of the superior truncation, but the process of
competition may well pass through stages at which the rate of profit is
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218 Fixed Capital and Technical Progress

reasonably uniform in the integrated system with prices of finished
goods being positive and at which the prices of some old machines
(being, according to this special assumption, book values not calcu-
lated by an entrepreneur) are negative. It may appear somewhat arti-
ficial to assume that prices of finished goods are established on the
basis of a proper calculation according to the integrated system ap-
proach while book values of old machines are totally neglected, but
the hypothesis is not entirely fanciful and it yields some valuable insights.
The reader who does not wish to stretch his imagination to this point
may, however, regard our consideration of negative prices as a purely
mathematical exercise; it will be seen that the more natural assump-
tion of competition with trading of both finished and of intermediate
goods in actual markets at positive prices leads eventually to the same
superior truncation as that via the trade of finished goods alone.

9.3 INTEGRATED SYSTEMS AND FINISHED GOODS

The following two theorems summarise statements which are econ-
omically rather obvious from the point of view of the 'long period' (proofs
given in the Appendix):

Theorem 3.1:

(a) B(0) is equal to the identity matrix.
/

(b) det (B(0) - A(0)) * 0, £ (6,(0) - a,(0)) 2 o.

(c) If A, B form an indecomposable system, A(r) is an indecomposable
matrix for r S: 0.

(d) If all primary processes are indispensable, A, B form an in-
decomposable system.

(e) (B(0) - A(0))~' > O, if A, B form an indecomposable system.

Theorem 3.2:

(a) Finished goods are separately producible.
(b) All primary processes (except possibly those producing spare parts)

are indispensable.
(c) Relative prices of finished goods are positive for all r, 0 s r s R,

where R is the 'maximum rate of profit'. R is positive.
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Fixed Capital as a Joint Product 219

(d) There is a unique row vector
q > o such that

q(B - (1 + R)A) = o

i.e. the fixed capital system has a positive 'standard commodity';
q(B - A), the 'standard net product', is positive.

Spare parts are defined as finished goods which are used as inputs
to secondary processes only. They play a special role because their
production may not be necessary if the system as a whole remains
productive when secondary processes using them are discontinued or
'truncated'; hence the exceptions in Theorem 3.2.b.

It is quite puzzling that it has been possible to state two important
theorems about the fixed capital system without taking prices of inter-
mediate goods explicitly into account. Already at this point we can
show moreover that the 'rate of surplus value' is positive and uniform
if the wage is a historically given subsistence wage. For it is then
consistent to regard the labour force as homogeneous in its consump-
tion pattern. Since the wage-rate is uniform, the workers in every in-
dustry will buy a fraction of the total wage d = (dl, . . . , d") proportional
to their number or (what amounts to the same thing) proportional to
the labour time necessary in that industry so that the matrix D = Id
represents the real wage consumed by the workers in each industry.
(This definition depends on the existence of a uniform wage-rate, but
not on that of a uniform rate of profit! In this sense the rate of surplus
value is 'prior' to, or can be defined independently of, the existence of
a uniform rate of profit.) 1,, = Du, u = (B - A)~'l, is then the labour
time the workers spend in each industry to earn their living. We
assume that the wage consists of finished goods only. Since the
labour values of finished goods are positive, and since clearly d £
e(B - A), it follows from

llv. = (ld)u = l(du) = ol
a = du < e(B - A)(B - A)"'l = el = 1

that the labour time the workers have to work for themselves (the
'necessary labour time') is a positive fraction of the time they spend
working for the capitalists. That is to say, Marx's 'rate of surplus value'
e = (1 — a) /a is uniform and positive, irrespective of whether the
rates of profit are uniform in different industries. (The ratios of profit
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220 Fixed Capital and Technical Progress

to wages are different in different industries, of course, if they are
measured in price terms at a uniform rate of profit.) Conversely, if the
rate of surplus value is positive, and if the rate of profit is known to
exist and to be uniform, it must be positive also.3

Mr Sraffa's straight line relationship between wages expressed in
terms of the standard commodity q(B — A) and a uniform rate of
profit r can also be derived without prior knowledge about the behav-
iour of prices of intermediate goods. If prices are expressed in terms
of the standard commodity, i.e. if q(B - A)p = 1, 0 £ r < R, with
q normalised so that ql = 1, we have

1 = q(B — A)p = rqAp + wql = r (-jrqCB - A))p + w

Therefore, if the rate of profit is given, the 'value' of the wage in
terms of the standard commodity equals w = 1 - T/R, whatever the
goods of which the real wage consists.

The generality of these two results is not as great as might seem at
first sight, however; whether there is an unambiguous trade-off be-
tween profits and real wages depends on whether prices of wage goods
rise monotonically in terms of the wage-rate as the rate of profit rises.
Conditions which will ensure that this fundamental relationship of the
theory of distribution holds will be derived presently. They are based
on an analysis of prices of intermediate goods.

9.4 PRICES OF INTERMEDIATE GOODS (OLD MACHINES)

To calculate relative prices of intermediate goods is easy because the
integrated system determines relative prices of finished goods. The 7",
processes of group i

= b,(/)p,(>") + m,(f)p2(r), t = I.....T,

can be transformed into the recursive relation
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Fixed Capital as a Joint Product 221

( y ( ) + > ( ) ) f = * T l

where the following abbreviations have been used:

K,,(r) = (b,(0 - (1 + r)a,(0)p,(r) - w/,, f = 2, . . ., T,

pu(r) = m,(f)p2(O, f = 1, . . ., 7", - 1

and where a special notation has to be introduced for t = 1: a, (1)
denotes the inputs of finished goods to the first process of group i
including the new machine. Let a,(l) denotes the same inputs without
the new machine, define

and write pL 0 for the price of the new machine (we assume in this
section for the sake of simplicity that we can always point to one
finished good entering the primary process as being the machines).
pjr) is the price of the machine employed by group i in process (or
at age) t at rate of profit r. Yu (r) equals output produced by the machine
employed by group t minus the value of the machine which leaves the
process and minus 'costs' of wages, profits and circulating capital. It
represents the net return generated by the machine at age t — 1 and at
rate of profit r. The recursive relation means therefore that the price of
the t — 1-years-old machine is equal to that of its discounted output in
the current year including the price of the remaining f-years-old machine.
Or, as one could also put it, Yh (r) equals the differences between the
price (including profits) of the machine entering the process and that
of the machine leaving it.

From the recursive formulas one obtains by induction the discount-
ing formula

, , V Y'<^ (r)
P. (r) = L .,'- ' ,t , / = 0, 1 T -

" I=I (1 + r) '(1 + r)

for the formula holds for t = T, — 1, and supposing that it holds for t,
we get (omitting index /):
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222 Fixed Capital and Technical Progress

, = ^ - ( Y l + P l ) = »
•-' 1 + r 1 + r

h i

= X Y-^
" i (1 + rf

The discounting formula for pu expresses again that the value of a
machine is equal to its discounted future earnings; now, all of them
are shown. In the case of the new machine we get

• • (i + ry,

The price of a new machine is that of a finished good. Both in the
original joint production system and in the derived integrated system
this price appeared to be determined from the side of 'cost of produc-
tion', here it seems determined by the sum of 'discounted expected
returns'. The equality between 'costs of production' of a machine and
its 'expected future earnings' has thus been deduced.4

The equality is usually presented as a 'fundamental equilibrium con-
dition' linking the 'past' with the 'future'. However, in a joint produc-
tion system in a self-replacing state, it appears not as an assumption
but as a consequence of the calculation of prices on the basis of a
uniform rate of profit, given the prices of the produced means of pro-
duction. The 'link between the past and the future' is automatically
provided if the rate of profit, is uniform for any one period. In a world
where competition is so perfect that the prices of old machines are
always known, competition will ensure a tendency for the rate of profit
to equalise from period to period as in the case of circulating capital.

Although the formula for the equality of the price of a machine
with its discounted future earnings should be considered as a conse-
quence of the tendency of rates of profit to equalise rather than as its
precondition - at least as long as prices of old machines are known -
the formula provides a useful tool in our model, for it allows us to
integrate the analysis of the prices of old machines with the known
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Fixed Capital as a Joint Product 223

results about the prices of finished goods. First of all, we obviously
have:

Theorem 4.1: If net returns are positive at all ages of machine i
(if Yu(r) > 0, 1 s r < T,) at rate of profit r, the machine has positive
prices at all ages (pu(r) > 0, 0 £ I ^ T, - 1) at rate of profit r.

The result is trivial: if a machine generates a positive income at all
ages, its prices will be positive.

We shall now define that a machine i is of (initially) rising effi-
ciency in price terms at rate of profit r from age zero up to age 8, if
we have

y>. i to « y,. 2(0 * • • • « r(. e+1; 0 « e « r, - 1

It is of (eventually) falling efficiency from age 9 onwards, if

n e + . * r , . e + 2 > - . - > Y i T i - , o ^ e < r, - 1

Efficiency in price terms according to this notion depends on the
rate of profit. A machine may be of rising efficiency in price terms
throughout its life time at one rate of profit and of falling at another.
But the notion does not depend on the chosen standard of prices.

Theorem 4.2:

(a) If a machine (' generates negative returns from age zero to age 8,
i.e. if y, , < 0 , . . ., y, e + 1 < 0, prices are positive and rising up
to age 8.

(b) If a machine i is of rising efficiency up to age T, - 1, all prices are
positive.

Proof:

(a) By induction, using the recursive formula and the fact that pj 0 > 0.
(b) Use 'a' up to the age where Yu turns positive, and the discounting

formula for pn afterwards.

Theorem 4.3:

(a) If machine ;' generates negative returns from age 8 onwards up to
age Tt - 1, prices turn negative no later than at age 8.
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224 Fixed Capital and Technical Progress

(b) If a machine is of falling efficiency from age G onwards with net
return in the last year still being positive (Y. T > 0), prices are
falling from age 8 onwards.

Proof:

YjT

(a) Using the recursive formula and /?l7-._: = ',r

(b) By induction using the formula:

Y - Y Y - Y Y - Y
P P — '•'+' '•' i iJ+l i.f+l . , i.Tj i.Tj-l

•• ~ '•"' ~ 1 + r (1 + r)2 (1 + rfr'

Y,r,

where all terms on the right-hand side are negative.
Why are the results about rising and falling efficiency so asymmetrical?

Falling efficiency is easy to understand. Prices may turn negative (the
machine may reach economic death before it is physically worn out)
because the processes using old machines are in fact not indispensable
and prices indicate that they have to be eliminated no later than the
returns of the machine have turned negative, i.e. no later than the pro-
cesses have turned unprofitable. A car, for instance, works only at the
expense of excessive repairs after some years. (We shall return to this
point below.) But machines of rising efficiency may have positive value
in real life even before they produce a current positive return if there
is sufficient confidence in their future productivity as in the case of a
machine under construction. In our mode] the price is then assured to
be positive because we have assumed that the system as a whole is
both productive (i.e. capable of producing a surplus) and indecomposable
so that each group is indispensable in the system (except possibly spare
parts). What the theorem then says is that as long as the processes
have not yet begun to yield a return, the machine can not have a nega-
tive price.

Although one can easily construct examples which confirm that a
machine may be of rising efficiency at one rate of profit and of falling
at another, it is to be noted that efficiency can nevertheless be inde-
pendent of the rate of profit in very special circumstances. Machine i
may be said to be of rising physical efficiency, if
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Fixed Capital as a Joint Product 225

b.(2) *£ *= b.(r.), a.(l) s* a;(2) s* > a,(7.)

/.(I) s

i.e. if physical output does not fall with age while physical inputs do
not rise. Conversely for falling efficiency; the meaning of constant
physical efficiency is obvious.

Since prices of finished goods are positive, it follows immediately
that rising physical efficiency entails rising efficiency in price terms
for all rates of profit. But situations such that rising or falling physical
efficiency is unambiguously defined are a priori hardly more likely to
occur than are situations in circulating capital systems such that the
value of capital can be defined independently of the rate of profit. The
Hicksian attempt (Hicks, 1970) to separate 'interindustry relations' (i.e.
the analysis of prices in a single product system) from the 'time struc-
ture' of fixed capital (i.e. the analysis of the depreciation and the econ-
omic lifetime of a machine considering all other prices as given) is
therefore apt to be misleading.

The separation of 'interindustry relations' from the 'time structure'
of fixed capital is reminiscent of old attempts to reconcile partial and
general equilibrium whose aim was to prove that what is true for the
individual firms is true for their aggregate as well. e.g. the discounting
formula is still often analysed under the assumption that the returns
Yjt are independent of variations of the rate of profit as seems correct
from the microeconomic point of view. But this approach leads to
conclusions which are the opposite of what holds for the 'macro' sys-
tem. If Yjt were constant, the price of a new machine would fall with
a rise in the rate of profit. Some neoclassical textbooks take this phe-
nomenon which follows at once from microeconomic discounting as a
proof for the negative interest elasticity of investment as a whole. But
if prices are measured in terms of the wage-rate, the price of the new
machine rises, as we shall see (after the appropriate truncation), be-
cause at least some of the Yjt rise more strongly than (1 + r)'. That
economists should conclude from the assumption of invariable returns
in the recursive formula that the price of a new machine is the less the
higher the rate of profit indicates that it is just as dangerous and mis-
leading to teach price theory exclusively from the point of view of the
firm as it is false to teach that, since a firm may protect itself in the
face of a crisis by cutting wages and investment, the same must be
true for society as a whole.
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226 Fixed Capital and Technical Progress

9.5 TRUNCATION THEOREMS

The reduction to integrated processes seems to allow to deal with the
question of switching at a given rate of profit in a very simple man-
ner. By means of a slight extension of any of the conventional methods
one can prove (using statement '(b)' of the lemma for the proof of
Theorem 3.2 in the Appendix):

Theorem 5.1: If two (or several) alternative integrated processes are
given for the production of one finished good and if they are such that
each resulting integrated system is productive, indecomposable and has
a maximum rate of profit greater than a given rate of profit r, one of
these techniques will yield prices in terms of the wage rate at r that
are lower than or equal to those of the other technique(s).

The theorem suggests that the choice of techniques in a fixed capi-
tal system is determined by relations between finished goods alone.
But this can be true only if intermediate goods yielding negative prices
can be eliminated from the systems. And the wage-curves of each tech-
nique must be shown to be falling monotonically for it could other-
wise be possible to increase both the wage and the rate of profit without
changing the technique.

Since the wage-goods can reasonably be assumed to consist of fin-
ished goods only, the following theorem shows that a falling wage-
curve is ensured if negative prices can be ruled out (proof in the
Appendix):

Theorem5 5.2: All prices of finished goods in terms of the wage rate

Pj(r) = — rise monotonically with the rate of profit r in a neighbour-

hood of r = r(), 0 < rQ < R, if all prices of intermediate goods are

nonnegative at r. More generally we obtain the following relationship

for prices p, of finished goods in terms of the wage rate

p,(r2) > p,(r,) for r2 > r,, if p2(r2) > 0

0 *= r\ K r2 *= R

Next we have (proof in the Appendix):

Theorem 5.3: In a stationary state with a given composition of the
surplus the ratio P/W of profits P divided by wages W, i.e. the rate of
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Fixed Capital as a Joint Product 227

exploitation measured in price terms, rises monotonically with the rate
of profit in those ranges of r where all prices are positive.

The main difficulty is now to show that the processes yielding nega-
tive prices can actually be eliminated from the system.

If some prices of intermediate goods are negative, some processes
obviously have to be replaced or eliminated. It is a most remarkable
result that the assumptions of indecomposability and productiveness of
the system as a whole are in themselves sufficient to ensure that no
new processes have to be brought in: it is possible to scrap or to 'truncate'
some machines at any given rate of profit before they are worn out
physically and to discontinue the corresponding intermediate processes
in such a way that the remaining system is not only again a productive
and indecomposable fixed capital system, but in addition yields posi-
tive prices.

More specifically: an admissible truncation consists in deleting some
intermediate goods from the system together with the processes in which
they are used in such a way that (1) if a machine of age t in group i
is scrapped, all machines of ages t, t + 1,. . ., T. - 1 and all processes
t + 1, t + 2 T. in group i are eliminated from the system, (2) the
resulting system is productive for appropriate activity levels. The trun-
cated system is therefore a fixed capital system. For each admissible
truncation and for the original system we now draw the wage-curve
w(r) where w(r) is the real wage measured in the number of baskets of
finished goods that can be bought by one unit of labour at rate of
profit r. The truncation is feasible at r if it yields positive prices at r.
The truncation which yields the highest real wage at r is called su-
perior at r.

If the superior technique is to be introduced through competition at
a given rate of profit, two results have to be shown: Firstly, since
finished goods are always traded against money in an actual market,
their prices in terms of the wage-rate have to be lowest for the su-
perior technique. (That, at least, is the reason usually put forward to
argue why the superior of two alternative techniques in a circulating
capital system comes into use. It implies that the superiority of the
superior technique does not depend on the standard of the real wage
provided it consists of finished goods, and it implies also that the adoption
of the superior technique entails surplus profits for those capitalists
who are the first to make the transition when the prices corresponding
to the old technique are still ruling.) The fact that the composition of
the real wage does not affect the ranking of the truncations as to their
superiority at a given rate of profit means that the composition of output
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228 Fixed Capital and Technical Progress

of finished goods does not affect the choice of truncations, or, to ex-
press it in neoclassical terms: a non-substitution theorem holds as far
as demand for finished goods is concerned.

Secondly: intermediate goods need not to be traded in an actual market,
their prices may represent pure book-values. However, since the su-
perior technique does not necessarily entail lower prices in terms of
the wage-rate for intermediate goods, something else should indicate
when truncation is advantageous in a competitive system where inter-
mediate goods are traded to some extent within groups. In fact, we
shall prove: the real wage can be raised at some rate of profit in a
fixed capital system by truncation, if and only if the prices of some
intermediate goods are negative in the untruncated system. And that
explains the economic function of the occurrence of negative prices in
our model.

The following theorem summarises the assertions made at some length
(proof in the Appendix):

Theorem6 5.4:

1. If and only if some intermediate goods have negative prices at r,
0 ^ r < R, there is a feasible truncation (i.e. with p(r) ^ o) yielding
a higher rate of profit r' at the same real wage per unit of labour.

2. If and only if some intermediate goods have negative prices at r,
0 ^ 7 < R, there is a feasible truncation at r yielding a higher real
wage per unit of labour.

3. The truncated system has lower prices of finished goods in terms
of the wage-rate at r, if some prices in the original system are negative.
Conversely, if prices are not negative in both, prices of finished
goods in terms of the wage-rate are lower or equal in the original
system.

4. The envelope of the wage-curves corresponding to the fixed capital
system and its truncations falls monotonically between r = 0 and
some greatest 'maximum' rate of profit R 2: R. The corresponding
prices of finished goods in terms of the wage-rate rise monotonically.
The technique (original fixed capital system or truncation) appear-
ing on the envelope at a rate of profit r, 0 ^ r ^ R, is feasible (is
a productive fixed capital system with non-negative prices at r and
having a maximum rate of profit greater than r).

5. Its vector of prices of finished goods in terms of the wage rate is
smaller at r than that of any other technique.

6. If w(rt) < w(r2), r2 > r,, for a fixed capital system, there exist
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Fixed Capital as a Joint Product 229

truncations which are superior at least between r = r, and the first
r3 > r2 for which w(r3) < w(r,).

The theorem exhibits an asymmetry which seems puzzling at first
sight. Whenever a truncation is advantageous at a given rate of profit,
negative prices of machines will indicate it. But the converse is not
true. If a truncated system is given, it may have positive prices, and
positive prices then mean that it would be advantageous to reverse the
truncation provided the untruncated system also has positive prices.

The apparent paradox is resolved if we think of the truncated sys-
tem as of an independent fixed capital system on its own. The
processes which could be added to it ('grafted' onto it) appear to lie
'without' from this point of view so that the grafted system looks like
an alternative technique. The advantage of grafting is therefore only
revealed through the possibility of lowering the prices of finished goods
in terms of the wage rate. Processes which are candidates for trunca-
tion, on the other hand, always lie within the system, so that the ad-
vantage of truncation is directly signalled by negative prices of
intermediate goods, and is, in addition, but less directly, revealed through
the possibility of lowering prices of finished goods in terms of the
wage rate.

The pattern of feasible truncations may nevertheless be quite com-
plicated even at one rate of profit; and it changes in an erratic manner
if the rate of profit changes. The optimal lifetimes of machines fluctu-
ate accordingly. In consequence, it may easily happen that the trunca-
tion chosen at the ruling rate of profit is inefficient when the Golden
Rule condition is violated and the rate of growth and the rate of profit
diverge. There is then a simple meaning to negative prices. If the rate
of profit is 'normal' and the rate of growth is low, say near zero, the
technique chosen at the ruling rate of profit may have positive prices
and yet be compatible with negative labour values of old machines.
The negative labour values clearly indicate that the same net product
could be produced with less labour if the old machines having nega-
tive values were scrapped. A truncation which is appropriate at the
given rate of profit may thus imply a waste of social labour. This
solves the 'paradox of negative labour values' and provides a satisfac-
tory explanation for the inefficiency of old machines.

The complicated pattern of truncations finds its most drastic expres-
sion in the fact that the return of the same truncation at different inter-
vals of the rate of profit is - contrary to what Nuti (1973, pp. 489,
494) emphatically asserts - possible and analogous to reswitching. In
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the following example involving two finished goods and one inter-
mediate good the truncation is superior between r = 1/3 and r = 1/2

Corn

(K)

1/16
1/16
1/4

New
machine

(Mo)

0
1
0

Old
machine

(M,)

0
0
1

Labour

1/10
43/40
1

(K)

0
1
1

(Mo)

1
0
0

(M,)

0
1
0

while the original system is superior between 0 ^ r < 1/3 and 1/2 s
r < R (where 3 < R < 4). Accordingly the price of A/, is negative
between r = 1/3 and r = 1/2 and positive for 0 ^ r < 1/3 and 1/2 <
r < R. The return of the same truncation is thus possible .

Now it is true that a return of the same truncation cannot occur if a
machine is engaged in the production of a finished good i (with price p)
without using any finished goods as inputs in the last process (which
is to be truncated). For if a return of the same truncation were poss-
ible in such a case, we should have two intervals r, ^ r s ry r} ^ r
£ r4, with 0 < r, < r2 < r3 < r4< R such that without loss of gener-
ality either the price pTl of the last machine is positive in the two
intervals and negative in between (where it is truncated), or vice versa
pT_, is positive in between and negative in the two intervals. In the
former case the untruncated system returns, in the latter the truncated
system returns.

At any rate we should have pr_,(r2) = pr_,(r3) = 0 at the switch
points r2, ry Since the process T using the machine at age 7" - 1 does
not require any finished goods as inputs, the equation using the ma-
chine at age T - 1 is

(1 + r)pTl + w/(7) = bi
i(T)pi

Since at the switch points pT ^ (r) = 0, we get pfrj = p(.(r2), w(r3) =
w(r2). But this is impossible because the switch points are on the en-
velope. p.(r) is therefore monotpnically rising between r} and rr A
return of truncation cannot occur.

This conclusion does not hold, if process T uses some finished goods
as inputs. The absence of the return of the same truncation is therefore
most characteristic for one machine systems where a new machine is
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Fixed Capital as a Joint Product 231

produced by means of itself and labour in the primary process, and in
the secondary process by means of the old machines at various ages
and labour alone. The absence of a return of the same truncation is
thus analogous to the absence of reswitching in one commodity circu-
lating capital systems.

Nuti and his predecessors were mislead because their analysis is
based on one-machine systems. That is capital theory made too easy.
Capital theory begins with the recognition that there are several fin-
ished goods. The often supposed inverse relationship between the rate
of interest and the optimum lifetime of machines does not exist.
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Appendix: Proofs of the
Mathematical Theorems

Proof of Theorem 3.1: 'a' and 'b' are trivial consequences of the correspond-
ing assumptions abojjt A and B, and V follows from 'a', 'b' and 'c ' . To
prove 'c ' , suppose, A was decomposable having j rows of zeros in columns
s + 1, s + 2 , . . . , / a b o v e the diagonal. A and B would then each have zeros
in Tj + . . . + Ts rows in / - j columns s + 1 / ; i.e. there would be no
inputs of finished goods s + 1 , . . . , / t o any of the first 5 groups. On the same
rows only (7, - 1) + . . . + (Ts - 1) = 7, + . . . + Ts- s intermediate goods
would be used or produced, hence n - / - (7, + ... + T) + s columns of
intermediate goods would have zeros on these rows or, taken together, there
would be n -f- (7, + . . . + 7 ) + s + / - s = n - (7", + . . . + T) columns
with zeros on the 7, + . . . + Ti rows which proves that A, B would form a
decomposable system.

To prove ld': if the system was decomposable, there would be a subsystem
of s, say, processes and goods such that

A =

where A], Bj are quadratic matrices of the same order. Suppose the output of
the ith finished good in the fth process appeared (after the permutations) in
Bj. The ith machine at age / - 1 would then have to appear in A], the ith
machine at age t in B], In a like way the positive outputs and inputs of the
entire ith group would be found in Aj, Bj, hence if the ith process of group i
appears in either (Aj, Bj) or (A2, B2), the entire group appears in either (Aj,
Bj) or (A2, B2). Therefore there are neither finished nor intermediate groups
produced in B2, B2 = 0, and it follows that e(Bj - Aj) 2 o where e = (1 1)
in contradiction to the assumption.

It is assumed that A, B form a productive, indecomposable system, hence
A(0) is an indecomposable matrix.

The following lemma is crucial for the proof of Theorem 3.2:

Lemma: There is a root R > 0 of the equation det (B(r) - (1 + r)A(r)) = 0
such that

(a) det (B(r) - (1 + r)A(r)) * 0, 0 £ r < R
(b) (&(/•) - (1 + r)A(r))-' > 0, 0 < r < R
(c) the 'eigenvector' q with

q(B(K) - (1 + R)\(R)) = 0

is positive and unique.

232
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Fixed Capital as a Joint Product 233

Proof.

(a) B(r) is a diagonal matrix with positive elements for all non-negative r.
The matrix A(r) = (B(r))"'A(r) is a semi-positive indecomposable matrix
for any given r. There is therefore for each given r > 0 a unique X (r) > 0
and x(r) > o with

\(r)x(r) = (1 + r)A(r)x(r)

and £ jc.(r) = 1. By virtue of the preceding theorem.

/ / / / /
X(0) = X(0) E-t.(O) = S Za^O) Jt,(O) = £ Z «>(O)JC.(O)

I

< EJC(O) = 1
/-I '

On the other hand Mr) tends to infinity for r -> <». To prove this, con-
sider

Mr) = Mr) 2x.(r) = £ (1 + r) Eaf(rU.

/ / Z (1 +

Clearly, the sum should diverge as required if Z af(l) were positive for

all j . Unfortunately, all a^l) may be zero for all i, given j , if commodity
; has the character of a 'spare part'; i.e. if j is a finished good that is only
used as an input in conjunction with old machines. But we have assumed
that af(l) *• o for all i. After suitable rearrangement the first s rows and
columns of the (/"/)-matrix (a'.(\)) will form an indecomposable matrix.

We change the normalisation of x(r) to Z x.(r) = 1 and get

Mr) = A.(r) Z x.(r) = (1 + r ) I I <5/(r)xj(r)

* (1 + r) I2&

Since each column of the matrix (a\ (1)), i, j = 1 , . . . , s, has at least one
positive element, there is for each j at least one i such that (1 + r) d'.(r) is a
rational function which tends to infinity as r rises. Hence one can con-
clude that lim X(r) = °o, while X.(0) < 1.
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234 Fixed Capital and Technical Progress

Since all elements of A(r) are continuous functions of r and since the
dominant root of an indecomposable semi-positive matrix is a continuous
function of the elements of the matrix, there is a definite smallest positive
R such that X(R) = 1.

It follows that det ((B(r) - (1 + r)A(r)) * 0 for 0 < r < R.
(b) R is the smallest value for which the dominant root of the indecomposable

positive matrix (1 + r) A(r) equals one. Hence dom ((1 + r)A(r)) < 1,
(I - (1 + r)A(r))-1 > O and (§(/•) - (1 + r)A(r))-1 =
(I - (1 + r)A(r))-'(B(r))-' > O, 0 < r < R.

(c) . D is the dominant root of the matrix A(K). R is therefore a simple

root of the equation det (I - (1 + r)k(R)) = 0 and also of the equation
det (B (#) - (1 + r)A (/?)) = 0. Consequently, the row vector q solving

q(B(/?) - (1 + R)X(R) = o

is unique. By arguments similar to those already used, A(/f)(B(/f) - \(R)Y>
exists and is positive. Hence q > o.

Proof of Theorem 3.2:

(a) Define the row vectors

1,

and

q.

= e.(B(O) - A(0))-'

the row vectors

= (?J. • • • , q). ?J.
7",

. . . . ?f.);
r.

Clearly, q. > o, where q; is the vector of activity levels appropriate for
the production of one unit of the ith finished good.

(b) the rth of the T. processes in group i cannot be activated without activat-
ing processes 1, 2 t - 1, too, if the net output of intermediate goods
is not to contain negative elements. Therefore, if a positive output can be
obtained while k primary processes are not activated, the corresponding k
groups are not activated and_the finished goods to be produced by them
are not produced at all. But A(0) is indecomposable. Hence every finished
good is an input to some processes, and if a primary process is not acti-
vated, it belongs to a group producing a spare part.

(c) Follows from the lemma and T (r) > o, 0 s, r < R; r = R is obvious.
(d) There is a unique q = (ij1 qf) > o with q(B(R) - (1 + R)\ (/?)) =

o. It is easily checked that q(B - (1 + R) A) = o where

q = (£'(1 + n*)r'-\ ql(\ + R)T'-\ . . ., q\ q\\ + R)T^, . . ., qJ)
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Fixed Capital as a Joint Product 235

To prove that q is unique, note that the rank of the matrix B - (1 + R) A
is equal to that of the triangular matrix

F =
b,(2) -

b/2) -

w

(1 + fl)A(/?)

(1 + /?)a,(2)

- (1 + /?)a,(7,)

(1 + fl)a/2)

- (i + ^a/rp

0

0

m,(2) -

- d +

m/2) -

- ( ! H

0

0

- d

R)

- d

- /?

+ J?)

m,(7,

+ R)

m,(l)

- 1)

m/1)

- 1)

n-f

f n-f

The matrix Fj = B(/?) - (1 + /?)A(/?) has r a n k / - 1 since q in the preceding
lemma was unique. It is easy to see that the rank of the matrix F2

2 is n - f,
hence the rank of F is n - 1.

Proof of Theorem 5.2: By differentiation of

B p(r) = (1 + r) Ap(r) + 1

with respect to r, we get

(B - (1 + r)A) 4"
ar

= Ap(r)

The system obtained by multiplying each equation by (1 + r)T>~' and sum-
ming up for each group

- (1 + r) m,(f- 1)) d
ar

r'"'(a,.(r)Pl + m,(f -

is on the left-hand side equal to

dr
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236 Fixed Capital and Technical Progress

since
r,
£ [m,(0 - (1 + r)m.(/ - 1)](1 + rfr1 = 0

The right-hand side is positive if p2 s o.__
The first assertion then follows from (B - (1 + r)A)"' > O, 0 =s r < R.

The generalisation follows by considering the first difference equation (B -
(1 + rt)\)(p(r2) - p(r,)) = (r2 - r,)Ap(r2) instead of the differential equation,

Proof of Theorem 5.3: If the total labour is numerically equal to unity, the
sum of wages is numerically equal to the wage rate and

p p
m = c(B — A)— — 1
W w

where e = ( 1 , . . . 1). Now e(B2 - A2) = o, since there is no net output of
intermediate goods in the stationary state, therefore

p£ = e(B' - A')p - 1

where p, rises monotonically with r if p > o.

Proof of Theorem 5.4:

(a) We start by proving (2) for 0 £ r < R. Let the n-row vector d = (dt

df, 0 , . . . , 0) denote the basket of finished goods of which the total real
wage at r = F consists. Of course, o & d ^ e(B - A).

The system

(A + Y-JTJ l d l B > ! )

fulfils the formal requirements for a fixed capital system. It has a maximum
rate of profit which must be equal to r since det (B - (1 + 7)A - Id) = O
and det (B - (1 + r)A - Id) # 0, 0 < r < r: Hence there are unique
vectors q > o and p = p(F) such that

q(B - (1 + r)A) = d

(B - (1 + r)A)p = 1

Consider

max. dx s.t. (B - (1 + r)A,x S 1, x s* o

min. yl s.t. y (B - (1 + r)A) g d, y ^ o

In this linear programme (it would also be possible to use the von Neumann
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Fixed Capital as a Joint Product 237

model) any sufficiently small positive vector is feasible in the primal be-
cause 1 > o while q is feasible in the dual. The programme has therefore
semi-positive solutions x, y. If y > o, there are equalities everywhere in
the primal, hence x = p which is impossible since p = p(F) is not semi-
positive by assumption. Hence y is not positive. Delete all processes with
activity levels which are not positive in y. If an activity, say the rth pro-
cess in the ith group, is deleted, the intermediate product produced by it
(the ith machine at age /) disappears from the system. Because ytb-' -
(1 + r) a1) s 0, if j denotes an intermediate product, processes / + 1,
t + 2,..., T. in group i disappear as well. On the other hand y(B - A) S: o.
Hence no primary processes are deleted, primary processes being indis-
pensable if no spare parts exist. (We assume this for brevity as we also
assumed for brevity that A, B form an indecomposable system.)

If truncation occurs in group i, it involves deleting processes t, t + 1 , . . . ,
T. where / s 2, while the machine of age / - 1 appears overproduced and
fetches a zero price by virtue of the balancing theorem. Deleting the
unutilised processes together with the intermediate goods used and pro-
duced by them from matrices A and B leads thus to a truncated system
AB, where A, B are square matrices. Deleting the corresponding elements
in y, x, I leads to vectors q > o, p a o, T where

p = ( B - ( l + r)A)-'T

because q > o. A, B have the same structure as a fixed capital system,
and they are indecomposable because of the indispensability of the pri-
mary processes.

We now show that A, B form a productive fixed capital system with a
maximum rate of _prqfit greater than f. Let C(r), D(r) denote the inte-
grated system of A, B, and C(r) = (D(r))~'C(r). Denote the row vector
consisting of the first / components of p by 6 r Because (1 + r)C(F)p,
s pL; pt > o, the dominant root dom ((1 + r)C(r)) of the indecomposable
semi-positive matrix (1 + r )C(r) is smaller than one. Suppose dom
((1 + r)C(F)) = 1 for r — r. We know from part (c) of the proof of the
lemma and from (d) of the proof of the subsequent theorem that we should
then have a row vector q > o such that

(1 + r")qA = q B

But since

(1 + r)Ap « Bp_
(1 + r)qAp < qBp = (1 + r)qAp

it follows that f > f. This establishes^ at the same time that the 'maxi-
mum' rate of profit of the system A, BJs greater than f and that it is a
productive system since dom_(l_+_r)C(r) is continuous hence smaller
than one, 0 £ r < 7. Thus,_A, B, 1 are a feasible truncation. We have
(d , df) (p p) = ql < qT = dp so that the real wage per unit
of labour has risen. This proves the first part of (2).
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238 Fixed Capital and Technical Progress

Conversely (using the same notation): if a truncation is possible which
increases the real wage, we have y a o, where y is not positive, and

y(B - (1 + f)A) 3= d

Suppose p = (B - (1 + F)A)-'l > o. We get

y(B - (1 + r)A)p s dp

The left-hand side equals yl, the right-hand side ql, hence yl a ql and y
is not optimal which is a contradiction.

(b) Only techniques with non-negative prices appear on the envelope of the
wage-curves for all truncations and given d because of (2). This is clear
for 0 s r < R, but it must also be true for r = R, for if the technique
appearing at R had a negative price, this would also be the case in con-
tradiction to (2) at r = R - e for some e > 0 sufficiently small that the
technique on the envelope was unchanged. This proves (4) by virtue of
the preceding theorem.
(1) is then easily derived from (2) and (4); it could also be proved in a
similar way as (2) was proved under (a) using the extremality properties
of the von Neumann system instead of linear programming.

(c) We shall now vary the composition of the real wage to prove (3). Sup-
pose the wage-curve for a feasible technique I was higher than that of an
admissible technique II at r = r, and I was a truncation of II. Since
technique II must then have some negative prices for intermediate goods
at r, it has to remain inferior whatever finished goods enter the real wage.
Prices do not depend on the composition of the wage. Hence prices of
finished goods in terms of the wage rate are lower for technique I, i.e. p{
< p". Conversely: if I is a feasible technique and is a truncation of a
feasible technique II, the real wage of II must be at least as high as that
of /, whatever its composition, hence p{ £ p".

(d) Now suppose there are two feasible techniques at 7 such that neither is
superior to the other, i.e. such that neither p[ S p" nor p{' S p{. We have
to show that if no technique, III, with either p{" S p{ or p"' S p" or both
exists, a contradiction follows.

Since p[ > o, pj' > o, / > 2 ( / = 1 is trivial), one can choose a
d = (dt , dr 0, . .., 0) such that (d d) pj = (d d) p,". Let
p, be the price vector of finished goods of the original system, ana 8 = dpr

The vector (1/8) d can then be taken as the real wage which appears in
the linear programme in (a). Under the assumptions stated, both tech-
niques I and II yield solutions to this programme. Vectors of activity
levels y1 and y", and of prices, x1 and x", correspond to these solutions.

The vectors ^ x1 + -^ x", i y1 + -y y", are then solutions, too. They define

a feasible technique, III, of which I and II are. both truncations since an
activity level in III is positive if it is positive in either I or II. Ill is
feasible at r. But then p" ' S p J S p" by virtue of (3) in contradiction to
the assumption. (6) follows from Theorems 5.2 and 5.4, (2), for p2(r) can
not be positive at any r > r, where w(r) > w(rt).
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Fixed Capital as a Joint Product 239

Notes

1. A remarkable exception is Mirrlees (1969) who obtains some of the re-
sults contained in this chapter by starting from different assumptions in-
cluding the rather mysterious assumption of 'R-efficiency' which is necessary
(see his Theorem 4) to ensure that the economy is capable of balanced
growth and, consequently, of yielding positive prices at a positive rate of
interest. The short and elegant paper of Stiglitz (1970) also ought to be
mentioned. He proves a non-substitution theorem for a fixed capital model
where, as in our chapter, machines may exhibit any depreciation pattern
and where machines cannot be shifted from the production of one fin-
ished good to that of another. Our chapter differs from those of Mirrlees
and Stiglitz firstly in that a number of properties of a fixed capital model
(such as the definition and characteristics of a basic fixed capital system,
the functional dependence of prices of new and old machines on the rate
of profit, truncation, and switching of techniques) are either discussed for
the first time or in greater detail than in previous papers. The second, and
perhaps most important difference is the following: it is shown here that
the only fundamental assumption which has to be adopted to make the
model work is that the system be productive, i.e. capable of static repro-
duction with a surplus. The existence of a maximum rate of profit, of
balanced growth up to the same maximum, then follows. 'R-efficiency'
can thus be derived. The important fact that positive prices at a rate of
profit greater than the maximum will not exist in a fixed capital system
with limited production alternatives (substitution possibilities) is not men-
tioned in Stiglitz' paper. In a technology such as that discussed below,
Stiglitz' Theorem 4 is true only if his rate of interest is smaller than the
maximum.

The existence of a maximum rate of profit which is a striking feature of
Sraffa's model looks natural to those brought up in the classical tradition,
but it once came as a surprise to neoclassical theorists since neoclassical
theory traditionally assumed limited substitution possibilities such that the
rate of profit tends to infinity as the wage drops to zero.

2. See Sraffa (1960), p. 65.
3. Cf. Morishima (1973).
4. The expressions 'cost of production' and 'expected returns' have been

put into inverted commas because they may be as misleading as 'supply'
and 'demand' in the context of the determination of the price of a basic
in a single product Sraffa system (see Sraffa, 1960, p. 9), if it is forgotten
that 'cost of production' and 'expected returns' are interdependent like
'demand and supply'.

5. For historical references about truncation theorems see Nuti (1973).
6. To each of these results about the rate of profit and the price system there

corresponds a dual result about the rate of growth and the quantity sys-
tem in a theory of steady growth under constant returns to scale.
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10 Reduction to Dated
Quantities of Labour,
Roundabout Processes and
Switches of Technique in
Fixed Capital Systems*

This chapter examines a formal simplification of fixed capital systems
of the Sraffa type' by means of an extension of the reduction to dated
quantities of labour. The reduction will be used to discuss particular
types of switches of techniques which arise only in the context of
fixed capital systems.

10.1 REDUCTION

In the case of single product industries the reduction to dated quanti-
ties of labour consists in resolving the price of a product into the se-
ries of the past inputs of direct and indirect labour which have gone
into it. Each labour input is multiplied by the wage rate w (measured
in the standard chosen) and a power of the rate of profit r indicating
the number of periods which have elapsed between the expenditure of
that amount of labour and its embodiment in the product. Take e.g.
prices p = p/vv in terms of the wage rate in an indecomposable single
product system with input matrix A and labour vector 1. The math-
ematical series for dated inputs can then be derived as follows:

= 1 + (1 + r)Al + (1 + r)2A2p(r)

= ! + ( ! + r)Al + . . . + (1 + r)"A"p(r)

'First published in Metroeconomica, 28 (1976). pp. 1-15.
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Roundaboutness in Fixed Capital Systems 241

hence

p(r) = 1 + (1 + r)AI + (1 + r)2A2l + . . .

for it is well known that this series converges for 0 ^ r < R, if A is
productive, i.e. if dom A = (1 + R)~l < 1, where R is the maximum
rate of profit. The term A"I denotes the vector of labour inputs ex-
pended n periods ago which enter indirectly a vector of unit outputs
today. Mr Sraffa has shown in Chapter VI of his book that the erratic
character of the movements of relative prices in response to changes
in the rate of profit is intuitively best understood by considering the
irregular pattern of the distribution of direct and indirect labour inputs
over the past. By so doing he has proved at the same time that prices
of basic products cannot be ultimately resolved in pure labour time by
means of a finite number of steps, contrary to the assumptions of the
original Austrian theory of capital.

Unfortunately, the same reduction does in general not converge in a
general joint production system, where the unit output matrix I of the
single product system has been replaced by a quadratic output matrix
B, for the series

p = (B - (1 + r)A)-'l = (I - (1 + /OB-'Ar'B-'l

= B ' l + (1 + r)B-'AB-'J + (1 + r)2(B-'A)2B-'l + . . .

which is the closest analogue to Mr Sraffa's reduction may not even
converge for r = 0. The series

P = (B - (1 + r)A)-'l = [(B - A)(I - r(B - A)-!A)]-'I

= (I - KB - A)-'A)-'(B - A)-'l

= (B - A)-'l + KB - A)-'A(B - A)"ll +

+ r*[(B - A)-'A]2(B - A)"1! + . . .

does always converge for sufficiently small r, but not necessarily in
the full range of r where prices are positive and well defined. More-
over, some of its terms will usually be negative, since (B - A)"1 is
generally not positive for joint production systems. It is true that the
single terms of the series possess an economic meaning2 but I suggest
that yet another series provides a better understanding of the specific
features of fixed capital systems.
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242 Fixed Capital and Technical Progress

10.2 FIXED CAPITAL AND THE 'CENTRE'

The input matrix A and the output matrix B of a fixed capital system
have a special structure expressing the fact that each process uses a
t — 1 years old machine to produce one finished good (which may be
a consumption good, a raw material, or a new - zero years old - ma-
chine) plus a t years old machine. Using a suitable notation we may
say that finished good i (i = 1,. . ., / ) with price pj is thus in year t
produced by means of finished goods (raw materials) a'.(t), j = 1 , . . . .
/, labour i(t) and a machine m. {t - 1) with price pm . (t - 1) lasting a
specified number of years T. (t = 1 , . . . , T). The price-equation for
year / is:

(1 + r) (m.(t - 1) pjf - 1) + a)(t)Pl + ...

... + ap)pf) + wl.(t) = b%t)p. + mtfpjt)

With this definition we exclude 'superimposed joint production' where
a process may produce more than one finished good (we have b'.(t) = 0,
j ¥= j). This is justified, if we want to separate the problem of fixed
capital from that of joint production in general. We are also assuming
that old machines are only used in the 'group' of processes producing
the same finished good, and this implies that we do not consider trans-
fers ofold machines between groups. It is therefore not meaningful to
calculate separate prices for various pieces of equipment which are
used in the group; the expression mft) is rather to be considered as a
symbol for the whole complex of durable equipment which has to be
used in the production of good i in year t. This assumption may seem
arbitrary. It is natural in some cases (there is no meaningful price of
production for an old assembly line independently of the factory where
it is located), but it is in fact arbitrary in others (e.g. in the case of old
typewriters). We adopt the assumption, nevertheless, since it allows an
economically relevant generalization of single product systems with-
out leading into some of the complexities of joint production proper.3

It is a useful convention to assume that m.(0) = 0, since the new
machine is a complex of finished goods contained in (a°(l),. • ., af.
(I)). Of course m.(T^) = 0, and, as a normalization without loss of
generality, m.(l) = . . . = m.(T. - 1) = 1. Total output of each com-
modity is also normalised to one, i.e.

£b'.(t) = \ ; i = 1 , . . . , /
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Roundaboutness in Fixed Capital Systems 243

and, since the system is assumed to produce a surplus:

I Iaj(() £ 1;; = 1.....,/

with the inequality holding for at least one j . The a'fj) will in general
be different for different t, given i, j , which means (if al(\) does not
itself denote a 'machine') that the efficiency of the 'machine' in group
i varies. Of course aJ.{t) = 0, t = 2 , . . ., T., if aj(l) denotes a machine
which is turned into m.(l).

For an entrepreneur looking back at the end of year T. when his
machine has worn out physically, it must be true that the sum of his
expenses for means of production including labour must be equal to
the sum of his revenues, each multiplied with the power of (1 + r)
which indicates the number of years since the expense was made or
the revenue received, therefore

Xj ( f ibp) - (1 + r)a%t)}p. - wl.(t)\ (1 + rfr' = 0,

These equations are more formally also obtained, if we imagine the
processes constituting group i running competitively side by side, and
if we add up the processes after premultiplying each with the appro-
priate power of (1 + r). The resulting equations are called the 'inte-
grated processes'. Old machines have disappeared from them. One can
show that they determine the prices of finished goods uniquely and
that these prices are positive between r = 0 and a maximum rate of
profit R, provided only that the system is basic and capable of produc-
ing a surplus. These prices of finished goods can then be used to examine
the prices of old machines, given various efficiency patterns of the
machines. Prices of old machines may be negative, but if the system
is capable of producing a surplus, it will always be possible to trun-
cate the lifetimes of the machines. After the truncations which yield
the maximum real wage at each rate of profit have been made, prices
of finished goods in terms of the wage-rate will rise continuously and
monotonically with the rate of profit, and negative prices of old ma-
chines will have disappeared.4

We shall now assume that optimal truncations have been made. Using
the abbreviations
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244 Fixed Capital and Technical Progress

ajir) =

/,.(r) -

T,

t=\

Ti

i=\

Ti

y

(i

( 1

(i

(i

+

+

+

+

r)Tr'a\(t)

rfr't^t)

r)Tr'l.(t)

r)Tr'b'(t)

the equation of the ith integrated process becomes

(1 + r)a.(r)p + wl.(r) = p, a = (a1,. . ., «{)

or in matrix form

(1 + r)A(r)p + wl(r) = p

where

A = (a;(r)), I(r) = (/,(r), . . ., ///•))', p = (p,, . . ., p/

(the dash (') denotes the transposed of a vector or matrix).
We have thus constructed sort of a single product system with vari-

able coefficients. We call it the 'centre' and its coefficients the centre
coefficients. A(r) is an indecomposable matrix for each r and (1 + r)
\(r) has a dominant root smaller than one for each r, 0 ^ r < R. We
can therefore form the mathematical series for prices p = p/vv in terms
of the wage-rate:

p(r) = ( I - ( l + r)A(r))-'i(r)

= i(r) + (1 + r)A(r)l(r) + (1 + r?[k {r)fl(r) + ...

which converges for 0 < r < R.s
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Roundaboutness in Fixed Capital Systems 245

10.3 INTERPRETATION OF CENTRE COEFFICIENTS

The series derived at the end of the last section looks like a reduction
to dated quantities of labour for finished goods, but what do the vari-
able centre coefficients mean economically?

First of all, the reduction is identical with the familiar reduction to
dated quantities of labour if the lifetimes of machines are all equal to
one and the machines are thus indistinguishable from circulating capital.

Secondly, at r = 0 the reduction shows that values of finished goods
are equal to a sum of 'dated' quantities of labour, whatever the life-
time of machines and their efficiency-pattern. For

p(0) = (I - A(0))-' = 1(0) + A(0)l(0) + . . .

where /(O) denotes the amount of labour expended on the production
of one unit of good i in group i, and dj.(0) the total amount of finished
goody used up in group i (remember b\(\) + . . . + b'. (7.) = 1). The
coefficients of the series represent 'dated* inputs of labour, but only in
a special sense: in order to allow the interpretation of the ith elements
of the column vector (A (0))' 1(0) as the amount of indirect labour
'now' embodied in good i and expended 't periods ago', one has to
imagine a certain redistribution of labour between periods which can
be effected at r = 0. (It is not worth while to work out the details of
this mental exercise here.)

For r > 0, the reduction remains simple in the extreme case of
physically constant efficiency. Each process in a group belonging to a
machine of constant efficiency produces \IT. units of the total output
of good i (which is itself normalised to one). The coefficients of in-
puts of circulating capital and of labour are all equal, hence

{r"J rfr> b'.(

jri,(x) = /,.(!) = . . . = Ifj)
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246 Fixed Capital and Technical Progress

Equally

X (1 + rfr1 a\(t)

E (1 + r)T'- b\if)

jrafa = alp.) = ... = ofa),
i

if j is not the machine engaged in the production of good i. If m de-
notes the index of the new machine entering the first process of group
i, and if, for the sake of simplicity, a™(\) = 1, we obtain

(1 + r)r'~'

Z (1 + r)Tr> b\(t)

(1 + rf'-l

which leads to the textbook depreciation formula after premultiplication
by (1 + r). If the rate of profit is zero, a™(0) = 1, i.e. the labour value
of the machine is embodied in the product in a straightforward man-
ner. As the rate of profit rises, a"(r) rises monotonically and tends to
T. for r —> <*>. The initial rise of a"(r) is the steeper the longer the
lifetime of the machine. The centre coefficients which do not corre-
spond to machines remain constant; only the depreciation quotas rise.
If the maximum rate of profit of the system as a whole is sufficiently
great, the depreciation quotas approach T. at high rates of profit, i.e.
the mere rise in the rate of profit increases them to such an extent that
'costs' rise as if a new machine had to be bought for every process in
the group and not only for the first.

In the general case, when the efficiency of the machine varies, all
centre coefficients may vary with the rate of profit. These variations are
independent of the standard of prices chosen and they can cause move-
ments of relative prices which are more complicated than those engen-
dered by the distribution of the dated labour coefficients in the single
product case. It is tempting, though not quite correct, to say that the
variations of the centre coefficients express the efficiency of the machines
while the structure of the A-matrix expresses interindustry relations.
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Roundaboutness in Fixed Capital Systems 247

Such an interpretation of the reduction could be supported by re-
peating that relative prices of finished goods as determined by the full
fixed capital system are at the given rate of profit r equal to those
determined by the centre considered as an imaginary single product
system which may be written as

(1 + r)Gp + w\ = p

where

g{ = &i(r), v, = /,(r)

The centre coefficients a] for a raw material (or labour ?,.) are at r = 0
equal to the total input of the raw material (or labour) used up during
the life time of a machine for the production of a unit of output of the
finished good. That is to say, the centre coefficients d/(0), ?,(0) (ma-
chines, raw materials and labour) at r = 0 are simply the total of each
inputj and labour used for a unit output in the t'th integrated process.
The centre coefficients d/(r), ?,(r) deviate from d/(0), /,(0) only to the
extent that the distribution of inputs is uneven over the integrated process,
for if the machine is of constant efficiency and lasts T, years, the cen-
tre coefficients of a raw material and of labour are (independently of
the rate of profit) equal to times over the inputs to the integrated pro-
cess during any one year. (They are the same per unit of output.) Only
those centre coefficients differ at r > 0 a great deal from centre coeffi-
cients at r = 0 which represent machines or spare parts, because the
input of the machine itself and of the spare parts are naturally the
most unevenly distributed: the input of a machine (and often also of a
spare part) occurs only once during the integrated process.

The interpretation of the centre as an imaginary single product sys-
tem is of importance not only because it helps to visualise the gener-
alised reduction to dated quantities of labour. It is also interesting in
itself, because it proves that (provided wear and tear are calculated
correctly, i.e. provided, the centre coefficients are known) we can in-
tuitively deal with a fixed capital system as with a single product sys-
tem, if the rate of profit is given and fixed. Moreover, we find that the
rate of profit is not only equal to net income minus wages over total
capital, it is also equal to net income minus wages in the centre over
capital employed in the centre, i.e. net profits over total capital includ-
ing the entire stock of machines are equal to net profits over total raw
materials used up during the integrated process (corrected with a factor
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248 Fixed Capital and Technical Progress

dependent on r and expressing the unevenness of the inputs during the
integrated process) plus annual wear and tear of the machine as ex-
pressed by the proper amortisation coefficient. In formulas we get from
the price equations (written as a system of joint products6 which con-
tains the. old machines in explicit form - p is the corresponding price
vector)

(1- + r)Ap + I = Bp

and for the centre

(1 + r)A(r)p + t(r) = p

for any not vanishing pair of activity levels q (activity levels for the
joint production system) and q (activity levels for the centre) two for-
mulas for the rate of profit: either

= qAp

or

- A)p - ql
r =

This means that Marx was not far off the mark when he treated con-
stant capital as a flow. The two formulas show that net profits per
period over the total stock of capital are equal to net profits per period
over the circulating capital used up per period in the centre as an im-
aginary single product system. (Activity levels in the centre system
can be related to those in the original system in a meaningful way, but
we shall not discuss this matter.)

10.4 FURTHER APPLICATIONS

We now consider the effect of the uneven distribution of inputs during
the integrated process.

As an example, take the case where finished good / is produced by
a machine (finished good No. 1) which lasts for two years so that
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Roundaboutness in Fixed Capital Systems 249

aHr) = ( 1 + r) a'{1) + fl/(2) • = 2

and

r ^ _ (1 + r) IAD + 1,(2)
(1 + r) b'i(l) + b\{2)

These functions will fall as r rises, if

a/(2)

and

which is the case if the machine is of 'falling physical efficiency'.7

The machine produces less and yet requires more inputs as it grows
older.

If dj(r), j = 2, . . ., / , and f,-(r) fall sufficiently fast, the price may
fall in those ranges of the rate of profit where the prices of the inputs
rise only moderately or fall with r, but, as has been stressed above, a
falling price in terms of the wage rate indicates that a truncation of
the system would be advantageous in the corresponding range of the
rate of profit.

As a further application of the reduction to dated quantities of la-
bour, let us note a case of switching and reswitching which is con-
nected with the variable efficiency of machines. Suppose for instance
that a process producing good i by means of circulating capital a, and
labour /, could be replaced by a group of two processes a,(l), /f(l) and
a,(2), /,(2) using a machine which already exists in the system and is
of falling efficiency. Suppose for simplicity that a/(l), a\(2) are posi-
tive if and only if a] are positive, j = 2 , . .., / , and that a) = 0. The
curves for a](r), f,(r) could then be of the type in Figure 10.1.

In the graph in Figure 10.1, the function aj(r) expressing the new
process cuts the constant aj which corresponds to the inputs used in
the old process at r = r0. If this happened by coincidence for all in-
puts aj, j = 2, . . ., /, and /, simultaneously, one should expect the
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250 Fixed Capital and Technical Progress

Figure 10.1

system as a whole to have a switch in the neighbourhood of r0 if a)(r)
does not exert to great an influence at low rates of profit. Since a\(r)
rises monotonically it is conceivable that a reswitch occurs before the
maximum rate of profit is reached. It goes without saying that the
pattern of switches increases in complexity if the efficiency of the machine
is rising in respect to some inputs and falling in respect to others.
However, it is the point of the construction of the centre and the re-
duction that they make the considerable complications arising from
the efficiency pattern of machines more transparent.

One might object to this approach that depreciation formulas in real
life do hardly ever take account of complicated efficiency patterns and
that we are therefore seeking to reach a degree of precision which has
no relevance, except in so far as we satisfy ourselves that we are con-
sistent.8 However, I believe that real life does involve more compli-
cated efficiency patterns, but under a disguised form. Note first that if
physical efficiency falls moderately with r, the functions aj(r), /,(r)
will tend to fall slowly and may just about offset the rising tendency
of &\{r).

As a consequence, 'linear' depreciation as practised by most firms
may be quite rational. The theorist must consider more complicated
efficiency patterns not only because they are logically possible, but
also because they arise frequently in the context of plants or machines
which are not in operation but under construction or because they are
old and have to undergo substantial repairs to be kept operating. Such
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Roundaboutness in Fixed Capital Systems 251

qualitative changes in the use of the machine induce the practical en-
trepreneur to treat the machine as a different good in the three most
typical stages which all machines undergo: construction, normal op-
eration, operation with frequent repairs. The entrepreneur will be in-
clined to apply linear depreciation rules only to the middle stage where
they are in fact quite suitable.

We are used to apply the term 'depreciation' only to the middle
stage which is probably the longest in most cases and the only one of
practical relevance in many. But if we think of 'machines' which re-
ally last long, such as a ship, there is a meaningful price of production
to the ship under construction (it rises as construction goes on so that
'depreciation' is negative), and there are prices of old ships at each
age. Eventually the ship may still be used towards the end of its life
when frequent repairs are necessary, although it is then perhaps classed
in a different category. Prices are different and follow different rules in
each stage so that the commodity appears to undergo a qualitative change
as it leaves one stage and enters the next. Our analysis reflects these
qualitative changes in the form of different patterns of price movements.

Note also the following: if the 'net output' y.(r) of a machine used
in group i in year t (proceeds from selling the finished good minus the
costs including profits of circulating capital and wages in the same
year t) is negative at first, then rises to a positive maximum and eventually
falls off again, and if all prices pmi(t) in each year t of the machine
are positive, they will also rise at first and fall later, but the maximum
of the price of the machine will be reached before its net output reaches
a maximum. If the latter maximum is 'flat', prices will be highest at a
time such that pmj(t - 1) is approximately equal to pmA(t). Since we
must have for 1 < / < T,

Y,{t) = bWPi - (1 + r) £ a>{t)Pj - wlt{t) =

= (1 + r)pm£t - 1) - Pm,(t)

therefore

pm,(t) - Pm,,(t - i) = rPmM) - r,.(')

a maximum with pmi(t) = pmj(t — 1) will be characterised by

_ Y,(t)
r ~ pm
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252 Fixed Capital and Technical Progress

The relationship shows that the machine's prices are stationary (here
at their maximum) when the ratio of net output to price is equal to the
rate of profit. If the rate of profit is zero, the machine has its maxi-
mum value at the point where the income generated by the machine
turns positive. What we here have called 'net output' is equal to 'de-
preciation', i.e. to pmi(t — 1) — pmi(t), if r = 0. If the rate of profit
rises, net output is equal to depreciation plus the financial charge
rPm.i(t ~ 1); and the maximum of net output will ceteris paribus shift
to older ages. Thus, a male slave in the American South was most
expensive towards the age of thirty years and not of twenty (see Fogel
and Engerman, 1974, p. 72). The example may be shocking, but none
is better for a gradual change of efficiency.

10.5 ROUNDABOUT PROCESSES

The considerations above suggest that it would be at least as difficult
to construct an aggregate of 'capital' in fixed capital systems as in
single product systems. Even more than in the single product case one
seems to be bereft of any general results about capital theory which
would allow to determine the character of the 'substitutions' which
are supposed to take place in response to changes in the rate of profit.

The complexity of the structure of production increases as the analysis
approaches the case of general joint production. Within the framework
of fixed capital (which is a case in between) we now consider round-
about processes, i.e. processes where raw materials and machines that
are already being produced in the existing system are being used to
construct a new machine which, in conjunction with raw materials,
replaces an existing process.

Such roundabout processes are already contained in our analysis. To
see this, suppose process 1 which is a circulating capital process a,, /,
(in vector notation) is to be replaced by a roundabout process; i.e. a
new process 0 is introduced which employs raw materials a0 = (aj,,.. .,
af

0) and labour /„ to produce one unit of a machine, finished good 0
with price p0 that is in turn used in an integrated process with lifetime
7", to produce good 1. The new system is assumed to be productive
and to satisfy all other assumptions of fixed capital systems.

The point is now that the new processes can be taken together to
form one roundabout process which looks like an integrated process
where nothing is produced in the first year. For the Tt + 1 processes
(in vector notation)
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Roundaboutness in Fixed Capital Systems 253

r)aop + wl0

r){p0 + a,(l)

r)(a,(2)p + r

= bop

P) +

n,(l) P

= Po

w/,0) = b,(
• (1)) + Wl

;i)p + m ^ i ) p

,(2) = b,(2)p Hh m,(2) Pm.,(2)

(i + r)(a,(r,)P + m.cr, - i)Pra, ,(r, - i)) + vw/r,) = b,(r,)P

can be combined into one integrated process where t runs from 0 to
7",, and where the centre coefficients are

X (1 + r)T'~' a]{t)
1 = 0

a/(r) = , 7 = 1 , . . . , /

i (1 + r)r'" b\(t)
7 = 0

a,(0) = a0, etc.

Thus, a roundabout process is equivalent to the group of processes of
a machine under construction like a ship which takes a year to be
built and then runs for several years. (The analysis is at once extended
to the case of a construction period of more than one year.)

Nobody denies that technical progress entails the use of 'roundabout'
processes. The question is whether neoclassicals were right in assert-
ing that roundabout processes will be introduced in response to a fall-
ing rate of profit and a rise in wages, and that this introduction of
roundabout processes corresponds to a rise of the capital labour ratio.

On purely logical grounds, there is nothing to substantiate this claim
if roundabout processes are defined in the abstract fashion suggested
above. We have already indicated that the introduction of machines
can produce a number of switches. Only if specific assumptions about
the technological character of 'increasing roundaboutness' are made,
does it become possible to construct a hierarchy of techniques accord-
ing to 'technological development' that corresponds at the same time
to the hierarchy of capital-labour ratios. This is discussed in Chapters
11 and 12 in this volume where it is shown that a more mechanised
(more 'roundabout') technique entails a higher capital-labour ratio, if
(broadly speaking) the amount of raw materials used up in each year
is not diminished by the introduction of the machine, and if the ef-
ficiency of the machine does not fall fast.

These are special assumptions, and in order to guard oneself from
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254 Fixed Capital and Technical Progress

drawing too generous conclusions it may be useful to consider an ex-
ample where the total sum of labour employed is greater and the total
sum of each input of finished goods used is smaller for a roundabout
process than for the one it replaces, and where the former is all the
same not more labour intensive than the latter. The example shows
also that it would be wrong to think the assumption of a diminishing
use of raw materials sufficient to ensure that the maximum rate of
profit rises.

Consider the familiar corn-corn economy (pc is the price of corn in
terms of the wage rate):

(1 + r)apc + I = pc

Suppose, a machine with price p0 is invented, produced by means of
corn and labour and used for two years to produce corn. The price of
the one year old machine is pK (both prices in terms of the wage rate):

(1 + r)aopc + l0 = p0

(1 + r)(aipl + p0) + /, = btpc + p,
(1 + r){a2pc + p,) + l2 = b2pc

Of course,

ao + a\ + ai < bx + b2 = 1

If a = —, I = 1 in the original corn-corn economy, the maximum

rate of profit R, equals one. Suppose, a little labour is diverted to pro-
duce the machine, and suppose that the machine entails reduced use of
corn (a0 + a, + a2 < a) while /0 + /, + l2 > I. If the particular

values / = 1, a = ~, bt = b^ = — and
Z* L*

= _3]_ , = J_
0 504 ° 140

_ I , _ ,
" ' " 4 '

2
315 ' 2 = 1
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Roundaboutness in Fixed Capital Systems 255

are chosen, there is a new maximum rate of profit Rn such that p} is
positive for 0 2 r < Ru. There are no less than three switch points at

r = —, r = - , and r = - where the price of corn in terms of labour

commanded is the same in both systems. Contrary to what one might
expect at first sight, the roundabout process is more profitable at r = 0
and R,, < R, although the total sum of raw materials used is dimin-
ished. The capital-labour ratio (calculated e.g. under the Golden Rule
condition where the rate of profit is equal to the rate of growth) fluctuates
accordingly (see Figure 10.2)

flu R,

Figure 10.2 Intersection between wage curves for two techniques;
numerical values are given in the text.

The possibility of three switchpoints in such a simple example looks
disturbing. It confirms not only the now well-known critique of the
neoclassical production function but indicates that any meaningful notion
of a 'degree of mechanisation' such as might be of use in a theory of
planning will be difficult to define. Since the three processes of the
new technique involving the machine represent one roundabout pro-
cess, the example also shows that the uneven distribution of inputs
and outputs during its duration is responsible for the multiplicity of
switchpoints; if the alternative technique consisted only of one process
of the corn-corn variety, the corresponding wage-curve would be lin-
ear, and at most one switchpoint could ensue. This conclusion could
be reenforced by an analysis of the centre coefficients corresponding
to the roundabout process.
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256 Fixed Capital and Technical Progress

To summarise: we have shown that fixed capital systems allow a
generalisation of the reduction to dated quantities of labour which is
based on the centre as an imaginary single product system incorporat-
ing the effects of the age-dependent variations in the efficiency of
machines. The centre thus expresses the idea that fixed capital can be
treated as a flow after depreciation coefficients have been calculated.
Variable efficiency patterns of machines generate centre coefficients
which may be complicated functions of the rate of profit. They there-
fore give rise to switchpoints which would not occur if machines were
of constant efficiency or if they lasted only one year like circulating
capital. Finally it has been shown that the old concept of roundabout
processes can be formalised in fixed capital systems; an example was
used to prove that diminished use of raw materials accompanied by an
increased use of labour does not necessarily imply that the introduc-
tion of the roundabout process implies a reduction of capital intensity.

Notes

1. Sraffa (1960).
2. (B - A)"'l is the total of direct and indirect labour expended on one unit

of each good. The subsequent expressions can be explained in terms of
integrated industries, as L. Pasinetti (1973) has shown.

3. See Schefold (1971).
4. These propositions are proved in Schefold (1974a) and some of them were

proved earlier in Schefold (1971).
5. It has been shown (Schefold, 1971) that dom A(r) < 1, 0 s r < R.

6. / a , ( l ) , m,(0) \
A = , p ' = (/>,..., Pr P«.\( 1 )•••• .

\a,<7}), m,(r, - 1)/ . . . . PmJ(T, - 1)), etc.

7. See Schefold (1974a).
8. It is true, moreover, that depreciation in real life is affected by obsoles-

cence (which we could take into account by introducing quasirents (see
Sraffa, 1960, section 91), and by uncertain expectations which cannot be
taken into account in the present framework.
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11 Different Forms of
Technical Progress*

11.1 INTRODUCTION

The classics, Smith and Ricardo, used their theory of value to base
their theories of accumulation, technical progress, and the long-term
trend of distribution on the analysis of the technological development
in specified industries such as textiles, corn production, watch-making,
etc. Marx undertook vast studies of the history of technology and re-
lated it to the evolution of the productive relations. The chapters on
cooperation, the division of labour, and on modern industry in Das
Kapital are the best known distillates of that research, and they link
up with his theory of accumulation. The modern neoclassical, on the
other hand, tend to separate their microeconomic theory of value - be
it at the level of firms or of industries - from the macroeconomic
theory of accumulation. The static character of much general equilib-
rium theory has prevented its use for an analysis of technical progress
- hence the need for aggregate production functions in neoclassical
economics for the analysis of accumulation. This dichotomy of the
theory of value and of the theory of accumulation is unfortunate, all
the more so since the foundations of neoclassical macroeconomics have
been undermined in the reswitching debate.

No such dichotomy existed in classical economics. The purpose of
the present article is to revive this particular aspect of the Marxian
theory. We take up the classical tradition of using the theory of value
for an analysis of the effects of 'microeconomic' changes of technique,
specified in determined changes of physical quantities, on macroeconomic
aggregates. We select only a few forms of technical progress and we
analyse them by means of Sraffa's theory of prices (Sraffa, 1960) in
order to overcome the limitations of the classical labour theory of value.
The classical theory of accumulation and of the impact of machinery
will then be reproduced in a modern framework.

* First published in The Economic Journal, 86 (1976), pp. 806-19.
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258 Fixed Capital and Technical Progress

11.2 SAVING OF LABOUR

The historically first and conceptually simplest form of technical progress
is the division of labour. A capitalist assembles artisans with their tools
in a workshop and is thereby able to raise the productivity of their
labour without providing a machine because he imposes the working
discipline characteristic for manufacturing and improves performance
through enforced specialisation. Since the amount of raw materials
remains basically the same, this form of technical progress implies
that in a single product system

(1 + r)Ap + wl = p

(where each industry produces one commodity, and where A is the
input-output matrix and p the price vector) some coefficients /, (i =
1,. .., n) in the labour vector 1 fall whereas the coefficients a\ (i, j =
1 , . . . , n) of the input-output matrix remain the same. The monotonically
falling wage curve w(r) which indicates at each rate of profit r the
real wage (expressed in terms of some commodity standard d, where
d is a row vector of finished goods with dp(r) = 1) is shifted upwards
for all rates of profit smaller than the maximum R. This type of progress
can therefore be introduced at every point of the wage curve (except
R): If the wage rate is fixed, the rate of profit rises, whereas if income
distribution, i.e. the ratio P/W of profits P to wages W, tends to remain
constant, the rate of profit will tend to stay the same while wages rise.

To prove the latter point, note that

P_ = P_ K_ =

W K ' W r ' W

where oo = K/W is the ratio of total capital to wages or the 'organic
composition of capital' in price terms.1 It is a pure number and inde-
pendent of the standard of prices. As such it is a superior concept to
the conventional capital-labour ratio which is dimensionally hybrid.
Moreover, it does not exhibit 'Wicksell price effects', for the organic
composition of capital rises monotonically with the rate of profit for a
given technique since it is equal to total capital measured in terms of
labour commanded divided by total labour employed and since prices
in terms of labour commanded rise monotonically with the rate of profit.
In formulae:
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Different Forms of Technical Progress 259

p/w

Figure 11.1

K
co = — =

qAp qAp
wql qi

= qAp, if ql = 1

where q is a row vector of fixed activity levels.
Figure 11.1 shows that if the curve for Q) shifts upwards because of

a technical change, the P/W curve also shifts upwards. As in Marx,
the rate of profit then falls from r, and r2 in consequence of the tech-
nical change, if P/W is given and equal to n.

Suppose now that the increasing division of labour in the above
restricted sense proceeds in all industries at the same pace so that the
labour vector falls by some factor a < 1. As a consequence, all prices
p = p/w (prices in terms of the wage rate) at a given rate of profit will
also fall by this factor a;

p = (I - (1 + r)A)-'l

becomes

{I - (1 + r)A}"'al = a p , (a < 1)

Consequently, the organic composition of capital stays constant, and
the distribution of income remains invariant with increasing technical
progress if the rate of profit remains constant while the wage rate in-
creases in whatever standard it may be measured. Conversely, if P/W
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260 Fixed Capital and Technical Progress

remains constant, the rate of profit remains constant since the organic
composition does not change.

This rather surprising result is neat and clear if all components of
the labour vector fall in the same proportion, but if some sectors gain
more in productivity than others, it will still be true that a fall in a
component of the labour vector does not necessarily raise the organic
composition of capital since the fall in wages paid per unit of output
will be compensated to some extent by the fall in prices of raw ma-
terials at the given rate of profit. Thus, the overall effect always may
be 'neutral' for given r in quite a wide range of circumstances; the
organic composition of capital may, for example, stay constant despite
the fact that the physical 'ratio' of capital goods to labour has risen.2

So far we have only been comparing different steady states, the real
process of accumulation has not been discussed. If it were to be, many
other elements would have to be considered, in particular thriftiness
conditions. Suffice it to say that, since an overall saving of labour is
the archetypical form of Harrod-neutral technical progress, the economy
can sustain a golden age, once it has begun, if the capitalists continue
to invest and save at constant rates and if no outside disturbance takes
place, e.g. through abrupt changes in the labour supply. The rate of
profit (assumed to be uniform) will be constant and such that the in-
vestment process generates adequate savings, given the savings pro-
pensity of the capitalists, if there is uniform gradual reduction in labour
requirements per unit of output in the sense that the capital-labour
ratio measured in terms of labour commanded stays constant as well,
while wages increase with productivity in a state of near full employ-
ment. Other constellations than this golden age are conceivable but
they will not be discussed here.

11.3 MECHANISATION

We now introduce the formal apparatus of a Sraffa system involving
fixed capital.

Fixed capital is a special case of a joint production system where
the unit output matrix of the single product system (1 + r)Ap + w\
= Bp has been replaced by a quadratic output matrix, expressing the
fact that each process using a /-year-old machine produces an output
of a finished good jointly with a / + 1-year-old machine. We elimi-
nate old machines as in Sraffa (1960) and represent the reduced sys-
tem as follows.
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Different Forms of Technical Progress 261

A finished good i(i = 1 , . . . , / ) - i.e. any good which is not an old
machine: for example, new machines, consumption goods, or circulat-
ing capital goods - is produced by means of a machine lasting T, years.
In each year r, t = 1,. . ., 7",, production requires a vector a,(f) =
(flj(r),. . ., a{(f)) of finished goods together with labour /(.(r) as inputs,
to produce the output bj(t).

It is intuitively plausible (and I have proved it elsewhere3) that the
equations (called 'integrated processes')

£ | 2 > / ( 0 - 0 + ') al(0)Pj - wW\ (1 + r)T'-' = o (i = 1,...,/)
11 y i J/ = 1

determine the prices pt of finished goods i at the given rate of profit
since the total of the discounted sums obtained by selling the quantity
of good i produced in each year must be equal to the total of the
discounted costs of production incurred in each year.

It can be shown (provided only that the system is capable of pro-
ducing a surplus (Schefold, 1974a)) that the prices of finished goods
determined by this set of equations are positive at any rate of profit
between zero and the maximum R (at which maximum the prices of
finished goods in terms of the wage-rate would diverge to infinity).

However, it may be necessary to truncate the life-times of some of
the machines in order to obtain the maximum possible real wage at a
given rate of profit. If we draw the wage curves for all possible trunc-
ations yielding a system which is still productive, we find that the
envelope of these wage curves (given by the optimum truncation at
each rate of profit) will fall monotonically as is the case with the wage
curve of a single product system.4 This expresses the fact that prices
in terms of the wage rate of finished goods rise monotonically with
the rate of profit provided the optimal truncation has been made at
each rate of profit. The pattern of truncation is complicated - contrary
to Nuti's assertion (Nuti, 1973), reswitching is possible - (Schefold,
1974a), but prices of finished goods are equal for two truncations at
any switchpoint between the truncations.

The equation for the integrated process may be transformed to ob-
tain something akin to a single product system

j + w/>) = p,
7 = 1

where the expressions
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262 Fixed Capital and Technical Progress

£ (1 + r)r'-' aJ,(t) i (1 + r)r'-' 1,(1)

i=\ i=i

are called 'centre coefficients' (Schefold, 1971, 1974a).
This formal system enables us to consider a different form of tech-

nical progress: mechanisation. The capitalist buys a newly developed
machine and employs some workers to produce a commodity which
was previously produced by artisans. Mechanisation means accordingly
the introduction of a 'roundabout process'.

We shall now add the assumption that mechanisation as such does
not permit the saving of raw materials. (Saving of raw materials will
be considered separately.) We ignore the tools used by the artisan. It
is then an admissible abstraction to assume that production by means
of the machine requires in each year of its lifetime at least as much of
each raw material (e.g. cotton) per unit of output (e.g. cloth) as is
required by the artisans. We assume also for simplicity's sake that the
process to be replaced uses circulating capital only and is the first
(number 1) in the system, denoted by a,, ?,. Suppose now (without
loss of generality) a new process a0, /„ is introduced which produces
the machine by means of circulating capital only. This new machine
can be formally eliminated from the fixed capital system: the Tt new
processes producing the first good by means of the machine may be
taken together with the process a0, /„ producing the machine to obtain
an integrated process starting (but yielding no output of commodity
one) in year zero. The process gives rise to the centre coefficients

T, T,

£ (1 + r)7"1"' a\(t) X 0 + O1"1"' *i(0
&M =

£ (1 + r)r'"' b[(t) £ (1 + r)r'-' b\(t)

where

a/(0) = aJ
a, 1,(0) = l0, 7 = 1 , . . . , /

Our assumption about the impossibility of saving raw materials by
means of mechanisation can now be expressed as

a[(t) 5* a\b\(t) t = 1 , . . . , 7,, i = 1 , . . . , /
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Different Forms of Technical Progress 263

This implies a{(r) s* a{ for r > o. At any one rate of profit 7 where
the roundabout process is superior, it must yield a lower price of pro-
duction for good I. We must therefore have

We now denote the vector of prices of finished goods in terms of the
wage rate corresponding to the old technique by p'(r). We assume that
at each rate of profit the best truncation is chosen in the old system.
Each component of p'(r) will then be a continuous and monotonically
rising function of r between zero and a maximum rate of profit R,.
Equally, the real wage, measured in some basket of finished goods,
will be denoted by w,. w, is a monotonically falling function of r. It
may have corners which correspond to truncations. The old and the
new method will be equally profitable if and only if

(1 + /-) 2 a\(r)p\ +/(r) = (1 + r) £ «{#(/•)+ F,
7=1 7=1

i.e. if and only if

(1 + r) £ (fl{(r) - ai)p] = 7", - lt(r)
7=1

We shall now assume that a,(r) and /,(/•) are monotonically increasing
functions of the rate of profit. (This assumption does not exclude mod-
erately falling physical efficiency of the machine since the polynomi-
als in the numerators of a,(r) and / ,(r) are of greater degree than those
in the denominators and since all mechanical processes must satisfy
a{{t) s= a{b\(i) anyway.)

Under this second assumption about 'roundabout processes express-
ing mechanisation' the left-hand side of the above equation is a
monotonically rising function of r, the right-hand side is monotonically
falling. There exists therefore at most one intersection corresponding
to a switchpoint between the techniques.

Next we note that the maximum rate of profit of the new system,
R,,, is lower than /?,. For since a//?,) > a,, the centre coefficients
A,,(r) of the new system are not smaller and some are greater than
those of the old system A,(r) at r = R, so that

kn(R,) > k,(R,)

hence we have for the dominant roots
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264 Fixed Capital and Technical Progress

dom ((1 + /?,)£,,(/?,)) > dom ((1 + /?,)£,(/?,)) = 1

which implies by definition of the maximum rate of profit in a fixed
capital system

R,, < R,

It follows that the new technique will have at least one switch point
with the old since we assume that the more mechanised technique is
profitable at least at one rate of profit. Taking both results together,
we find that there is one and only one switch point: the curve of the
real wage in the new system, w,,(r), intersects w,(r) in one and only
one point, and from above (see Figure 11.2).

->• r

Figure 11.2

One minor correction remains to be made: we have taken account
of truncation in the old system only, not in the new one. We must sup-
pose that our assumptions about roundabout processes expressing mechan-
isation are fulfilled for each admissible truncation. Each of these wage
curves will then cut w, in exactly one point, and from above. Hence,
the same is true for their envelope wn . w, and w,, are both monotonically
falling.

Although it is not really legitimate to ignore the difficulties involved
in transtions between different steady states, we now imagine the suc-
cessive introduction of a series of 'roundabout processes' expressing
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Different Forms of Technical Progress 265

Figure 11.3

increasing mechanisation. At each step the maximum rate of profit falls
while the amount of labour required per unit of gross output dimin-
ishes. The techniques can then be ordered hierarchically according to
the maximum rate of profit; intermediate techniques may sometimes
not appear on the envelope, but no technique appears twice on it. Fig-
ure 11.3 shows the two possible constellations for the intermediate
technique (subscript II) if three techniques are given.

11.4 EFFECTS OF MECHANISATION

The diagram in Figure 11.3 looks familiar. Is this perhaps the neoclassi-
cal parable? I do not think so, because mechanisation is a special form
of technical progress. The form of accumulation associated with it is
far from the neoclassical equilibrium world where the emphasis is on
alternative given techniques. The considerable increase in the amount
of raw materials used in the more mechanised techniques implies an
increase in cost that can only be oflFset through an even more considerable
reduction of labour costs and hence a displacement of labour, if the
financial means of some enterprise are not increased and production is
not expanded to absorb the redundant labour force. The social impor-
tance of this technological unemployment is made to disappear in neo-
classical theory where one abstracts from autonomous investment and
considers the techniques as alternatives for a stable equilibrium which
adapts to savings and (through flexible wages) to the labour supply.
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266 Fixed Capital and Technical Progress

The process of increasing mechanisation was analysed by Ricardo
and Marx in different ways. In Ricardo's account the capitalists man-
age to keep the rate of profit constant so that the rate of exploitation
(P/W) rises. In Marx there is a complicated interplay between the rate
of exploitation and the rate of profits. The basic story is well known:
technical progress will tend to raise the organic composition of capital
and thus tend to bring the rate of profit down since class struggle will
tend to keep the rate of exploitation in check. Wages will therefore
rise in terms of commodities; the value of labour power, i.e. the la-
bour value of the basket of goods consumed by the workers, may none-
theless fall in the process.5

To bring out the economic relationships between the rate of profit
and the rate of exploitation explicitly, it is convenient to start with an
unrealistic assumption, i.e. to assume that the activity levels are equal
to the von Neumann expansion vector, i.e. that the economy is in 'bal-
anced proportions' irrespective of the fact that the rate of profit will
be lower than its maximum (and the rate of growth in all probability
will be much lower).6

Under this assumption we have

(1 + R) qA = qB

hence

R - r
RqA(B - A)"1 = q, q(I - rA(B - A)"') =

R

Using this formula, we can calculate the organic composition of capi-
tal K/W as defined above.

= 1 B _
qlW wql ql ql

= — qA(B - A)~'(I - rA(B -
ql

q
1

ql

1
R

1

R
R
— r

R - r
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Different Forms of Technical Progress 267

It thus follows immediately that the organic composition would have
to rise at a given rate of profit if the maximum rate of profit fell in
consequence of the introduction of mechanisation and if the activity
levels were in balanced proportions both in the old and the new system.

On the other hand, the rate of exploitation P/W is equal to

P_
W

P_
K

£ = j =

W r' W R - r

It is a monotonically rising function for o «£ r < R. Therefore, if the
workers were sufficiently organised to check the tendency of P/W to
rise, they would force down the rate of profit as the organic composi-
tion increased.7

If the activity levels are not in standard proportions, we have to
resort to a geometric argument. The organic composition co = KIW
equals k/w, where k is the capital-labour ratio and w the real wage-
rate, both measured in terms of the basket of wage-goods d. In the
familiar wage-curve-consumption-per-head diagram, (0 is the recipro-
cal of P,P2 since k = tga (see Figure 11.4)

(It is well-known that the curve of consumption per head c as a
function of the rate of growth g is geometrically identical with the
wage curve provided the net output produced in the growing economy
is used as the standard of measurement for prices. Since output per

Figure 11.4
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268 Fixed Capital and Technical Progress

head y = w + rk = c + gk, k (capital per head) can be read from the
diagram using k = (c - w)/(r - g). Here it is assumed for simplicity
that g = o. For the same reason, a smooth_curve has been drawn
which implies that there are no truncations. 0Pl is the actual rate of
profit, 0P} is the wage, P3P4 is total profits since 0P4 is consumption,
both per head. Note that the organic composition will rise with the rate
of profit for a given technique in most cases even if the wage curve is
concave. It always rises for single product systems, as was shown above,
and/or if the wage curve is convex. Note also that KIY — 0P2.)

The introduction of a more mechanised technique (dotted line) im-
plies the existence of one switch point Pk between F, and R such that
the maximum rate of profit falls. Hence it can be expectedjhat P4 will
shift upwards jnore than Ps for given />,; the distance PtP2 becomes
shorter while P3P4 rises more than OP3. In other words, at a given rate
of profit the organic composition rises while the rate of exploitation
goes up. One can prove (for g = O)8 that P/W is a monotonically
rising function of the rate of profit; a check on the former is bound to
reduce the latter; the 'visible link' is provided by the organic compo-
sition. Such a situation is what Joan Robinson called 'a technocrat's
nightmare'9 the capitalist's efforts to raise profits through the introduc-
tion of technical progress are frustrated by the nature of the form of
technical progress that is known or feasible.10

11.5 OTHER FORMS OF TECHNICAL PROGRESS

Of course, there are forms of technical progress other than the two so
far considered. The direct counterpart to the pure saving of labour is
saving of raw materials. It is remarkable in that it will almost always
tend to lower the organic composition of capital in an indecomposable
fixed capital system with positive prices at a given rate of profit. For
if an element denoting an input of a finished good in the input matrix
A is diminished while the output matrix and the labour vector remain
unchanged, the integrated system shows that all prices of finished goods
will fall. And since it is likely that the prices of old machines will
follow suit (it is certain if the machines are of constant efficiency) it
follows that the organic composition will be reduced by more than
what corresponds to the reduction in inputs. This result is in striking
contrast to that obtained for the division of labour where the saving of
labour tended to leave the organic composition of capital unchanged
at a given rate of profit. Both forms are similar, however, in that there
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Different Forms of Technical Progress 269

are no switch points between the old and the new technique in either
case (except at R when all saving is of labour).

Saving of raw materials is very important since such savings usually
result from a mere increase in the scale of a process. (This observa-
tion does not violate our assumption of constant returns for a given
technique.) As Kaldor (1972) has noted: doubling the diameter of a
pipeline means increasing the flow at least fourfold while the require-
ments for steel will only a little more than double. Such savings are
not always accompanied by direct savings of labour, but they lead
necessarily to an indirect saving of labour.

There are changes in production which can hardly be called 'tech-
nical progress' and which nevertheless affect profitability and the or-
ganic composition of capital, like the introduction of night shifts. Marx,
too, discusses specific forms of technological development in agricul-
ture which are influenced by the laws of rent. Saving of some raw
materials at the expense of using more of others is at least conceivable
(though probably not frequent) at a given rate of profit and the intro-
duction of new commodities creating and serving new needs is un-
doubtedly very important.

However, we shall confine ourselves to the discussion of only one
other type of technical progress: 'inventions' of radically new meth-
ods of production to produce the same commodity. This comprises the
replacement of one roundabout process by another, or of one type of
machinery by another.

There are two possibilities: either the invention represents a new
method of production to produce not only the same commodity, but
the physically same good. The good consists, after the invention, of
the same elementary raw materials as before. Or some of the raw materials
change. In the first case it is at least possible that the switch does not
represent a new form of technical progress, but merely a combination
of the forms already considered. If the raw materials that make up the
product are still the same, and it is, for example, only the machine
that has been replaced, and in such a way that the new machine con-
sists of essentially the same raw materials as the old with some new
components added to it, it means that we have a more mechanised
method to produce the machine, therefore 'mechanisation in the second
degree'; the process of making the machine has been mechanised. One
may think, for example, of the addition of small computers or robots
to an otherwise unchanged assembly line to facilitate or replace some
manual operations. Mathematically, such a process of iterated mecha-
nisation is basically still a roundabout process with the characteristics

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



270 Fixed Capital and Technical Progress

of simple mechanisation and it follows that we are really certain to
encounter a new form of technical progress which can in no way be
reduced to any combination of labour saving, mechanisation and sav-
ing of raw materials only in the second case, i.e. if some of the raw
materials change of which the final product is composed.

For simplicity, we shall assume that all 'inventions' are of this sec-
ond type: i.e. they involve the replacement of at least some raw mate-
rials of which the final product consists. By implication we assume
that all changes of technique which do not change the raw materials
are either labour saving, saving of raw materials, or mechanisation as
defined above. But if the new product after the invention is not com-
posed of the same raw materials as the old, it does not have exactly
the same use value. Whether the old and the new good are the 'same'
commodities must therefore depend on the reaction of the market; the
entrepreneur can only guess what the assessment of the consumer will
be. If the new good fails to be recognised as a substitute for the old it
may still command a market on its own, but that is even less certain."

Thus, more uncertainty is generally associated with 'inventions' as
we have now defined them than with the three specific forms of tech-
nical progress which we considered earlier. One may conclude that
inventions are apt to lead to large shifts of wage curves in the neigh-
bourhood of the rate of profit since risky inventions will not be intro-
duced unless they promise very considerable reductions of unit costs.
Switch points between zero and the actual rate of profit are therefore
unlikely for what are perhaps the main forms of technical progress:
saving of labour, saving of raw materials, mechanisation and, with some
qualifications, inventions. The implications of this observation for the
theory of accumulation are important and will be considered in the
next chapter.

11.6 MARX'S TEMPORARY RETREAT TO RICARDO

As a form of technical progress, inventions are at least as old as mech-
anisation, but they were not always as important. In the Industrial Revo-
lution, machines were introduced to transform the same materials as
before into the same products, but by means of less labour. Later, the
processes were expanded on a greater scale (saving of raw materials
per unit of output). It seems therefore that the potential diminishing
influence of inventions and savings of raw materials on the organic
composition of capital could not make itself felt before the industrial
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Different Forms of Technical Progress 271

system was developed, and new materials were introduced.
Once inventions have become an important feature of technological

development, the Marxian analysis of accumulation loses much of its
force: a priori, the organic composition of capital can go either way
and one can say hardly more than state the tautology: if the capitalists
are unable to keep the organic composition of capital low, the workers
must either see the rate of exploitation raised or the rate of profit is
depressed. There is then neither an obvious link between the substitu-
tion of 'capital' for labour at the micro-level with what happens to the
capital-output ratio at the macro-level, nor is there any reason why
technical progress should exhibit a secular tendency towards an in-
creasing organic composition of capital.

The experience of several decades has led to the formulation of the
famous 'stylised facts'. On the whole output per head and the capital-
labour ratio (if measured in a commodity standard) rise with the rate
of neutral technical progress while the 'pure' ratios rate of profit, rate
of exploitation, capital-output ratio, and organic composition of capi-
tal (K/W) stay constant. In terms of Figure 11.4 this means that the
wage curve (supposing, on this level of abstraction, that it is more or
less straight) shifts upwards on its left side by turning clockwise round
the maximum rate of profit which stays fixed. Such a tendency would
arise in our model, e.g. with saving of labour which may be neutral by
itself and if the depressing effect of rising mechanisation on the maxi-
mum rate of profit was compensated by savings of raw materials and
inventions of the appropriate kind.

Marx himself already worried about the possibility of capital-saving
technical progress. It would be unjust to say that he worried because
he wished the organic composition to rise and to cause a sharpening
of class conflict. After all, he had to explain a phenomenon of which
we now know that it was a fact occurring at this time; and we have
shown that the one aspect of his story which we have considered proves
consistent when formalised.

But for Marx the question was not just one of consistency. He felt
insecure whether the observed increase in the mass of material means
of production would really cause their value to rise in relation to the
value of labour power in spite of various counteracting tendencies.
After a long discussion of different forms of technical progress he suggests
in Theories of Surplus Value that the lengthening of the lifetimes of
machines will raise the organic composition, but this argument is in
general neither formally nor factually correct. Eventually he realises
that the cheapening of raw materials (achieved by whatever form of
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272 Fixed Capital and Technical Progress

technical progress in the raw material sector) may decisively counter-
act the tendency of the organic composition to rise which he sees en-
gendered by mechanisation, and he says:

To this it is quite easy to answer that some kinds of raw materials,
such as wool, silk, leather, are produced by animal organic pro-
cesses, while cotton, linen, etc., are produced by vegetable organic
processes and capitalist production has not yet succeeded, and never
will succeed in mastering these processes in the same way as it has
mastered purely mechanical or inorganic chemical processes. Raw
materials such as skins, etc., and other animal products become dearer
partly because the insipid law of rent increases the value of these
products as civilisation advances. As far as coal and metal (wood)
are concerned, they become much cheaper with the advance of pro-
duction; this will however become more difficult as mines are ex-
hausted, etc.12

The reader is baffled. Did Marx not scorn Ricardo and Malthus for
their false technological determinism? Marx, who had studied the new
science of agricultural chemistry in Liebig, supposed that capitalism
was technologically capable of developing the fertility of the soil to
the point socially necessary for the survival of the mode of produc-
tion. It is therefore surprising to watch Marx's retreat to a Ricardian
explanation of the tendency of the rate of profit to fall. Formerly, Marx
had thought that not technical progress (or the lack of it) or natural
conditions per se, but technical progress as developed by capitalism
would create an ever greater obstacle to the continued working of the
system. Capitalism was based on the exploitation of labour for the
purpose of creating ever more surplus value. Since the possibilities for
the production of absolute surplus value are limited, the production of
relative surplus value by means of more sophisticated equipment was
a necessity. The equipment wouid tend to cost more and more, the
organic composition of capital would rise, and the rate of profit would
fall. Thus, the antagonistic nature of the relations of production would
eventually lead the capitalists to develop the productive forces in a
way detrimental to their own interest. The fall in the rate of profit,
observed and discussed by all major classical economists, repeated crises,
and the dominant form of technical progress all seemed to confirm the
prediction.

This a prioristic theory of why technical progress would have to
reflect the basic contradiction of capitalism was unsatisfactory since

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Different Forms of Technical Progress 273

Marx knew that it does not tautologically follow from the theory of
surplus value that all production of relative surplus value increases the
ratio of constant to variable capital or of total capital to wages. When
he noted (in Theories of Surplus Value) that the rise in the organic
composition does not follow with logical necessity from the structure
of capitalism as a particular mode of production, he was compelled to
admit that the rise may occur during some periods of capitalist devel-
opment and not in others. In order to show that the rise would ulti-
mately prevail over the opposing tendencies, he resorted to the purely
'technological' Ricardian argument which looks so desperate from Marx'
point of view - and so topical from ours.

11.7 CONCLUSIONS

To summarise: it has been shown that saving of labour, saving of raw
materials, mechanisation, and inventions, can be fitted into the modern
framework of the theory of prices of production without significantly
altering the conclusions which were already clear on the basis of tradi-
tional analysis: saving of labour represents a form of technical progress
which is neutral on balance so that steady accumulation can go on
with distribution remaining unchanged whereas mechanisation is likely
to raise the organic composition of capital so that the process of ac-
cumulation will run into difficulties. A secular tendency of the organic
composition of capital can only be postulated under special historical
circumstances. As was documented above, Marx himself was dimly
aware of it. In consequence nothing can be said as to whether the four
forms of technical progress considered lead to any definite tendency
of the organic composition of capital or of the capital-output ratio.

Notes

1. See Chapter 3 in this volume. I apologise for my not-quite-accurate trans-
lations of Marx's terms into those of Sraffa, and for my light-hearted
treatment of economic history. My main purpose is to illustrate a new
formal approach to the treatment of technical progress by means of the
examples which first inspired me; it is not to propose a particular inter-
pretation of economic history.

2. This form of technical progress is also discussed in Schefold (1974b).
3. Schefold (1971, 1974a) and Chapters 9 and 10.
4. For a history of the underlying theorem see Nuti (1973).
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274 Fixed Capital and Technical Progress

5. This may look surprising to some since the real wage expressed in com-
modities is often confused with the value of labour power. In our model
the real wage in terms of commodities is simply w, where w = I/dp
(total labour equals 1). Suppose that workers consume a multiple X of the
basket of finished goods, d = (dt,..., df) which serves as our standard of
measurement. Clearly, \ = w, since the price of the wage-goods is equal
to the wage: (X,d) p = w. The value v of labour power becomes

The values, i.e. p(o), may fall faster than w(r), the real wage, rises; i.e.
p(o) may fall faster than p(r). Hence it becomes a logical possibility that
the value of labour power and the rate of profit fall simultaneously as the
wage curve shifts upwards with technical progress.

6. The existence of 'balanced proportions' is proved in Schefold (1971).
7. If we add another bad assumption and suppose that the wage bundle d is

equal to the standard net product q(B - A), we get Mr Sraffa's straight-
line relationship for the real wage (Schefold, 1971). Since w(0) = 1, and
since we assume that d = q(B - A), the 'standard real wage' is equal to
the value of labour power: v = 1 - (r/R) (see n. 6 above). By eliminating
r, we can combine this formula with the equation for P/W and obtain
P/W = (1/v) — 1, independently of r and R. Hence, if mechanisation
lowers R, and r falls only a little, because P/W rises, v falls, too. Those
who maintain that Marx was wrong on logical grounds in claiming a si-
multaneous fall of the value of labour power and the rate of profit are
thus mistaken. The contention is also factually incorrect. Marx's point in
Das Kapital is neither that the average real wage of the employed work-
ers falls in the process of accumulation at full capacity, nor that the value
of labour power falls. He only envisages a fall in living standards for
either a reserve army without public support or as a general condition
during crises when capacity is idle. This has nothing to do with Lassalle's
Iron Law of Wages, which is still attributed to Marx in some modern
textbooks. Lassalle's slogan was taken up by 'opportunist' German So-
cial Democrats towards the end of the nineteenth century although Marx
had fought it vehemently.

8. Schefold (1974a).
9. Robinson ([1956]/1969), p. 171.

10. According to the above analysis, the capital-output ratio is also bound to
rise in consequence of the introduction of machinery to replace labour.
To prove this let us calculate the capital-output ratio KIY. Since YIK =
(P/K) + (WIK) = r + (R — r), the capital-output ratio of an economy in
balanced proportions is equal to KIY = MR and rises therefore as R falls.
More generally, KIY = kly = OP2 in Figure 11.4. Hence, the capital-
output ratio goes up for a given rate of profit if and only if the organic
composition of capital does the same. Since it is fairly well agreed that
the capital-output ratio was more or less steadily rising in the first three-
quarters of the nineteenth century and fell only afterwards to its twentieth-
century level (Deane and Cole, 1969, p. 306), and since verbal descriptions
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Different Forms of Technical Progress 275

of mechanisation in Ricardo and Marx correspond to the picture of tech-
nical progress which we have formalised here, one is led to suspect that
'mechanisation' in the sense defined above was indeed the dominant form
of technical progress in the first half of the nineteenth century and that
the rise in the capital-output ratio and in part also the fall in the rate of
profit have to be explained by a rise in the ratio of the total physical
quantity of raw materials to output. But there exist other explanations for,
the historical rise in the capital-output ratio.

11. Examples of successful inventions of this type are the replacement of the
petroleum lamp by the electrical or the coach by the car. Attempts to
replace the metal in the body of a car by plastic have so far proved un-
successful; it was found that the use value of the car suffered too much.

12. Marx ([1862-3] 1972), p. 368, Marx's emphasis.

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



12 Capital, Growth and
Definitions of Technical
Progress*

12.1 A CONTRAST BETWEEN THE THEORIES OF CAPITAL
AND GROWTH

There is a silent conflict between theories of growth which tend -
with notable exceptions - to describe smooth evolutions in growth
processes based on neutral technical progress, and capital theory which
emphasises the potentially radically different features of alternative
techniques in static comparisons. Capital theory has shaken the neo-
classical theory of growth by discrediting the construction of the sur-
rogate production function but I shall attempt to show here briefly that
capital theory in its full abstract generality is incompatible with any
reasonable theory of growth and progress so that progress must be
represented on the basis of more concrete specifications if any notion
of steady growth and of regular increases of productivity is to be retained.

Consider capital theory first. The following analysis is standard to-
day for theorists of all schools.1 If the the price vector p in a circulat-
ing capital system is given by

(1 + r)Ap + wl = p

(A = indecomposable and productive input-output matrix, 1 = labour
vector, r = rate of profit, w = wage rate), and if d is the vector of
consumption goods, the monotonically falling wage curve w(r) will be
identical with the curve for consumption per head c(g) in function of
the rate of growth g (Von Weizsacker, 1963, 1971) and determines
output per head y, capital per head k — (c — w)/(r — g), and the
output-capital ratio ylk where y = w + rk = c + gk for each pair g,
r according to Figure 12.1a.

* First published in Kyklos, 32 (1979), pp. 236-50. This issue of Kyklos was dedicated
as a Festschrift to G Bombach. I should like to thank Joan Robinson for important
comments on the first draft of this paper. The responsibility for the present version is
entirely mine.
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OP = y/k

9 r P R r,g r

(a) wage curve (b) 'superior' wage curve

(c) 'many' switch points

g r R

(d) 'stylised facts'

-*• r

Figure 12.1

Compare two techniques which differ by the method of production
employed in one industry and which are denoted by /, //. If w'(r) >
w"(r), technique / is to be preferred, because, if w"(r) is the wage
actually being paid, technique / allows a higher rate of profit while
only / allows the payment of w'(r) if r is the rate of profit common to
both systems. All prices in terms of the wage rate will be lower for /
at r, and the price of the commodity by the method of production of
which the techniques differ is lower relatively to all other prices in /
than in //. It is tempting to imagine entrepreneurs in // who are first to
introduce the preferable method of production which characterises /
and who will, at rate of profit r, make surplus profits by underselling
backward entrepreneurs sticking to the old methods, while, if prices of
/ rule, entrepreneurs using the method of // will make losses relatively
to normal profits (cf. Chapter 2 in this volume).

However, such an interpretation can be maintained consistently only
if the normal profits and hence the rate of profit are well defined, and
this in turn implies that the economy as a whole is in a golden age
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278 Fixed Capital and Technical Progress

with constant rates of profit and growth. There is a rapid succession of
changes in methods of production (a 'golden age with turbulence', as
Robinson, 1960, put it); and no change is sufficiently large to upset
the fundamental macroeconomic characteristics of the golden age, in
particular the capital-output ratio. Distribution is determined by con-
ditions of accumulation and thriftiness according to the Cambridge theory
developed by Robinson (1956), Kaldor (1955-6), Pasinetti (1962).

This state of affairs has sometimes been referred to as the stylised
facts of growth theory in recognition of the fairly realistic character of
the assumptions for some long historical periods.2 A condition which
has properly to be added requires the capital-output ratio for each
technique to be invariant to changes in distribution. One then obtains
linear wage curves which do not shift upwards as parallels but which
turn round the maximum rate of profit (output-capital ratio) which
stays fixed, as technical progress proceeds (see Chapter 11 in this vol-
ume, p. 271). The neutrality of technical progress ensures that relative
shares are constant, i.e. that the forces determining distribution are
balanced, while the rate of profit stays constant which is the precondi-
tion of steady accumulation.

Figure 12.Id shows neutral technical progress. From the point of
view of capital theory, the assumption of straight wage curves is an
exceedingly drastic simplification requiring a justification which can-
not simply consist of the tautology that if the picture does not at least
approximately look like this, we won't have compatibility of steady
growth and technical progress.

We shall try to provide such a justification but it will have to be
conditional for it is clear that perfectly neutral technical progress never
exists and that accumulation is only approximately steady in phases of
relative tranquillity.

12.2 THE AVALANCHE OF SWITCHPOINTS

Before proceeding to the argument, consider one difficulty caused by
capital theory in greater detail: It has been said that methods of production
introduced successively imply wage curves which are very close to
each other, i.e. they must be rather like Figure 12.1c so that two
successive wage curves are likely to have various switchpoints, if they
are curved at all. A constellation such as the one depicted in Figure
12.1b, where the dotted wage curve // is far superior to wage curve /
all along the line can only reflect a comparison of two states of the
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Capital, Growth and Technical Progress 279

economy which are separated from each other by 'many' small changes
of methods of production. (The comparison shows that technical progress
would here not be neutral so that it is questionable whether an
economically meaningful transition from one estate to the other can be
described; we shall come back to this point below.)

The 'closeness' of successive wage curves is, from the point of view
of capital theory, a simple consequence of continuity. It holds, pro-
vided no sector of the economy is 'large', even if a change in one
method of production in one industry involves changing the composi-
tion and not only the proportion of raw materials used.

A more economic form of this argument (not to be taken literally)
is the following: if a more advantageous new method of production is
introduced by a few entrepreneurs in one industry, and if all prices are
lowered immediately and the wage rate is raised so that the rate of
profit remains constant, the majority of entrepreneurs still sticking to
the old method will make losses relative to normal profits, and the
labour commanded by these losses (i.e. the monetary loss divided by
the new money wage rate) will be exactly equal to the number of
hours worked which can be saved if all entrepreneurs use the new
method to produce the same amount of consumption goods as before
on the golden rule path. The saving of labour in per cent so achieved
will be equal to the rise of the real wage rate in per cent.3

The percentage rise of the wage rate may exceed the share of the
labour force of the sector whose method of production is changed in
the total labour force if indirect savings of labour in other sectors are
important, but the argument indicates nevertheless that small micro-
economic changes do not lead to large macroeconomic shifts of the
wage curve. The point seems obvious and would be trivial if capital
theory had not shaken the normal economist's belief in his intuition.

But if wage curves are 'close' to each other, they are, being curved,
susceptible of crossing each other in several points (cf. Figure 12.1c),
and this leads to a seemingly absurd proposition: suppose that in each
of only one thousand industries in an economy with possibly many
more sectors only one alternative method to the one actually used is
given. This implies the existence of 2IOflO wage curves, a number of
more than astronomical dimensions, for 21000 exceeds 10300 while the
age of the universe expressed in seconds is estimated to be only around
1017. There is no reason to suppose the number of switchpoints not to
be at least of the same order of magnitude as the number of wage
curves4 so that, if we look at the constellation from the traditional
point of view of substitution, the minute change of the rate of profit
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280 Fixed Capital and Technical Progress

will trigger off an avalanche of switches whereas, if we adopt the also
traditional notion of a process of accumulation at a constant rate of
profit with the alternative methods coming up one by one, each as a
small change, we have no idea as to whether the methods which ap-
pear advantageous at one rate of profit would have been advantageous
at a different rate. How could we then speak of 'progress' and gains
in productivity?

12.3 THE SUPERIORITY OF TECHNIQUES

Most economists (including Robinson at the time of her Accumulation
of Capital, 1956) were convinced in the early 1950s (and some much
longer) that it was meaningful to distinguish between substitution and
technical progress, the former being changes advantageous because of
shifts in distribution, the latter independently of distribution, and therefore
advantageous on grounds of technical efficiency alone. The difficulty
of identifying differences between shifts of the production function and
movements along an isoquant was noted but the conceptual difference
was nevertheless retained. Today capital theory leads to question the
conceptual distinction itself. For either one will try to define 'progress'
as a shift of the entire wage curve without any switchpoint but then
even Harrod-neutral technical progress is not progress in an unambiguous
sense since it leaves the maximum rate of profit invariant. Or one is
tempted to call 'progress' any change of technique leading to a higher
real wage at a given rate of profit. But this will include cases character-
istic for substitution and implies in particular those cases where the
productivity of labour falls in so far as output per head )' and/or
consumption per head fall. If the capital-labour ratio is lowered to the
point where the capital-output ratio falls, an increased use of labour
per unit of output can, at the ruling rates of profit and wages, be
compensated through the diminished cost of capital.

Robinson, aware of the difficulties but not equipped with the mod-
ern diagrammatic technique, appears to have been inclined towards
the first definition when she wrote her Accumulation of Capital5 and
indeed also later6 but she also adopted the second point of view, in
particular in her Essays in the Theory of Economic Growth (1962)
where she lists the conceivable cases and their properties on the basis
of slightly different assumptions. There are 'superior' techniques as in
Figure 12.1b and in essence two other cases: (1) The Ricardian or
Marxian form of capital-using, labour-saving technical progress is a
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->• r

(a) r, g given
y, c, k, kly, w go up

(b) r, g given
y, c, *, and kly, fall,
wgoes up

Figure 12.2

threat to accumulation because constant shares of profits and wages
are incompatible with a constant rate of profit so that either the rate of
exploitation P/W must rise or the rate of profit falls and accumulation
falters (see Figure 12.2a). The productivity of labour, i.e. output per
head, rises. (2) Capital-saving labour-using technical progress lowers
the productivity of labour by definition but the saving of capital may
have a beneficial consequence for the economy as a whole if the re-
duction of the amortisation funds leads to an increase of investment
and to higher employment {Figure 12.2b).

The somewhat paradoxical second case of 'progress' reducing the
productivity of labour cannot lead to an indefinite fall of output per
head, however, since it cannot fall below the wage rate; and the pres-
sure of rising wages is in fact the most powerful incentive to favour
labour-saving inventions which are likely to raise both y and c. The
enormous multiplicity of potential wage curves cited above thus ap-
pears to be innocuous from the point of view of accumulation since
labour-saving progress must predominate. The question of the avalanche
of switches induced by changes in distribution would be rejected by
Robinson because of the difference between logical and historical time:
the decision to discard an actual technique and to replace it by one
which exists as yet only on paper will, in view of the uncertainties
involved, only be taken if the expected reduction in costs looks sufficiently
important and this, it is asserted, rules out all but a few alternatives.

One might be content and leave it at that without attempting a defi-
nite technical definition of technical progress admitting both a quite
real possibility of a negative growth of productivity and the 'avalanche'
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282 Fixed Capital and Technical Progress

which remains a disturbing thought experiment. In a sense one could
even go further and argue that progress is a highly dubious notion
because of new skills, new goods and the quite real possibility of wide-
spread reductions of welfare - e.g. of children - with rising consump-
tion per head. Progress is further sometimes thought to defy formalisation
because of its evolutionary, irreversible character. But in another sense
capitalism has been acclaimed by left and right as the most powerful
engine of technical change, and this undeniable fact has time and again
been formalised by assuming that labour can be aggregated (either
because all unskilled labourers are alike as in classical theory or be-
cause relative wage rates are constant as in modern theory) and that
output can also be measured (either because a constant real subsist-
ence wage provides the bridge between the value system and use values
as in classical theory or because an index represented by a fixed bas-
ket of consumption goods is constructed in modern theory). Progress
has then been understood to cause a rise of output per head in the
pragmatic postkeynesian theory, of consumption per head in neoclassi-
cal eyes and it is the gradual lowering of labour values (direct and
indirect labour per unit of each commodity) in classical theory. Such
progress is possible through changing methods of production; hence
the peculiar difficulty of aggregating capital (which so much aston-
ishes Bliss (1975, p. 144), and the presumed simplicity in the aggrega-
tion of labour and output.

All these theories predict rises of the capital-labour ratio (in con-
stant prices) accompanying the rise of productivity, and all empirical
evidence supports the contention to the extent that the assumptions of
the model apply at all. But here comes modern capital theory and re-
veals that the most advantageous technique may be productive accord-
ing to one, two, three or none of the above definitions7 with the
capital-output ratio and the capital-labour ratio lowered or raised as
the case may be.

Each case of lowered productivity according to one of the three
definitions cannot be ruled out on logical grounds and may of course
occur in reality but further arguments apart from the pressure of wages
are required to explain the real trend which is quite definite. One has
to show that wage curves do, under realistic assumptions, not deviate
to any considerable extent from straight lines, and if they intersect at
all, they should intersect to the right of the actual rate of profit.8

The three definitions of productivity will then be consistent with
each other and each change of technique will represent a gain of pro-
ductivity, however defined. To be sure that the definitions of productivity
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Capital, Growth and Technical Progress 283

coincide in most cases, it would, at a more formal level, suffice to
show that the number of switchpoints between zero and the rate of
growth, and between the rate of growth and the actual rate of profit
are even, not odd, but such a proof is not available and would repre-
sent an absurd sophistication.

12.4 SIMPLE FORMS OF TECHNICAL PROGRESS

I have myself endeavoured to show that wage curves may look very
complicated (see Schefold, Chapter 3 in this volume, 1976a) from the
abstract mathematical point of view of capital theory, but quite a different
result is obtained if one looks at historical forms of technical progress
(Chapter 11 in this volume). The limitation of space allows only a
brief summary, problems connected with fixed capital (Chapter 9 and
10 in this volume) have to be skipped. The point is to insert a third
intermediate level of model building between macroeconomic models
(aggregated or disaggregated as in capital theory) and models of the
firm so as to arrive at a different typology of forms of technical progress
which links up with macroeconomic concepts but which is not tauto-
logically defined in terms of macroeconomic aggregates.

1. Saving of labour may be due to a more sophisticated division of
labour (with raw materials and tools unchanged) or to an intensification
of work such as is promoted by Taylorism. Saving of labour results
in a simultaneous cheapening of the product, its price being expressed
in terms of the wage rate, and a reduction of the amount of work
performed per unit of output. If the saving of labour affects all
sectors of the economy evenly, it results in a shifting upwards of
the wage curve at all rates of profit except the maximum, and the
capital-output ratio is unchanged at any given rate of profit (with
wages rising with productivity), since all prices fall proportionately.
The result of a uniform reduction in labour requirements, everything
else except the real wage remaining equal, is therefore Harrod-neutral
technical progress in accordance with the 'stylised facts' cited above.

2. Saving of raw materials consists of an analogous reduction of the
input-output coefficients. A uniform saving of raw materials is more
difficult to conceive than a uniform saving of labour, but it also
leads to a shifting upwards of the wage curve (even at the maximum
rate of profit). Important savings of raw materials are associated
with increasing returns to scale.
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284 Fixed Capital and Technical Progress

3. Mechanisation. The division of labour with a view to subdividing
the work process in a series of simple tasks to be repeated at regular
intervals is the precondition for the gradual replacement of simple
manual and intellectual operations by machines. The commodity to
be produced remains the same, it will consists of the same raw
materials as before, but the transformation of the raw materials is
executed by a machine with some degree of selfcontrol. (In the
extreme the machine functions automatically, and manual intervention
is required for the 'feeding' with working materials and for main-
tenance only.)

In the most primitive case the machine replaces the tools of the
artisan, later a machine replaces a machine. It is highly plausible
that the introduction of the new machine will be accompanied by a
saving of direct labour. If so, it can be shown that the capital-
output ratio will normally be raised by the introduction of such a
new machine, if the old machine has been written off before; the
fundamental reason being that mechanisation in this sense does not,
as such, lead to a saving of raw materials. At the same time it can
be shown that the wage curve of the new technique will be higher
than that of the old between zero and the actual rate of profit. There
will be one switchpoint between the new technique and the old, but
it will be between the actual rate of profit and the maximum rate of
profit.

4. Inventions. If we disregard new commodities and omit the important
question of technical progress in the production of raw materials,
the main remaining forms to be considered seem to be on the one
hand the replacement of machines by cheaper machines, without a
reduction of the amount of labour used, and inventions, based on
the introduction of new (substitute) raw materials on the other. Nothing
can be said in principle as to how the wage curve moves in the
latter case, but it clearly implies a more radical departure from known
methods of production than other forms of technical progress, not
only because of totally new problems of production caused by the
use of substitute materials but also because of the change in the
physical composition of the commodity and the consequent question
whether the market will accept or reject the substitute materials.

The former case (the introduction of a new machine which is
cheaper than one already in existence and which does not save labour)
appears to be rare and presupposes, as the history of technology
seems to show,9 a very specific invention which can usually not
develop out of preexisting technologies (like gradual mechanisation
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Capital, Growth and Technical Progress 285

by means of the replacement of manual by mechanised operations
or like gradual exploitation of the possibilities of increasing returns
to scale). It is difficult to cite examples of the cheapening of machines
which do not involve simultaneous changes in raw materials, hence
I propose to class both cases together as 'inventions', at least in
this very primitive and preliminary survey (which will, I hope, prove
to be capable of extensions).

Saving of labour, saving of raw materials, and mechanisation have
in common that the wage curves of the old and the new technique do
not intersect at all between zero and the actual rate of profit. There is
a less clear-cut argument for expecting the same to be true in the case
of the last of the four types of technical progress so far considered:
inventions, being risky for the reasons discussed above, will only be
introduced if the expected surplus profits accruing to the entrepreneurs
who are the first to make the transition are sufficiently great. Hence,
the respective wage curves must (as could be shown more formally)
be 'far apart' in a neighbourhood of the actual rate of profit which
may contain the origin. Supposing that it does we thus find that output
per head and consumption per head measured in terms of a basket of
commodities can be expected to rise in all four cases, while labour
embodied (labour values) fall.10

The puzzle of technical progress which lowers output per head dis-
appears."

With the four forms of technical progress, labour is productively
employed not only if it produces profits for the entrepreneur but also
in a physical sense, and according to all historically important defini-
tions. It follows that older theories such as the labour theory of value
would 'work' in the present context in that those techniques get adopted
at ruling prices which would also be said to be preferred if prices
were erroneously, or for simplification, supposed to be equal to values.
Similarly, the picture drawn above for the case of mechanisation, al-
though conceived for the theory of accumulation and not for the ex-
planation of substitution, presents a (purely formal) analogy with the
construction of the surrogate production function. However, the point
is not to vindicate old theories but to confirm their results in the con-
text where they are justified. The above exposition is meant to provide
such a bridge as far as the classical theory is concerned. It shows,
moreover, that capital theory which, in its abstract generalisations, seems
to have lost all contact with reality, can be given a content capable of
empirical investigation.
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286 Fixed Capital and Technical Progress

This is not to deny that the definition of 'productivity' is much more
difficult in different contexts, especially as the development of tech-
nology leads to an increased importance of product diversification, of
external effects12 and to a growth of the tertiary sector. The above
specification of concrete forms of technical progress can only be exemp-
lary, not exhaustive, and cannot prove that there are no changes of
technique of a different character. This will, it is hoped, be recognised
as a merit, for the one sidedness and indeterminacy of pure capital
theory is as sterile as growth models which presuppose an unfailing
stability of the economic process and which, instead of explaining
progress, postulate it by assumption.

Notes

1. The Cambridge critique of neoclassical economics could not have had
such an impact otherwise. Neoclassical, Post-Keynesians and Marxists
will interpret linear activity analysis models in different ways but a for-
mal equivalence holds even for Von Neumann and Sraffa (see Schefold,
Chapter 6 in this volume).

2. Bombach (1965) gave the most authoritative summary of growth theories
in German.

3. The reasoning also applies to a country which is slow in modernising its
equipment and which must accept international prices given by the most
advanced producers. The monetary losses it suffers measure the amount
of work wasted in inefficient plants. The formal proof (which may be
extended to cover joint production - cf. Chapter 6 in this volume - is as
follows: (a,, /,) are the inputs of raw materials and labour to processes
i = 2 n, to the new process i = 1 and to the old i = 0. The price
vector p designates new prices, while q,, i = 0, 2 , . . . , n are the activity
levels corresponding to the old technique. With e, being the ith unit vec-
tor we have, using r = g and <70{e, - (1 + g)a0} + q2{e2 - (1 + g)a2)
+ . . . + g,,{e,, - (1 + g) a,,} = d for the reciprocal of the old wage
l/w0 = qolQ + q2l2 + . . . + qjn and of the new \/w = dp so that l/w0 -
\lw = qBl0 + q2l2 + .... + qjn - qa{et - (1 + g)ao}p + q2{e2 - (1 +
g)a2}p + . . . + q,,{e,, - (1 + g)a,,)p = qo{l0 - {e, - (1 + r)ao}p].

Lo = l/w0, L - \lw are the numbers of men employed with the old and
the new technique respectively, l0 — {e, - (1 + r)ao}p] is the loss made
with the old. technique at new prices per unit of output. Clearly

Lo — L _ \/wn — \lw _ w — w0

L \lw wQ

4. Cf. Kalecki (1969) who proposes the above thought experiment without
thinking through the consequences. He notes rightly that a planner will
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Capital, Growth and Technical Progress 287

not be able to choose without prices among that many alternatives in a
rational way but it remains to be shown why the actual market should do
better.

5. See Robinson (1956, p. 65).
6. In an exchange of letters with the author (1976 and 1977) concerning

alternative definitions of the organic composition of capital (see Chapter
11 in this volume and Robinson, 1978).

7. Labour values will be lower for that among two techniques for which
w(0) is higher. Supposing that the introduction of a new technique raises
the real wage w(r) at a given rate of profit f and a rate of growth g, the
table below shows firstly the eight possible effects on c(g), y, and on
w(0), i.e. on labour values (+ means rise, - means fall); secondly, the
implied effect on the capital-labour ratio k; thirdly, the implied number
of switchpoints in the intervals between zero and the rate of growth and
between the latter and the rate of profit (e means zero or even, o means
odd). Column A gives the interval where the crossing point of the straight
lines through w(f) and c(g) is to be found; columns (0,g) and (g,f) indi-
cate the number of switchpoints between wage curves in the correspond-
ing interval. Parallel shifts are disregarded.

Serial c(g) y w(0) k A (0,f)
number

1 + + + + (f,<») e e
2 + + + - (-=o,0) e e
3 + + — + (r, =°) o e
4 + + - - (-==,0) o e
5 + - + (0, g,) e e
6 + - - - (0, g,) o e
7 - - + - (g,f) o o
8 - (j?,f) e o

Four cases can be exemplified by means of two straight lines as wage
curves (with w(0) = >•}; the lines intersect to the right of f, to the left of
zero, in (0,|") or in (g,f) (cases 1, 2, 6, 8). The remaining four possible
cases are obtained from these by introducing a switchpoint in (0,g) in
cases 1, 2, 8 to get cases 3, 4, 7, or by eliminating the switchpoint in
(0,f) from 6 to get 5.
Marzi and Varri have confirmed this presumption empirically on the basis
of Leontief tables for the Italian economy. More econometric work ought
to be done on similar lines although the approach is open to objections
(level of aggregation still too high, problems with the treatment of fixed
capital, etc.). See Marzi and Varri (1977).
Cf. Riebel (1963, in particular Chapter 8).
It is, nevertheless, interesting to point out that the four types of technical
progress have quite different origins and characteristics, if they are viewed,
in a wider context, and these differences are related to the fact that the
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288 Fixed Capital and Technical Progress

simpler forms entail the rise of productivity in a more unambiguous man-
ner. Changes of the intensity of work and of the division of labour re-
quire changes of social agreements, whereas saving of raw materials has
more technical aspects. Mechanisation implies a displacement of labour if
output cannot be increased because of market conditions. The resistance
of workers against displacement is sometimes more easily overcome if
the economy is booming and wages are high. Mechanisation which is
here seen as an instance of technical progress appears therefore often under
the disguise of a substitution effect. But energetic entrepreneurs will try
to rationalise in slump if trade unions are then more willing to consent to
shifts in the labour force, and if the slump is not expected to last.

11. If we try to construct a concrete example of the 'odd' case in terms of
changes in the structure of inputs and outputs in close analogy to the four
types of technical progress discussed above, we find that capital-saving,
labour-using technical progress would imply a saving of raw materials at
the expense of using more direct labour. This is not impossible but pre-
sumably less frequent than the opposite case. As far as the immediate
trade-off of raw materials and labour is concerned we may suppose that
an entrepreneur acquainted with modern management techniques (Taylor,
1911) will be able to induce his workers to intensify their efforts without
increasing the waste of raw materials; a reduction of speed in order to
reduce waste is less characteristic. A more indirect trade-off would con-
sist in a reversal of mechanisation as defined above. It could occur if the
one switchpoint between the less mechanised and the more mechanised
technique was to be found between zero and the actual rate of profit and
not, as above, between the actual rate or profit and the maximum rate of
profit. Such a constellation cannot be ruled out on logical grounds but it
is difficult to cite relevant examples of such 'demechanisation'.

12. Finite resources are another case in point. It is very difficult today even
to say which technique for the production of electricity will be most profitable
in the long run, let alone which will be optimal (cf. Schefold, 1977).
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Part IV

The Composition of Output
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13 Sraffa and Applied
Economics: Joint
Production*

In these circumstances there will be room for a second, parallel process
which will produce the two commodities by a different method.1

13.1 THE CLASSICAL METHOD

Is there a field of application for Sraffa's theory? There can be no
doubt that Sraffa's work has so far almost exclusively been interpreted
as a critique of the theory of value. As a consequence of discussions
which were decisively influenced by Sraffa, the economic profession
has in the last 15 years begun to accept the fact that the aggregate
production function is an illegitimate tool of analysis. Wider implications
for the neoclassical school are still being debated. Within the classical
approach, the traditional form of the labour theory of value was
superseded. But the empirical applications were few; they really consist
only of some attempts to calculate wage curves. These attempts were
necessarily inconclusive as far as the debate about capital theory was
concerned while they did shed some light on the analysis of technical
progress.2

I believe that Sraffa's theory has a wider scope and can provide a
framework for much of modern applied economics. This does not im-
ply a universal transformation of the field, since the methods employed
by good applied economists can sometimes be justified better on the
basis of classical rather than neoclassical theories while both predict
similar results.

Input-output analysis provides a good example of an important tool
of applied economics based on a classical methodology. Although Leontief
has taken pains to emphasise the compatibility of his conception with

'First published in Political Economy. Studies in the Surplus Approach, 1 (1985), pp.
17—40. I should like to thank P. Garegnani for valuable and extensive comments on
an earlier version of this chapter.
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292 The Composition of Output

the neoclassical tradition (Leontief, [1941] 1951, p. 37), it is quite
clear that it fits in much better with the classical. For it is the point of
input-output analysis to regard the methods of production in use as
given independently of relative prices, to derive conclusions from the
technological interdependence and to consider the influence of changes
in relative prices and in technical progress on the coefficients of the
input-output structure only subsequently.

It is a fundamental principle of classical economics that is separates
(a) the determination of outputs, (b) the determination of distribution
and (c) the analysis of the relations between the distributive variables
and between them and relative prices. It is this which makes the clas-
sical approach a better basis for applied economics. It provides direct
links between the essential magnitudes in the system (the 'short chains
of reasoning', which Marshall was looking for) (Garegnani, 1983a),
while the countless relations of interdependence in a general equilib-
rium system are a poor guide to any application. Input-output systems
also serve to analyse 'interdependence', but by treating the methods of
production in use as given and the determination of prices and distri-
bution as separate issues, the analysis of the dependence of activity
levels on final output becomes manageable even if feedbacks between
different industries have to be taken into account.

The strength of the classical approach is most visible in dynamic
analysis. While it is hard to represent the evolution of the economic
system even without technological change as a sequence of Walrasian
equilibria empirically, there are now several quite successful large econo-
metric models which capture the process of macroeconomic dynamics
and of structural evolution by means of a combination of an input-
output system for the representation of technology with a macro-econ-
omic model for the representation of the evolution of effective demand
in its interaction with distribution and government policy, and a de-
mand model based on aggregate demand functions which may be differ-
entiated according to socio-economic criteria. My education in classical
economics proved very useful for the understanding of the true func-
tioning of these models which one encounters in research on the econ-
omics of energy. However, one must admit that the eclectic character
of most econometric models does not allow an unambiguous interpre-
tation of their theoretical background.

Input-output analysis is not the only area which could benefit from
an interpretation along classical lines, but research into the empirical
usefulness of modern classical theory has, among other things, been
impeded because its proponents have tended to focus on the critique
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Sraffa and Applied Economics: Joint Production 293

of the neoclassical theory of capital and distribution instead of on positive
contributions. The present chapter is concerned with some preliminary
considerations which might lead towards an application of Sraffa's theory
of joint production by discussing joint production input and output
tables and by analysing the meaning of a possible underdeterminacy
or overdeterminacy in the system if the number of processes used is
not equal to the number of commodities (goods with positive prices)
produced.

Other tools of the classical theory which had been used by the clas-
sical economists themselves and could also be applied by modern econ-
omists are not being discussed here but a parallel paper will deal with
the classical analogue of the Marshallian supply curve.

We assume that distribution determines a uniform rate of profit (al-
ternatively: a hierarchy of rates of profit). Demand for consumer goods
is treated very simply as emanating from given social needs. The rela-
tionships between those needs are thought to reflect complementarity
rather than substitutability. The needs evolve with the growth of wealth
in different segments of the population, but corresponding Engel curves
do not have to be considered, since we are dealing with a given long
period position. We assume, however, that there may be different domestic
processes of production to fulfil the same needs, and that their choice
depends (if we abstract from habits, taste, ignorance, etc.) on the cost
of providing the corresponding services, hence on relative prices. Goods
which are close substitutes (where the rise in the price of one leads to
an increase in the consumption of the other because they fulfil the
same need) are then to be treated as the same commodity if they can
only be distinguished according to taste and not as alternative means
used in different methods of production for the fulfilment of the same
need. This manner of treating demand has been successful e.g. in the
explanation of changes in energy consumption. It relates to the classi-
cal view of the matter and will turn out to be helpful for the under-
standing of Sraffa's theory of joint production.

13.2 JOINT PRODUCTION AND ACCOUNTING

There seems to be an unsurmountable gap between the treatment of
joint production in economic theory and in the literature on business
administration. Models of general equilibrium and the von Neumann
model determine prices of joint products but this determination does
not seem to provide definite rules for those working in the field of
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294 The Composition of Output

business administration, for the latter regard the theory of prices of
joint products as largely indeterminate and discuss 'practical' rules for
the setting of prices in diverse circumstances. Of course, no theory
can be expected to provide a ready-made set of rules for pricing, given
the complexity of every-day life. But one can show why classical theory
may serve as a background to explain some accounting procedures
and why these procedures fail in specific cases; the 'gap' may thus be
bridged.

The first mistake of the prevailing economic theory, most clearly
visible in the von Neumann model, consists in the assumption that a
definite complete list of the goods to be used and produced by any
method of production can be established for each process indepen-
dently of the others. If this were the case, few environmental prob-
lems would arise. We do not have complete knowledge of what the
smoke of factories consists of; far less do we know about the synergetic
external effects of different processes of production. In reality, the identi-
fication of those goods which are to be the objects of economic plan-
ning is the first step in the practical transformation of the material
world which we call 'production'. The goods so selected are potential
commodities; everything else is ignored until external eflFects are being
felt. Sraffa's analysis of joint production therefore starts from the sys-
tem of commodities and processes which are actually used and consid-
ers the use of alternative processes and the introduction of new goods
only subsequently and one by one.

All production is joint production as far as 'goods' are concerned.
The traditional emphasis on single production of commodities in econ-
omic theorising is not simply due to the fact that the theory of single
product industries is much simpler than that of joint production; rather,
it reflects economic practice according to which production originally
is a purposeful activity, in general directed at obtaining one specific
good which may be sold as a commodity. Goods which are produced
jointly are usually turned into commodities only later in order to in-
crease the profitability of the process. Although there are exceptions
to this rule, e.g. in transportation, where any vehicle is introduced to
carry many products, it is surprising how often one finds a single pur-
pose at the origin of what later becomes a multiproduct industry. Even
the ships which produced trips from Spain to the West Indies and back
jointly were first used only to import treasure, not to export cloth.

The economic growth of industries seems to be characterised simi-
larly by an initial disregard for joint costs; e.g. the infrastructure is
often taken care of properly only after the industries have been set up.
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Sraffa and Applied Economics: Joint Production 295

This is also the case for the joint costs of a national economy and
even for those of the world which increase faster than our recognition
of the global interdependence of many environmental problems. The
reason is that the planning process starts with a simplified view of the
world - a simplification which often implies violence.

The representation of joint production in economic models ignores
this dynamic element. In consequence, the treatment of joint produc-
tion in general economics is closed, but it does not lead to a view of
the sequence of events in the evolution of joint production processes.
By the same token, it lacks specificity; one does not find a morphology
of joint production in economic theory.

The opposite picture emerges at the level of the theory of the enter-
prise. There does not seem to be a generally accepted theory for the
determination of prices in multiple product industries in the field of
business administration, but there are essentially two approaches; di-
verse variants are discussed for different applications of each to differ-
ent industries in the literature. Either, one tries to set prices. To this
end, it is thought necessary to ascribe costs to individual products by
means of splitting up overheads, depreciation etc. according to various
rules, and to add a normal profit in accordance with a target rate of
return or some similar notion. According to this theory of full cost
pricing in its several variants, firms are able to administer prices in
imperfect markets freely, but within limits, so as to guarantee a satis-
factory return at normal levels of capacity utilization. The principal
drive of competition ought to be expressed not in haggling about prices
but design, marketing, product innovation etc. (see Blair, 1972).

Alternatively, it is being thought that market prices are given within
a narrow range even in imperfect markets and under modern condi-
tions, because there is competition between products which are close
substitutes, and because the entrepreneurs almost always have some
notion as to what the traffic will bear. One then asks where profits are
made, i.e. how the sales proceeds contribute towards the covering of
the expenses and the profits of the various decision taking units within
the firm so as to obtain a measure of their efficiency and a guide for
future investment policies. Methods for ascribing profit contributions
are again diverse. It is sometimes thought best to ascribe costs to that
unit of an enterprise where these costs appear as direct costs. For example,
the overheads of the division responsible for sales may be direct costs
to the central management of the firm. One can thus go some way
towards the reduction of overheads to direct costs and restore simple
rules for profitability, but the limits of the approach are clearly visible,
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296 The Composition of Output

e.g. in the case of the overheads due to the intertemporal use of fixed
capital. It is sometimes being said that business accounting is an art
rather than a science (Schmalenbach).

But it is clear that, on Sraffa's assumptions, prices are determined.
The discrepancy between the uncertainty as to the proper rules of ac-
counting and the uniqueness of prices in theoretical systems requires
an explanation.

First of all, it may be shown that the main basic rules of accounting
all come to the same thing and are consistent with the theoretical solu-
tion based on long run prices, provided there is an equilibrium. Con-
sistency then means that if the accounting rules are applied to individual
or groups of processes in a Sraffa system, they imply accounting prices
and ascriptions of costs which do not lead to other prices than the
Sraffa prices themselves. Some examples may suffice to show this.

If it is being asked how the costs of two joint products are to be
ascribed to the individual products at given market prices, the answer
simply is that, looking at the process where the products are being
produced jointly, any splitting up of the costs will be consistent with
Sraffa prices, provided the market prices are equal to Sraffa prices,
and the total costs (including normal profits) are equal to the sales
proceeds. The arbitrary rule for splitting up the costs (e.g. according
to weight or calorific value) is simply irrelevant to the 'macroeconomic'
determination of prices. If the same two products happen again to be
produced jointly in another industry in different proportions as Sraffa
suggests, a different ascription of costs according to any such rule will
lead to a different result in the other industry, but the discrepancy
does not matter since the purpose of the accounting procedure is only
to provide a basis for calculation for the price to be set or the profit
contribution out of equilibrium while we suppose that equilibrium prices
have been determined 'behind the back of the producer'. (If the two
processes were used within the same firm, a different accounting pro-
cedure would be used.)

Alternatively, there is sometimes a distinction being made between
main products and subsidiary products. It is being asked what the cor-
rect pricing of the subsidiary product is, given the prices of the main
product. The price of the total output of the subsidiary product is cal-
culated by deducting the proceeds from selling the output of the main
product from the total joint cost of production. The result will be the
Sraffa price of the subsidiary product in equilibrium conditions. In
disequilibrium conditions, the calculated price of the subsidiary prod-
uct may be anything and even negative, for if, for example, the price
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of the main product is very high, its cost of production will be more
than covered even if the subsidiary product is given away free.

Thirdly, the 'marginal method' may be mentioned. Here it is being
asked what the prices of two products should be if they can be pro-
duced in varying proportions. The rate of transformation is said to
define the relative prices of the outputs. But this is equivalent to a
calculation of prices, given a shadow rate of interest, by considering
the equation of the process in actual use and one resulting from a
(small and continuous) variation of the inputs and outputs at the mar-
gin. It is clear that one thus obtains two Sraffa processes - a result
which is consistent with Sraffa prices on the assumption that the shadow
rate of interest equals the general rate of profit.

In this way, some of the accounting rules may be rationalized on
the basis of Sraffa's theory of prices in joint production systems: the
pricing rules lead to 'equilibrium' prices under 'equilibrium' condi-
tions. This is in itself not surprising. The explanation is in fact of
interest only to the extent that the underlying theory is convincing.
That this is the case will be argued by illustrating its explanatory power
first in cases where it applies directly, second in cases, where there is
a 'disequilibrium' and where it has to be shown how an equilibrium is
established in a real process of adaptation.

13.3 WHY 'SQUARE' JOINT PRODUCTION SYSTEMS?

The strange and crucial assumption which allows one to determine the
equilibrium seems to be that the number of commodities should be
equal to that of processes. Economic theorists are sometimes puzzled
by this because they do not know that this assumption will be fulfilled
for the processes actually used and the commodities sold not only in
Sraffa systems but also in von Neumann type systems with probability
one, as I have shown elsewhere (Chapter 5 in this volume). The proof
is based on the assumption that a vector of final demand, i.e. the
composition of output, is given. It is then shown that among all von
Neumann systems capable of producing that vector at a given rate of
growth (equal to the rate of interest) a system will be chosen for which
the equality of the number of commodities with positive prices is equal
to that of processes used except for a set of systems which is of measure
zero in the set of all possible von Neumann systems of a given order.

The accountants and applied economists do not encounter an equal-
ity of the number of processes and commodities in practice. The ordinary
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good 2

good 1

Figure 13.1

good 2

good 1

Figure 13.2

theorist, even if he should accept the assumption as an initial hypothe-
sis, has never been told how these conditions reproduce themselves in
the process of economic development. And none of them recognises
the usefulness of considering a system of prices of production, since it
seems to be generally agreed that whatever happens to prices under
changing conditions must be explained in terms of 'supply and demand'.

As a matter of fact, 'square' systems do not necessarily result from
general neoclassical assumptions. For if two commodities are being
produced by one and only one process in rigid proportions, the mar-
ginal rate of substitution (as given by the slope of the indifference-
curve u in the point of equilibrium P in Figure 13.1 will determine the
relative price with p[/p2 = tga unambiguously.
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good 2

- * - good 1

Figure 13.3

If there are, on the other hand, many potential processes of produc-
tion which span the production possibility surface, there will be two
cases: Either, a corner of the transformation 'curve' (represented by a
convex polygon T in the plane) will be the equilibrium point P, using
one process Qo (see Figure 13.2).

Or, the equilibrium may be a point P2 on a segment spanned by two
processes Qt and Q2 (see Figure 13.3).

Neither type of solution Px, P2 can be regarded as a fluke case since
a small perturbation of the technology with given indifFerence curves
(or of the indifference curves, given the technology) will leave the
essential properties of the equilibria unchanged: there will be more
commodities (two) than processes used (one) in P, while the number
of processes used equals that of commodities (two) in P2- The coexist-
ence of several processes in actual use to produce the same set of
commodities at positive prices is therefore not excluded and not ex-
ceptional in neoclassical theory but an excess of the number of goods
with positive prices over the number of processes used is also not
unlikely.

Casual observation indicates that we often encounter joint produc-
tion processes yielding several commodities while additional processes
producing the same commodities are not visible without close scru-
tiny. Common sense, the doctrines of accounting and neoclassical theory
therefore all seem to contradict Sraffa's hypothesis of a necessary equality
of the number of commodities and of processes used. We therefore
have to ask from which assumptions the hypothesis follows and why
it might be useful.
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300 The Composition of Output

13.4 EXAMPLES OF THE USE OF 'SQUARE' SYSTEMS

I shall first illustrate the usefulness of the approach, taking the number
of processes equal to that of commodities. Phenomena which might be
classed under the general heading 'supply and demand' can here be
explained more specifically.

Consider, for instance, a Sraffa system in which the last process
produces natural gas by means of labour and various commodities,
and in which the second but last process produces coke and gas from
coal by means of basics and labour. Assume that the two kinds of gas
are substitutes. In such a system it may happen that - contrary to what
happens in basic single product systems - a rise in the cost of gas
production (due e.g. to an increase of labour requirements) leads to a
fall of the price of coke and of all other prices if gas is a non-basic
and coke a basic. The reason is, simply, that the rise in the price of
gas contributes towards the expenses of the coke industry so that the
price of coke may be lower and this, being the price of a basic, leads
to a fall of all other prices, provided the remainder of the system works
insofar like a single product system.3

Similarly, if we take a step towards considering a situation in which
the number of commodities exceeds that of processes and assume that
a new consumption good results from known processes in a Sraffa
system, the selling of the new commodity (which had previously been
a useless by-product) will generate a revenue such that all prices fall,
if the new commodity is produced in an indispensable process, but
some prices may rise and some fall if the process is not indispensable.
If, in the previous example, the second but last process does initially
not produce any gas, the introduction of gas in that process (which is
indispensable) will allow to reduce the price of coke and hence of all
basics. But if a by-product emerges as a new commodity in the last
process which now produces natural gas and some other non-basic,
e.g. petroleum, the price of natural gas falls in the last process, the
same happens in the coke-producing process, and this forces the price
of coke to rise so that all other prices will rise.

Generally, the criterion for the choice of technique in the presence
of joint production cannot be that of reducing individual prices in terms
of the wage rate as in the case of single product systems. The reduc-
tion of the price of natural gas is directly beneficial only to gas con-
sumers while the rise of the price of coke and all other basics affects
all consumers.

These arguments rest on the assumption that a rate of profit (or, in
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practical applications, a hierarchy of rates of profits) may be regarded
as given for the analysis of questions related to the choice of tech-
nique, e.g. in the area of energy economics. The applied economist is
used to making this assumption in the appropriate context and he will
not be surprised that joint production will lead to curious effects such
as the ones which I have described, provided the system of interde-
pendent processes is small enough to be understood in intuitive terms.
I should say that he then argues along the lines characteristic of clas-
sical economics. But research into the effects of changes in methods
of production, long-run demand conditions and distribution on interde-
pendent joint production systems with a large number of equations is
little known and it must be admitted that it has so far only rarely been
undertaken with a view towards practical applications. Empirical in-
put-output analysis has not yet been extended to take the scientific
progress made by Sraffa into account.

The examples given indicate, however, that the approach might be
fruitful because it allows to analyse effects of joint production on the
economic system as a whole within a unified framework. Such effects
cannot be understood satisfactorily by means of conventional approaches.
For if the applied economist uses partial equilibrium analysis, the ef-
fects on individual industries and prices can be described but the glo-
bal effect is lost whereas the use of input-output matrices in their present
form is based on a preliminary elimination of joint production by means
of aggregation procedures which are to some extent arbitrary and con-
ceal specific effects such as that of a fall in one price causing all other
prices to rise.

We now come to the counting of equations. It will be seen that the
consideration of the 'disequilibrium' conditions in which the number
of equations is not equal to that of commodities provides the founda-
tion for a better understanding of classical theory as well as of the
diversity of accounting rules in disequilibrium situations.

13.5 COUNTING OF EQUATIONS - I: THE CASE OF
OVERDETERMINATION

It is easy to see what happens if the number of processes seems to
exceed that of commodities. Some processes will then be more (and
some less) profitable than others. Surplus profits may be consolidated
as rents and accrue to those who control the causes for the permanence
of the multiplicity of methods. The incomes of owners of land or of a
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302 The Composition of Output

patent are based on property rights; they can - but they need not be -
identical with the entrepreneur who receives the ordinary profits. The
surplus profits are temporary in the case of technical progress. Sraffa
emphasised yet another case: the rents of obsolescent machines which
are not being produced any more so that their capital cost need not be
accounted for and the cost of production of their products reduces to
that of raw materials (with normal profits) and labour.

But I want to use a crude example to show that one can go still
further and include 'domestic processes of production':

CH & C & L -> WW
CH & O & L -» WW
I & AH & L -> RH & WW
P & L -> RH

In the first process central heating (CH) and coal and labour (C & L)
are used to produce warm water (WW) in houses, in the second cen-
tral heating and oil and labour (O & L) are used to produce warm
water in houses, in the third insulation / and additional heating and
labour (AH & L) are used to produce a renovated house (RH) and
warm water and in the fourth paint and labour (P & L) are used to
produce a renovated house. If we assume the prices of inputs CH (central
heating), C (coal), L (labour), O (oil), / (insulation), AH (additional
heating), P (paint) to be known on the assumption that the outputs are
non-basics, we have four equations and two unknowns: prices of warm
water (WW) and renovated houses (RH).

Everybody knows that such situations of overdetermination are fre-
quent and that they may persist for some time. Among the causes, first
habit and ignorance are certainly important. It has been estimated that
if the main devices for saving energy which were known, in partial
use in 1975 and which would have been profitable at 1978 prices had
been used generally in 1975, energy consumption would have dropped
by a third (Deutsche Shell AG, 1980).

Second. But it is also possible that prices of inputs rise to make
prices of output match. Thus, the price of coal may rise to match the
price of oil, and the rise in the price of coal may be engendered by a
rise in the wages of miners. Part of their wages then has the character
of a rent. A spurt of demand may drive up all the prices of materials
for insulation temporarily. Such differentials are assumed to get -eliminated
through competition in the Ricardian long run unless the cause for the
differential is permanent and the corresponding rent can be appropriated.
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Third. The prices of production are centres of gravitation. All costs,
including the cost of insulation, tend to get reduced to the cost of
production which is assumed to be given. The point is that it then
becomes possible to analyse the process of disequilibrium with refer-
ence to an equilibrium defined by prices of production and hence an
equality of the number of processes and 'commodities' where the lat-
ter include various objects which receive a permanent rent such as
lands, patents, workers with particular talents, etc. Since the formation
of habits and property rights are among the causes for lasting differen-
tials, the analytical task involves questions of political economy. One
has to decide which techniques will turn out to be 'socially neces-
sary'. The accounting rules will reflect differences of the institutional
set-up and thus conceal the fundamental similarity of different phenom-
ena of overdetermination. There is again an equality between the num-
ber of positive prices and the number of processes in the pure case of
Ricardian rent, if different kinds of land with positive rents are counted
as so many 'commodities'.

13.6 COUNTING OF EQUATIONS - II: THE CASE OF
UNDERDETERMINATION

The converse case where there seem to be not enough processes is
perhaps the more interesting. There can be no doubt that there are
many joint production processes in industry with little or no possi-
bility for a variation in the proportion of the outputs produced, and
without additional processes being visible which might help to deter-
mine the prices of production simultaneously with the first according
to the rule of counting of equations. Here, neoclassical tradition as
well as the textbooks on business administration suggest that we rely
on 'demand' but Sraffa argues that, in such cases, conditions of 'de-
mand' will generally ensure that further processes will be used which
are distinguished from the first by different proportions in which the
commodities in question are used as outputs or as inputs, for other-
wise the commodities could not be produced and used in the combina-
tion socially required.

In the simplest case the underdeterminacy of the price system is
made to disappear by letting superfluous commodities disappear. If a
main product cannot be produced as a commodity without also pro-
ducing some by-product in excess of the demand from other producers
or from consumers, the by-product cannot be a commodity with a positive
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304 The Composition of Output

price; hence it is not part of the system and does not cause an
underdeterminacy. (In applied theory, it is not asserted that goods are
free if and only if they are overproduced. In particular, if the by-product
is a waste which must be removed at some cost, the cost of its removal
has to be regarded as an input to the production of the main product.
In either case there is no difficulty to the theory of price formation.)

There can be no question, however, that the indeterminacy of 'too
few' processes being present does arise in a less trivial manner in
phases of transition. The difficulty seems to be the greatest if the pro-
portion in which joint outputs are being produced cannot be varied,
i.e. if there is 'rigid' joint production. Let us consider an example of
such a disequilibrium: nuclear power stations cannot vary their output
of electricity quickly for technical reasons. The addition of a nuclear
power station creating an adequate supply of electricity during day-'
time therefore leads to an excessive supply of electricity at night. As a
result, the market price for electricity produced at night will fall. The
classical approach rules out as irrelevant attempts to determine the extent
to which the price of excess electricity will fall by means of consider-
ing the subjective element of demand in isolation. The clue to the
problem is found in the observation that the fall of the price creates an
opportunity for introducing new processes which use the electricity
(otherwise the price might fall to an indefinitely low level). An ex-
ample is storage heating which uses electricity produced at night to
generate heat during the day which may also be produced directly by
other means, e.g. central heating.

If these new processes are not sufficient to lead to a match of sup-
ply and demand, a process will be required which ensures that the
correct proportion according to social needs is reached. In the circum-
stances, it is the direct transformation of electricity produced at night
into electricity produced during the day by means of stations which
use electricity produced at night to pump water, and this in turn is
used to produce peak load electricity during day time.

We thus have two essentially different solutions to solve the indeter-
minacy in the case of rigid joint production. Symbolically, the first
solution looks as follows:

> ED & EN
EN -* H
CH -» H

The nuclear power station (NPS) produces electricity during the day
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and electricity during the night {ED & EN); electricity during the night
is used to produce heat (//). On the assumption that the cost of NPS is
known and that there is an alternative process which produces H and
determines its price at given costs (central heating CH), the prices of
EN and ED are determined by the first two equations. It turns out that
one of the outputs has its price determined as an input.

The more direct and more elegant second solution is provided if
there is a separate process transforming EN into ED by means of pumping
stations:

NPS -* ED & EN
EN -> ED

For simplicity, additional inputs of known costs such as labour are
not shown. Here, one output can be transformed into the other.

The indeterminacy may therefore be solved on the input side be-
cause the outputs have alternative uses as inputs in other processes.
Or it may be solved because a process links inputs and outputs di-
rectly as in EN —> ED. Or (this is the third and most conventional
solution), there may be a second process which produces one (or both)
of the commodities as an output. E.g.:

NPS -^ ED & EN
C -> ED

Here, electricity during day time is produced by means of old coal-
fired power stations which are still used to supplant nuclear electricity
generation for peak-load production. In conventional terminology, EN
would then be regarded as a by-product in the first process and its
price would be explained accordingly.

Finally, there may be a case specially emphasised by Sraffa: a sec-
ond process produces positive amounts of both commodities in differ-
ent proportions. Examples of this with rigid joint production are perhaps
not common, but there may be a variability of outputs which leads to
the same result, as it turns out, since small variations of output which
match demand may be represented by a linear superposition of two
neighboring processes.

The last possibility is illustrated by power stations which produce
hot water and electricity jointly and where there is some substitutabil-
ity between outputs. For instance, coal may be used in fluidised bed
combustion (FBC) to produce hot water (HW) and electricity (£):
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306 The Composition of Output

FBC -> HW & E

Since the proportions are variable, we may imagine that two pro-
cesses are used which differ slightly so as to satisfy demand:

FBCX -> HWt & £ ,
FBC2 -> HW2 & E2

In the limit, the two processes may fuse into one and one obtains
the usual marginal condition.

The last solution seems to lead back to Marshall and the neoclassi-
cal method where a substitutability of the outputs which are being
produced jointly is assumed. Demand as derived from utility deter-
mines relative prices and outputs. Whilst some influence of prefer-
ences cannot be denied, the emphasis of the classical approach is different,
however, because preferences are not the only social force which are
admitted as influencing the composition of output. The concrete ex-
amples which I have chosen illustrate the political element in the de-
termination of methods of production and hence of the proportions in
which the outputs are being produced to fulfil social needs through
adaptations of technology.

13.7 COUNTING OF EQUATIONS - III: A MORE SYSTEMATIC
PRESENTATION FOR A SPECIAL CASE

The abstract nature and the very generality of Sraffa's approach seems
to have prevented theorists from attempting a systematic survey of
those links between multiple product industries which lead to an equality
of the number of processes and commodities in equilibrium. The pre-
ceding examples have shown that joint production of the same com-
modities on the output side by means of different methods are not the
only constellation which allows the equilibrium condition to be ful-
filled. It follows that the transition from single product systems to joint
production through the emergence of by-products and the discovery of
new, parallel processes which also produce that by-product is only one
among several adjustments leading to the dynamic correction of an
overdetermination or an underdetermination of prices in consequence
of an excess or a deficiency of the number of processes used with
respect to the number of commodities produced.
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However, because of the traditional emphasis on it, because of its
analytical simplicity and because it leads to a straightforward com-
parison with the neoclassical approach, the case will now be consid-
ered in greater detail. The emergence of further products from an 'original'
single product process leads to shifts of relative (market) prices which
allow new links with other existing processes or the introduction of.
recent inventions to be established such that a new system of prices of
production is formed. A by-product will, it is assumed, be needed in
definite quantity, either for consumption or as an input to other pro-
cesses. Then, two main cases may be distinguished:

1. Either the original process, run at its original level, provides more
than enough of the by-product so that this will not acquire a price
and become a commodity.

2. Or the original process, run at its original level, does not provide
enough of the by-product. It is then either expanded to the level
required by the need for the by-product. In consequence, one should
expect the original product to be overproduced and to receive a
zero price (case 2a). However, the cheapening of the original prod-
uct, with its established market, may also lead to the discovery of
new uses for it in industrial (case 2b) or in domestic processes of
production (case 2c). Or, finally, the original process is not expanded;
the excess demand for the by-product will then have to be satisfied
by an additional process (case 2d).

It is clear that analogous distinctions la, lb, lc, Id for the first
main case are also conceivable, although the existence of overproduc-
tion accompanied by a zero price seems most plausible then, because
the by-product has never been marketed before. An example of la is
provided by CO2 which is a waste product, produced, among other
things, jointly with cement, but also absorbed, therefore used as an
overproduced input, in the drying of cement.

Insofar as the introduction of a differentiated tariff for electricity
produced during the day (ED) and the night (EN) is older than nuclear
power stations, the examples of the preceding sections do not fit into
this framework. But insofar as EN may be regarded as a by-product of
the production of ED, of which there is excess production, case 1 can
be further illustrated: the case lb may be identified with EN -> ED
(pumping), lc is exemplified by EN -* H (domestic storage heating)
and the production of peak-load electricity C ~» ED corresponds to Id.
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EN *

*• ED

Figure 13.4

Figure 13.5

The last transition may be represented graphically in Figure 13.4
showing the outputs of EN and ED on the axes. Q is the production of
electricity by means of NPS alone such that the needs (point AO for
ED are satisfied; EN is then overproduced. An equilibrium correspond-
ing to case Id is reached, if NPS produce only Q* and coalfired power
stations produce the amount C* of ED. If both technologies happen to
have the same input costs (including profits and wages), P will be the
vector of relative prices for ED and EN.

Similar diagrams are obtained for the other cases. Figure 13.5 shows
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Sraffa and Applied Economics: Joint Production 309

• N

Figure 13.6

how the possibility of a continuous substitution on the output side for
outputs X,, X2 ('transformation curve' 7") is to be replaced by a finite
number of linear segments so that two (G*,, Q*2) of the corresponding
activities Qlt Q2, Q} will be used to satisfy given needs N. The trans-
formation curve will by itself consist of linear segments, if discrete
linear single product activities have constraints which lead to joint costs
(e.g. space in a warehouse where various commodities are stored). The
case of continuous substitution was exemplified above by electricity
generation with fluidised bed combustion. The relative price is deter-
mined by the rate of transformation, but it is not necessary to intro-
duce the rate of substitution derived from utility functions.

If joint production is rigid (the transformation curve T reduces to a
point Q), if no alternative methods for the production of X, and/or X2

are available and if X, and X2 are pure consumption goods (so that
there can be no determination of relative prices on the input side), one
commodity is necessarily overproduced with respect to needs N and
receives a zero price while the production price of the other is deter-
mined by cost. The one case resulting in an indeterminacy is the most
unlikely and occurs only if, in addition to the preceding conditions,
needs A'* happen to be in the same proportion in which the rigid pro-
duction of the two goods takes place (see Figure 13.6).

The theory thus asserts that given social needs can and will in the
long run be satisfied through modifications of the system of produc-
tion. By the same token, the theory denies that discrepancies between
the production of original products and by-products on the one hand,
and the needs for them on the other, will be matched through adaptations
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310 The Composition of Output

good 2 i,

-*• good 1

Figure 13.7

of the needs themselves, i.e. that the needs are so price elastic that
changes in relative prices alone are sufficient to lead to a permanent
adaptation of demand to supply. But such an elasticity of demand, apart
from not being necessary according to the approach presented here, is
not even plausible on neoclassical assumptions since the original product
and the by-product cannot be expected to be substitutes for the same
need - if they were, they could for most purposes conveniently be
treated in terms of a single commodity. In fact, people are more likely
to find new uses for EN, to convert EN (directly or indirectly) into ED
or to produce part of ED without joint production of EN rather than to
change their habits and to cook at night only because EN is cheaper
than ED.

To repeat the argument in geometric terms: if needs N are not in
line with a given process of production Q, it is not expected that a
change in relative prices will cause needs to shift to some point N*
(resulting e.g. from a rise in px with income and substitution effects
and depending on indifference curves «,, u2) but that other processes
(including disposal) will allow us to adapt production to demand (as
in Figure 13.7, for example, a second process Q*).

The consumer's sovereignty may thus be posited in the form of rig-
idly given needs and yet be realised through changes in technology,
and this will result in an equilibrium with probability one in a Sraffa
system, as was proved in the article 'On counting' referred to above
(Schefold, 1978c, see Chapter 5 in this volume) and has been shown
here in a dynamic context by means of more intuitive methods. (In
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Sraffa and Applied Economics: Joint Production 311

this chapter, the absolute levels of different needs have to be regarded
as given because the levels of employment, of wages and profits are
given while the theory of steady growth starts from an increase' of
employment at a given rate, constant returns and from given rates of
profits and of wages, hence also from relative levels of needs).

The few general hypotheses which have been advanced by econo-
mists to explain long term transformations of needs (in particular Engel
curves) easily fit into this framework. More importantly, consumption
by households may be viewed as the provision of services to fulfil a
need by means of domestic processes of production. Insulation as an
alternative to heating for the provision of the service 'warm house' is
a case in point (section 13.5). It has been observed that the growth of
industrial production tends to increase the scope for commodity pro-
duction at the expense of the domestic provision of services. Prefer-
ences for commodities do not seem to be sufficient for the explanation
of this change which affects the behaviour of consumers fundamentally.

13.8 REVIVAL AND DEVELOPMENT OF THE CLASSICAL
METHOD

In order to analyse the causes which modify the evolution of an econ-
omic system over time, the classical system stresses that technology
should initially be regarded as given and proposes to consider the various
influences leading to its modification only subsequently and one by
one. The gradual rise in the consumption of electricity, for instance,
leads to decisions concerning the choice of the power stations, this
creates after some time an excessive electricity supply at night, and to
this various answers can be and are found. The apparent underdeter-
mination of relative prices of outputs is then turned into an overdeter-
mination in that many methods compete for applications and, to the
extent that they are actually used, give rise to surplus profits and losses.
It is, perhaps, the most remarkable result of this enquiry that the ap-
parent underdetermination of prices which seems to contradict experi-
ence, which so much worries the accountants and which leads to the
call for a determination of relative prices by means of the neoclassical
theory of demand (rate of substitution), may in fact only be a reflec-
tion of a lack of perspicacity: in reality, there are often many more
processes than commodities in actual use; they - or, rather, the entre-
preneurs using them - are rivals trying to establish monopolies and to
defend what ought to be temporary rents. The energy producing subsystem
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312 The Composition of Output

is a case in point, for the examples presented in the previous sections
all coexist in reality and are expressions of competitive forces in that
sector of the economy. If attention is focused directly on a 'final equi-
librium' in which the technology mix exactly corresponds to demand
as derived from preferences, the other forces influencing the chain of
events, including what eventually counts as 'preferences', will be lost
from sight.

As in the examples above, substitution possibilities on the output
side play a role at the same time as those between inputs. There is the
well known variability of mutton and wool (sheep may be slaughtered
earlier or later) but there are also the substitution possibilities on the
input side: sweaters can be made from wool and from cotton. Fashion
mainly determines the extent to which the substitutability is realized.
The possibilities of substitution are very broad where overheads arise
because different methods and products are linked only through costs
of management and distribution as in a department store. Supply can
then be varied to match needs exactly. Rates of transformation are
obtained by finding the relevant constraints on production under con-
ditions of normal capacity utilisation and afford a rule for splitting up
the joint costs.

The likely outcome seems to be a tendency towards overdetermination
as I first realised in a discussion of the energy system (Schefold, 1977)
which quite obviously had to be considered as a group of competing
processes with some prices regarded as given and some others as
overdetermined. The classical foundation of this analytical approach is
the choice of the 'socially necessary technique'. As we shall see, even
the presence of 'too many' processes in all sectors of the economy
does not represent a chaotic state of overdetermination, since it may
be assumed that the socially necessary technique has already been
determined in all sectors of the economy except the one under consid-
eration so that, in the case of single product systems, input prices in
any given industry may be regarded as already determined. It can then
be discussed which method (or which combination of methods) is so-
cially necessary and determines output prices in the sector under con-
sideration, while other methods yield rents.

Not sufficient attention has been paid so far to the question of how
this procedure is to be made more rigorous in basic Sraffa systems
(where the output price reacts back on input prices), to joint produc-
tion (where the classification of 'industries' is not straightforward) and
to conditions where there remain 'pockets of underdetermination'.

According to one approach, the decisions about the methods of pro-
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Sraffa and Applied Economics: Joint Production 313

duction to be regarded as 'socially necessary' (e.g. solar versus nuclear
energy) have to be taken in the light of estimates about the potential
productivity growth of each, about the supply of raw materials, about
political developments and the evolution of social values ('preferences').
Ricardo thus treated as socially necessary that technique which allowed
to satisfy total demand in the long run in the cheapest way, i.e. the
technique employed on the marginal land in agriculture and the most
productive technique in manufacturing industry.

Alternatively, and for more short-run considerations, an average of
existing methods in each sector of the economy has been defined as
the socially necessary technique. This was the approach suggested by
Marx in vol. HI of Das Kapital in the determination of what he called
'market value', while his concept of 'socially necessary labour' in vol.
I is, apart from the political and historical element, closer to Ricardo.
The same principle of 'averages' is also used in the construction of
modern input-output tables where the coefficients reflect the average
productivity in any industry.

In the future, it may become possible to extend Sraffa's theory of
joint production further by developing new practical rules for aggrega-
tion and by rearranging the statistical data in order to construct square
joint production input and output tables.

The socially necessary technique of classical economics is thus found
by applied economists either by means of 'technology assessments' or
by means of 'aggregation'. The purpose is in both cases to abstract
from short run disturbances (cf. the 'market prices' of the classics).
Both methods may have to be combined in order to deal with all pos-
sible situations. The 'pockets of underdeterminacy' are eliminated if
technology assessment yields estimates about limits to the range in
which an underdetermined price may move (e.g. the future price of
gasoline sets a limit to the possible variation of the price of liquefied
coal as a future by-product of high temperature nuclear reactors). If
this is not feasible, the product is likely to be new and therefore non-
basic so that it is eliminated in the formation of the basic system.

The familiar construction of the basic system is therefore rendered
more complicated only insofar as there will be overdetermination. A
theoretically rigorous solution is then available: if competition pre-
vails, that combination of processes will be chosen which maximises
the rate of profit, given the real wage (Chapter 6 in this volume).
However, in concrete circumstances the choice between 'technology
assessment' (selection of a method which is likely to dominate and
which does not necessarily minimise costs) and 'aggregation' (formation
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314 The Composition of Output

of averages) is to some extent a matter of judgement and of purpose:
technology assessment is more appropriate for prediction and policy-
making while aggregation serves the analysis of inter-industry rela-
tionships in the present. In practice, the availability of data and the
access to information about industrial strategies will be decisive fac-
tors. Finally, where surplus profits have been consolidated into rents,
the traditional method should be followed and the 'marginal' process
determines prices.

But, whatever method is chosen in the formation of the basic sys-
tem from 'socially necessary techniques', the classical method of re-
garding distribution, employment and the composition of output as given
is clearly an essential element in the derivation of the equations which
determine production prices; it is difficult to see how these procedures
could be used in a neoclassical general equilibrium approach although
they are, apart from the element of joint production, standard in input-
output analysis (with rates of profit differing between sectors).

Once production prices have, empirically or conceptually, been de-
rived at some level of aggregation, a disaggregation for a sector under
particular consideration is again feasible in order to discuss the underdeter-
mination or overdetermination of certain prices (other prices being given),
with competing processes and the potential introduction of by-prod-
ucts, as we have done with examples taken mainly from the energy
sector in sections 13.5, 13.6 and 13.7 above.

The classical economists themselves do not seem to have been aware
of the possibility that production prices might have to be determined
simultaneously in a group of joint production processes. They treated
joint production as a special extension of single product industries by
implicitly distinguishing between the main product (whose price was
equal to cost of production) and a subsidiary product which would
fetch as much as a close substitute. This is why Adam Smith argued
that fur was cheap in a country where fur was used for clothing and
where the main diet was meat (Kurz, 1986), and why Marx called
joint products the 'excretions of production' and seemed to think that
the problem of joint production was mainly that of capitalists trying to
sell waste products to make some additional profit.4

Natural processes - if we may use that expression - always feature
joint production in that any transformation in an ecological system can
be regarded to fulfil several functions, but the purposive act of human
production is typically directed at the creation of one product. This,
and the difficulty of accounting for costs and prices in the case of
joint production, lead to the prevalence oi single product systems and
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Sraffa and Applied Economics: Joint Production 315

the emphasis on single production by the political economists in the
period of classical analysis. I interpret the paper by Kurz (1986) on
the early history of the theory of joint production as yielding further
evidence on this point. The classics did discuss disposal activities but
were unable to provide a complete solution to the determination of
relative values of joint products - hence Jevons' famous scorn for J.S.
Mill who had invoked 'supply and demand' in this context. But it
seems also plausible that the increasing importance of chemical indus-
try in the last third of the 19th century led to a greater awareness of
the problem. At any rate, I should like to advance the hypothesis for
further historical investigation that the processes introduced in the manu-
facturing sector during the first industrial revolution lead less often to
immediate joint production of commodities than the more traditional
methods preceding and the more advanced methods following it.

Today, the classical theory of value can be extended quite naturally
to multiple product industries, if Sraffa's suggestion 'to count the equa-
tions' is taken up, as we have seen in this paper. Sraffa had discovered
that the underdeterminacy of one process with two joint products leaves
'room for a second, parallel process'. Now we have seen that there are
incentives actually to bring the number of processes used and com-
modities produced into equality. The point, however, is to transcend
the formal analysis of the long period equilibrium and to analyse the
movement of the economy by taking the long period position only as
the frame of reference without identifying it with the actual state of
the economy. Since the properties of joint production systems in equi-
librium have largely been clarified, the task is to analyse movements
of capital between industries which equalise the rates of profit. The
obstacles to the tendency of an equalisation of the rates of profit are
diverse, but in the course of the evolution of the economic system
institutions are being developed which support that tendency, such as
the capitalisation of rents and the ex post reevaluation of the means of
production in capital markets. In a sense, the phenomenon which we
have here classed under the heading of 'counting of equations' repre-
sents a specific form which this tendency assumes in the case of joint
production.

However, it is not possible to analyse the changes of prices, distri-
bution and technology all simultaneously. One can, given distribution
and the methods of production, analyse the formation of a general rate
of profit with the transfer of capital between industries but such was
not our purpose here. We have analysed the competition between methods
of production at a given general rate of profit and at given levels of
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316 The Composition of Output

demand in terms of surplus profits which may be turned into rents in
the case of an overdetermination and which are due to the profit con-
tribution of excess commodities in the case of an underdetermination
of prices. The basis of our analytical procedure therefore was provided
by the classical methodological separation between the theories of dis-
tribution, value and output. It is this which had allowed us to identify
the classical element in modern econometric models and which allowed
us to reconcile the apparent contradiction between the conflicting inter-
pretations of joint production in mathematical economics on the one
hand and business administration on the other.

Notes

1. Sraffa (1960), p. 43.
2. Marzi and Varri have calculated wage curves from input-output data of

the Italian economy (Marzi and Varri, 1977); Krelle has done the same for
the Federal Republic of Germany (Krelle, 1977). Such wage curves, if
calculated and compared for different time periods, do not prove anything
about the switch points between wage curves belonging, to different tech-
nologies which compete in a given moment of time, but they do give indi-
cations as to the prevalent form of technical progress which went on between
periods. According to Marzi and Varri the maximum rate of profit seems to
have fallen in Italy as if mechanisation (see Chapter 11 in this volume)
had increased but there is no presumption to expect this result to hold in
general.

3. The example is spelled out in numerical terms in Chapter 2 in this vol-
ume.

4. Marx ([1867-94] 1969), vol. 3, pp. 110-13.
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14 On Changes in the
Composition of Output*

14.1 INTRODUCTION: PREFERENCES AND NEEDS

It has often been remarked that 'demand' is missing from the Sraffa
system. If the level and composition of output change, the input-out-
put coefficients change so that there seems to be no room for a consid-
eration of demand. If, on the other hand, distribution is given and
there are constant returns to scale, prices are determined independently
of the levels of output in the different sectors. It would then seem that
demand conditions can be freely introduced, but they only fix the quan-
tities. The latter case can clearly only serve as an introduction; yet it
is regarded as the main case by neoclassical interpreters.

The difficulties surrounding such notions as 'demand' and 'compo-
sition of output' are connected with the specific classical methodology.
It is a theory which, given technology, uses separate approaches to

(a) the determination of output (effective demand regulating the level
of activity and socioeconomic factors affecting its composition);

(b) the analysis of distribution (the forces governing distribution are
subject to historical change);

(c) the theory of value (it shows how relative prices are determined if
one of the distributive variables is fixed and if the structure of
production and consumption is given).

The classical theory is made up of these constituent parts, and it
varies considerably according to the assumptions made about, for ex-
ample, distribution. Neoclassical theory, on the other hand, is based
on the unifying principle of supply and demand which determines prices
simultaneously with distribution and the composition of output. If that

* Paper presented at the Conference on 'Sraffa's Production of Commodities by Means
of Commodities after 25 Years', Florence (August, 1985). I should like to thank
G. Orosel, P. Garegnani, S. Parrinello and others for helpful comments. First pub-
lished in Political Economy, Studies in the Surplus Approach I (1985), pp. 105-42.
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318 The Composition of Output

theory is to be subdivided, one mainly distinguishes partial and gen-
eral equilibrium.

It is the purpose of this chapter to show how the classical method-
ological distinction can be maintained in the face of changing condi-
tions of demand. The solution is, broadly speaking, that (within certain
ranges) the separation of the theory of value from the theory of output
can be kept beyond the limits set by the so-called 'non-substitution
theorem' and that, where this is not possible, characteristic interac-
tions between the determination of the level of output and the deter-
mination of prices take place which are in some cases quite diflFerent
from those discussed in the neoclassical theory.

The differences arise mainly because neoclassical theory attempts to
show the existence of an allocation, given technology, endowments
and preferences, such that the plans of agents can be carried out in an
equilibrium at full employment. It can ideally be restored in the face
of an autonomous fall in the demand for some goods (due to a change
of preferences) through an appropriate change of commodity prices
and of the remuneration of factors, and this in turn causes the demand
and supply of commodities and factors to be changed by the appropri-
ate amounts. None of these mechanisms is accepted without qualifica-
tion in the classical theory. In particular, supply and demand for factors
are in general not expected to react to price changes so as to automati-
cally restore equilibrium; classical (and Keynesian) theories regard full
employment as special cases.

In order to make room for a classical treatment of demand, it is
necessary first to review some of the neoclassical assumptions criti-
cally and to remind the reader of some logical objections against the
neoclassical mode of reasoning. For it seems to be a fact that empiri-
cal and philosophical arguments have had a lesser impact on the aca-
demic tradition of identifying the core of economics with neoclassical
theory than logical arguments, and unless the neoclassical way of thinking
is effectively questioned, the classical propositions are not likely to be
accepted.

After pursuing the traditional objections, i.e. the hypothetical char-
acter of preferences outside the equilibrium point ((a)), I therefore want
to argue that 'compromises' between neoclassical and classical approaches
are problematic, if they are based on a neoclassical theory of distribu-
tion and a classical theory of prices ((b)). This will lead me to ask
what we should mean by neoclassical theory: not a research programme
but a closed and coherent account of how the economy is supposed to
work ((c)). It will be shown that the logic of the neoclassical theory of
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On Changes in the Composition of Output 319

equilibrium requires a high degree of substitutability (if not homoge-
neity) both of the 'factors' capital ((d)) and goods ((e)), and the con-
ditions which are necessary to guarantee uniqueness of equilibrium
are very stringent ((f))- The neoclassical theory of preferences neces-
sarily provides an inadequate representation of the stratification of needs
((g)) and must conceal the conflicts between different social roles played
by individuals ((h)).

On the basis of this critique, a reconsideration of the classical theory
will be proposed ((i)) which has historical precedents (end of section).
It is very simple in its formal representation and does not give rise to
the objections raised against the neoclassical theory. The main sections
(sections 14.2-14.5) following upon this introduction will explain its
use. After a reconsideration of the surplus approach (section 14.2) and
a discussion of causes and effects to changes in the composition of
output in single product systems with constant returns to scale (sec-
tion 14.3), the crucial analytical step taken in the chapter will be to
extend this approach to joint production (section 14.4) and the case of
variable returns (section 14.5).

(a) Criticism of the assumption that utility functions or preferences
are defined outside equilibrium is older than the developed forms
of neoclassical theory themselves. One usually does not know —
not even using introspection - what one's preferences would be, if
one had to choose in an economic situation quite different from
one's own. Even if preferences are fairly homogeneous within given
income classes, one has first to learn the consumption pattern, the
behaviour, in short the iife-style' of a higher stratum before one
can move freely within it. Few people know how they should be-
have if their income were curtailed significantly. In particular, one
knows very little about what one's preferences would be at differ-
ent levels of employment and the associated states of the economy.

To this extent, the assumptions about consumer preferences lack
plausibility, and so does the conclusion derived from the hypo-
thesis, namely that an equilibrium wage obtains at a level of full
employment such that the disutility of work is just compensated
by its remuneration. In the course of the postwar race to catch up
with the most advanced western nation, several states in Europe
reached a level of full employment of the domestic labour force
only twice: in the Federal Republic of Germany, for instance, there
was a massive inflow of 'foreign' workers at the beginning (the
refugees). They were all absorbed into the labour force in the early
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320 The Composition of Output

phase of fast growth, but the moment of full employment could
hardly be perceived since, in the next phase, foreign labour had to
be brought in artificially in order to satisfy the booming demand,
and, when growth slackened, the 'overemployment' was reduced
until the present state of underemployment was reached. A theory
of full employment equilibrium is, under such circumstances, remi-
niscent of the famous clock which is accurate twice a day because
it stands still.

Yet, such phases of accumulation are not entirely disconnected;
there are learning processes going on in which firms move up a
ladder of technological evolution and individuals enjoy rising in-
comes and change their preferences or, better, their needs and life-
styles, accordingly. The question of this paper concerns the treatment
of states, and of changes, of needs and the corresponding adapta-
tion of the composition of output in economies which follow spe-
cific macroeconomic paths.

(b) This presupposes the adoption of the methodological principle of
dividing the classical theory into one of output, distribution and
value (and not, like the neoclassical, into that of partial and gen-
eral equilibrium). Once the principle is accepted, one might be
tempted to use the neoclassical theory of demand in order to pro-
vide a theory of the composition of output. But, on the one hand,
such a theory is not missing in Smith, Ricardo or Marx (Schefold,
1981). On the other, the neoclassical theory of demand cannot be
taken over because it is linked with the neoclassical theory of dis-
tribution. For, according to an argument stressed by Garegnani
(1983a), demand functions act on commodity prices through their
influence on factor prices.

To see this, it suffices to consider the long period equilibrium of
a system exhibiting (as is usual in neoclassical theory) constant
returns to scale with an unlimited supply of each factor at con-
stant factor prices. Prices are then equal to cost of production (the
supply curve is horizontal) and demand determines the quantities
to be produced. Only because factors are scarce, demand for them,
as derived from the demand for commodities and augmented by
the own demand by owners of the endowments, will cause higher
factor prices to be associated with higher levels of output, and
this will affect commodity prices, both directly through the cost of
the factors employed as well as indirectly through the influence of
the level of factor prices on the choice of technique.

The non-substitution theorem, by contrast, assumes given factor
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On Changes in the Composition of Output 321

prices: 'Capital' is equal to the value of produced means of pro-
duction. In this sense it is not scarce, and the rate of interest (the
'factor price') is given. If labour is the only non-produced factor
in a single product system, prices will then be determined by and
depend on the (nominal) wage rates; demand influences only the
levels of output and hence of employment.

But prices will depend on demand, and the non-substitution theo-
rem will cease to be valid, as soon as demand affects factor prices
and, therefore, the choice of activities. For instance, the supply of
labour may be related to the disutility of work and may be bal-
anced against the utility of consumption goods, while time prefer-
ence determines the rate of interest (the 'factor price' of 'capital').

It might be concluded that preferences affect prices of goods
through effects on factor prices in general equilibrium but that a
dissociation of the neoclassical theory of distribution and of the
neoclassical theory of the determination of demand through pref-
erences remains logically possible. However, the usefulness of such
an approach for a general theory may be doubted. Suppose e.g.
that a Sraffa-type model with constant returns is given, that the
wage rate rises with the productivity of labour, and that all techni-
cal progress takes the form of reductions in labour requirements.
Rising incomes will cause shifts of the composition of output de-
termined by Engel elasticities. It then follows that the share of
wages and the level of employment will change - unless Engel
elasticities are, as in Morishima (1964, p. 138), quite arbitrarily
assumed to be equal to one - so that, even in this simple case,
tensions may develop which put existing wage agreements into
question. In a changing economic environment, they are likely to
lead to changes of preferences. It will therefore be more appropri-
ate to focus on the specific content of consumer demand directly;
for it will be sufficiently difficult to predict consumer demand in a
given state of prices, distribution and employment, even without
formulating hypotheses about what consumer demand might be in
a different state.

A faithful neoclassical like Schumpeter will consider preferences
as fixed and as pertaining to one and the same long period equi-
librium which remains fixed as employment fluctuates around the
normal state (cf. Chapter 19 in this volume). But it is not plau-
sible to extend the idea of given preferences to a theory of accu-
mulation along classical lines, with a non-neoclassical theory of
distribution and a neoclassical determination of the composition
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322 The Composition of Output

of output, if the economic environment changes, as the example of
the two interludes of full employment in the Federal Republic of
Germany illustrates.

(c) We are here thus not concerned with models which might allow
an ad hoc combination of classical and neoclassical elements for
the analysis of special situations. By neoclassical theory we mean
the body of economic theory, derived from the marginalist revolu-
tion, which explains distribution and employment in terms of sup-
ply of, and demand for, factors of production in a general equilibrium
which is meant to be used, in the analysis of concrete economic
problems, by means of the familiar method of comparing equilib-
rium states. The equilibria therefore have to be stable and to be
essentially unique.

Many modern authors close to the neoclassical tradition are in
reality trying to break away from it by introducing concepts of a
different kind, such as that of effective demand, or by generalising
particular models. Now it should be clear that a new model which
generalises the assumptions habitually required to prove a special
theorem, e.g. the existence of equilibrium, at the expense of stab-
ility properties, may be of interest for the development of a future
non-neoclassical theory but does not necessarily broaden the basis
for neoclassical theory itself, if the latter requires, to be relevant
and applicable, the stability and uniqueness of equilibria. Neoclas-
sical theory, in this sense, is by definition one which must predict
full employment, as a long-period equilibrium around which oscil-
lations in the form of business cycles may take place.

A firm belief in the working of the neoclassical equilibrium mechan-
ism in this traditional, narrow but relevant sense is perhaps not often
admitted today. Yet, this concept of neoclassical theory is appropri-
ate for our discussion. In a similar vein, we shall interpret the analysis
of preferences in the liberal tradition of individualism and are here
not interested in formal extensions such as the consideration of
externalities in consumption using interdependent utility functions.

It is then the purpose of the chapter to defend the determination
of the composition of output according to the classical tradition
against the treatment of demand according to the neoclassical view.
To do so, however, it would not be appropriate to confine the dis-
cussion to great authors in the neoclassical tradition (such as Marshall,
Wicksell or Schumpeter). Modern Walrasian models (following
Debreu, 1959) and other works on demand by - if the expression
is permitted - illuminated neoclassicals will also be used (some-
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On Changes in the Composition of Output

times, perhaps, against the intentions of their authors) to indicate
limitations of the comprehensive neoclassical theory and to col-
lect tools towards a reconstruction of the classical theory. Whether
the same tools and models might provide a sufficient basis for
some other new theory or a true generalisation of neoclassical theories
will not be discussed (I remain sceptical with regard to 'neo-neo-
classical syntheses').

The need to transcend the neoclassical framework now follows
from an analysis of the economic logic of its own assumptions.
Since this critique has been advanced on various occasions, a sum-
mary may suffice (points (d), (e), (f)):

(d) The economic process can be subsumed under the concept of equi-
librium only under restrictive conditions. If the equilibrium is
intertemporal, competition will ensure that the rate of return (in
terms of a given commodity) will be uniform for all activities used
and equal to the own rate of interest of the numeraire commodity.
The own rate of interest is, for this purpose, defined as the maxi-
mum rate of remuneration of a commodity, in terms of itself, to
be obtained by investing or by holding it; hence it is equal to
(X, + ,/X,) - 1 if the quantity X, + , of the commodity is the promised
payback of the commodity in the next period and X, the quantity
available in period t, and X, + ,/X, = p/p, + , where pr p, + , are
discounted prices of the intertemporal equilibrium such that X,p, =

This leads to an inconsistency concerning the endowments which
is easier to understand in a special case: If some reproducible en-
dowments (capital goods /) are available in excess, their services
will not be used and their own rates of interest /?0,/Pi, - 1 will be
zero or low relative to their cost of reproduction which would be
positive. They will thus partly be used, but (initially) not be re-
produced which may violate the condition of the uniformity of the
rate of profit with respect to traditional notions of long-period
equilibrium. Moreover, the corresponding stocks had once been
acquired in order to use them profitably later and if they now yield
no or very low returns, expectations are deceived, and these deceived
expectations are not treated in the model (see Schefold, 1985a).

The extent to which this will happen varies with the assump-
tions made. As Garegnani has shown in his discussion of Walras'
model of capital formation, the difficulty disappears if capital is
conceived of as a homogeneous magnitude (Garegnani, 1960).
Similarly, if all goods available as endowments are consumption
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324 The Composition of Output

goods as well as capital goods or if the time horizon is sufficiently
long, and if there is free storage of goods, none of the endow-
ments can be free in the modern intertemporal model because they
will be shifted through time so that they will either directly or
indirectly be consumed (assuming no satiation). But if capital goods
are not objects of consumption (such as plant) and if they are
subject to wear and tear, the being in excess of endowments rep-
resents - like that of excess capacities - an unpleasant surprise
for their owners: they are not needed now and cannot be held
without cost to be used tomorrow. Hence they are conceptually
proof of a disequilibrium. Even if their prices do not fall to zero
but are low in comparison with their cost of reproduction, expec-
tations are deceived and may, according to economic logic, lead
to a fall of effective demand. From a normative point of view, it
might be said that past mistakes should be irrelevant to the valua-
tion of assets, but the experience of mistakes alters expectations

. in a dynamic process, and this is not taken into account in the
modern neoclassical theory of intertemporal equilibrium.

Differences of rates of return in terms of different commodities
are another aspect of the same phenomenon in models with a con-
stant linear technology. If the initial stock of ovens, say, is larger
than the amount of ovens which can be used to bake bread, given
the initial stock of flour, the price of ovens will at first be low and
rise over time as they are gradually used up until the level deter-
mined by the cost of reproduction is reached in a model with a
distant time horizon.

To achieve one uniform rate of return which is the same in terms
of any chosen numeraire, and to exclude zero prices of endow-
ments of capital goods, a high degree of substitutability on the
input side may thus be necessary in the neoclassical model, which,
in the limit, entails that all means of production are of one kind.

(e) We cannot discuss here the difficulties associated with a realloca-
tion of misguided investment - ovens in our example - according
to the neoclassical theory of supply and demand for factors of
production. But it may be observed that one obtains a similar re-
sult regarding the substitutability of consumption goods, if the stab-
ility of equilibrium in tatonnement processes is examined. The most
meaningful sufficient condition (not capable of significant exten-
sions according to Hahn, 1982a) guarantees that an equilibrium is
stable provided that all commodities are gross substitutes.1 But, at
least according to classical thinking in the interpretation presented

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



On Changes in the Composition of Output 325

below (section 14.4), goods which are gross substitutes fulfil the
same need and are, for the purposes of classical theory, conve-
niently treated as one and the same good (commodities should be
defined according to their economic properties). Hence, in a sense,
neoclassical theory is able to obtain a stable equilibrium by as-
suming that endowments and consumption goods are each reduced
to one commodity. The problem of the neoclassical theory of capital
and that of stability both disappear in a one commodity world.

To present the matter in this way implies a simplification. But
the importance of the argument concerning stability is now much
better understood because of Sonnenschein's and Debreu's proofs
that to virtually every arbitrary system of excess demand func-
tions an artificial exchange economy fulfilling the usual axioms
can be constructed (with endowments and preferences for as many
commodities as there are consumers) which approximates those
excess demand functions to any given degree.2 Therefore, if one
wants to preserve one of the most fundamental neoclassical as-
sumptions, i.e. that the free choice of individuals is given by inde-
pendent preference orderings, one has to accept that unstable
equilibria may result. Attempts to single out those systems of prefer-
ences (in terms of some property relating to needs and their satis-
faction) which would exclude unstable excess demand functions
have not been successful - and if they were, neoclassical theory
would lose part of its claim to generality with respect to the pos-
sibilities of choice of individuals.
The application of equilibrium analysis is problematic unless the
equilibrium is determined uniquely. For one can otherwise not say
with certainty what the effect of a change in one of the parameters
on the final equilibrium position will be. The long-period posi-
tions considered by Sraffa are in this respect definitely superior to
the neoclassical general equilibrium because they are always uniquely
determined, except for some rather odd cases in the theory of joint
production. In particular, given a vector of consumption goods to
be produced, the criterion of profit maximization will lead to the
choice of a unique technology in Sraffa systems (cf. Salvadori,
1982). But, as Kehoe has recently shown by using an index theo-
rem (Kehoe, 1985) a (in general finite) number of equilibria may
result in an economy with given preferences and endowments for
each consumer in the neoclassical case. Kehoe has analysed the
extension of known results from pure exchange economies to econ-
omies with production and found that even gross substitutability
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326 The Composition of Output

good 1

-*• good 2

Figure 14.1 Substitutability and complementarity

is not sufficient to ensure uniqueness in economies with production
involving more than three consumers. The weak axiom of revealed
preference ensures uniqueness, but to postulate it is to postulate
that the economy behaves like a single consumer. Or it has to be
assumed that the technology is given by an input-output system.
Hence, it would seem that attempts to define those general equi-
librium systems which are both stable and unique lead back time
and again to one commodity worlds or to assumptions close to
those of classical analysis. Perhaps this insight will help some of
those educated in the neoclassical tradition to follow on the path
traced below.

(g) The high degree of substitutability required for the working of the
neoclassical equilibrium mechanism contrasts with the complemen-
tarity of needs emphasised (implicitly) by classical authors and
with the structure ascribed to needs in modern psychology. Gross
substitutability in systems of excess demand functions also involves
the supply of (or the own demand for) endowments. Ignoring this
for simplicity, one may use a diagrammatic representation at the
levels of the individual consumer. Neoclassical theory assumes that
between any two goods there is a definite relationship in that a
price rise of the first leads to an increase (gross substitute) or a
reduction in the consumption of the second (complementary good).
The corresponding points in Figure 14.1 are P and Q,, Q2, Q3

respectively where the reduction of good 2 is more (Q2, 63) or
less than the proportional reduction of good 1. An increase in the
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On Changes in the Composition of Output 327

consumption of good 1, relative to the initial position A, is also
possible (Q}). Strict complementarity (proportional reduction in the
consumption of both goods is accidental [point Z]. Note that only
point P fulfils the condition of gross substitutability.

But, as far as I can see, all theories of wants and their satisfac-
tion (except the neoclassical) negate the generality of substitution
and postulate hierarchies of needs and their satisfaction. In the
dialogue 'Philebos', Plato's Socrates made fun of those who thought
that 'real' pleasure could be derived from the satisfaction of urges
by giving in to any primitive impulse; he thought that the 'Good'
was acquired by higher intellectual pursuits which presupposed what
we now should call a sublimation of some 'lower' instincts. Much
in the same way, the modern view is, that only the satisfaction of
basic needs is tantamount to the reduction of an arousal in the
nervous system. There is a want, associated with a desire to re-
duce it, in the case of 'existence needs' such as the want for food,
shelter and security, but there are also 'relatedness needs' such as
the want for love and recognition.

Already here we have a hierarchy. Not all needs of man are
existence needs. There appears to be a second category of needs
which may be different from the first even at the physiological
level in that they are not satisfied by a reduction of the arousal of
the nervous system, because they are motivated by the growth of
the cognitive, aestethic and social abilities, the enlargement of the
consciousness and the perfection of movements, actions and the
minds of people. Such personal growth has, unlike the famous narrow
capacities of the human stomach in Adam Smith, in principle no
bounds.3

The belief that these complex wants can be reduced to a system
of preferences is mistaken because to the extent that there is a
hierarchy of wants, a system of preferences allowing the construc-
tion of a utility function with the appropriate properties of substi-
tutability does not exist (cf. Georgescu-Roegen, 1966). For a
hierarchy of wants implies a lexicographic ordering: First elemen-
tary needs have to be fulfilled before there comes the turn of higher
needs; in the extreme, there is no substitutability whatever between
them (though there may be a substitutability between goods fulfil-
ling the same need). Given a minimum level of nutrition, music
and bread are complementary (although they are hardly gross sub-
stitutes). Below, near the subsistence level, there is no substitut-
ability at all.
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328 The Composition of Output

(h) The system of needs is further complicated because one and the
same person may fulfil different roles in society so that there is a
faustian conflict about what one should do with one's time (see
Krause and Steedman, 1986): Should I dedicate it to my children
as a father or to my students as a teacher?

To the extent to which there is no established hierarchy of my
needs according to which I live, the conflict between roles is in-
evitable. If I assume boldly that the set of potential objects for
consumption is ordered according to a consistent set of prefer-
ences for each of a finite number of such roles, any individual
consumer consists, as it were, of several systems of preferences. It
can then be shown that it may not be possible to aggregate those
systems of preferences to one 'higher' preference ordering for the
individual much in the same way as it may not be possible to
obtain a welfare function for a group of decision makers accord-
ing to Arrow's impossibility theorem (Arrow, 1951).

The customary answer to conflicting demands resulting from the
several roles played by individuals in society is to cling to habits
and conventions. This I regard as the justification for taking the
needs of individuals in classical theory as given at the atomistic
level. At the same time, the roles one can play and the ways at
one's disposal to satisfy one's needs are embedded in a given structure
of production and consumption, and the satisfaction of needs -
even the needs themselves - are conditioned by institutions at the
macroscopic level. Different combinations of roles are thus associ-
ated with different economic environments or life-styles.

However, the economic conditions under which the habits and
the structure of consumption once were formed may change, e.g.
because incomes rise and individuals assume new roles; they then
iearn' to behave according to a new pattern. Some of the changes
so engendered may have to be treated simply as exogenous be-
cause they represent unique historical events. But others may have
a more systematic character and find an explanation by dividing
the mass of individuals and the roles they play into social groups
with economic characteristics, and by analysing the changing econ-
omic conditions of those groups.

(i) Four hypotheses should be retained from these considerations which
may be useful in the reconstruction of an alternative approach
('reconstruction' because they were present in the analysis of the
classical economists):
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On Changes in the Composition of Output 329

1. There are hierarchies of needs from basic needs up to higher
needs such as the need for self-fulfilment. The needs are taken
as given in a given economic environment.

2. There are segments in the population which correspond to in-
come classes (they have some sociological unity as well as
economic properties in common but they need not be classes in
the traditional sense of the difference between wage earners and
capitalists). They are further to be differentiated according to
environment, upbringing and cultural background. To different
segments there correspond different patterns of consumption to
satisfy the hierarchies of needs.

3. There are conflicts in the roles one plays so that an individual
may, as it were, belong to different segments at the same time.

4. There are learning processes associated with transitions between
such segments.

I do not like the reduction of the individuality of persons to
the fulfilment of these several roles from a humanistic point of
view but to some extent the reduction is objective through the
opportunities which the economic system provides. To take the
reduction as granted is then a useful step of theoretical abstrac-
tion. If one wants to take the individuality of persons into ac-
count in a subsequent step, the point is to understand how people
react to changes in their environment, e.g. to the growth of
material wealth.

The task is now to show how these elements can be com-
bined to introduce a theory of consumption in a classical frame-
work. It is clear that the distinctions provided lead to important
economic effects. For instance, the price elasticity of demand
may be generally low for goods directly related to the fulfilment
of basic needs. Income elasticities of demand may be explained
in terms of migrations of people between income classes. Snob-
effects (Veblen-effects, Giffen paradox) must be explained in
terms of the sociological dynamic of attempted transitions to
upper income classes and role conflicts may help to explain
uncertain behaviour (do I save or dissave in a slump?).

The answering of such questions and the provision of theor-
etical underpinnings for well-established and useful concepts
of applied economics such as elasticities are the testing ground
for any theory of consumption. To do so, the four hypotheses
are complemented by:

5. Households are units which produce the goods required to satisfy
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330 The Composition of Output

needs by means of commodities bought on the market and by
means of domestic labour.

It is this last assumption which leads to the most definite
conclusions regarding reactions to changes in prices and in-
comes. Elasticities will be higher if there are more processes to
satisfy given needs.

We end the section with a consideration of the origins of the ideas
contained in (l)-(5). My remarks about the historical background to
this conception start with the last point. Similar extensions of the theory
of production to the theory of the household have been attempted by
neoclassical economists, and in a neoclassical framework, notably by
Lancaster (1966). In Lancaster, the properties of consumption goods,
not the goods themselves, are the variables of utility functions. Becker
(1982) introduces activities as variables in his theory of a rational al-
location of time.

A first difficulty with this is that households do traditionally not
generally follow such rules of rationality so that one has, at least in
principle, to distinguish between those activities of the household which
are subject to a rational plan and others; the approach proposed above
applies to that limited domain where it is meaningful to say that the
costs of fulfilling given needs by means of goods and services in do-
mestic production are calculated and minimised.

But the main drawback to using preferences is the consequent loss
of operationality. The determination even of a partial neoclassical equi-
librium requires full demand and supply curves, not only elasticities
as expressions of the direction of expected deviations from a given
equilibrium.

Within the neoclassical universe of thought, this difficulty will
not be overcome because it is the point of the neoclassical approach to
regard the individual as given, the sovereign in the world of con-
sumption. This is a respectable point of view if contrasted to authori-
tarian attempts to impose an exogenous will - albeit that of a majority
- on the freedom of choice of individuals. But the question of the
freedom of choice is neither here nor there in our discussion. For, as
explained above, we doubt the legitimacy of postulating consistent
preferences even from the local point of view. The programme of
methodological individualism may be proposed, but it may also be
asked whether its assumptions are reasonable. And if individualism is
the dominant point of view, we may perhaps be allowed to stress here
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On Changes in the Composition of Output 331

the opposite approach, without trying to provide a final answer to the
age-old problem of the reconciliation of freedom and necessity.

At any rate, the classical question was, in modern words, how a
sociological theory of the development of households within a given
culture could be linked with a theory of the economic mechanism.
Here we have the relevant formal concepts for such an approach. Where
the satisfaction of needs does not require processes of domestic pro-
duction, of where we believe that action is not rational, we identify
the needs with consumption goods and take them for our present pur-
poses as given. But the sphere of domestic production is an important
historical variable and it seems, after having shrunk for a long time,
again to be growing (cf. Gershuny, 1981). Where the rationality of
capitalistic production really penetrates the household, a correspond-
ing analysis in terms of cost minimisation is appropriate; the primary
example of such a change, which has recently taken place, is that of
the saving of energy in domestic heating.

The historical background to this approach is provided by the tradi-
tional distinction between necessary and luxury goods. The former were
thought to correspond to given needs, as determined by the necessities
of daily life in a certain environment shaped by traditions, historically
achieved standards and other influences on the conditions of reproduc-
tion in a social stratum. The necessaries were there to fulfil, in modern
terms, existence needs, while luxuries essentially served the fulfilment
of 'higher' needs (relatedness needs). The luxuries could be fanciful
gadgets but also the attributes of a superior culture displayed by members
of the upper classes. Whether frivolous or artful: the distinction re-
ferred to an economic difference which had macroeconomic consequences.
The provision of necessaries provided a lower limit to the real wage
while the consumption of luxuries was by definition more volatile.
Increases in luxury consumption were defended on the grounds of a
theory of effective demand (Malthus) or regarded as a diminution of
saving and of investment (Ricardo). In either case there were connections
with the theories of growth, distribution and employment (and also, to
some extent, with the distinction of productive and unproductive labour).
The task of a modern non-neoclassical theory is to take up these con-
ceptions, using the results of modern psychology, and to integrated
them as stylised facts in a theory of value, distribution and output.

This would imply also take up older, normative views of what is
now called welfare economies. Adam Smith argued in his 'Theory of
Moral Sentiments' that a cultural advance of society will be possible
on the basis of economic progress because people wish to excel and to
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332 The Composition of Output

arouse the sympathies of others and, in so doing, display works of art
even if they are themselves not talented. For Smith, riches were, in a
Hobbesian tradition, power, not utility. The diamond was expensive
because it was difficult to get; it was useful not as an object of indi-
vidual utility but because it could be used to impress others by show-
ing one's potential to command labour. For a neoclassical, this would
only be an odd external effect; for Smith it was part of the core of his
theory.

Smith's critical outlook caused him to view the worker as a person
reduced to the consumption of the necessaries of daily life and unable
to develop broader faculties, i.e. to satisfy higher needs. It was logical
that the vanity of the upper classes was connected with the depriva-
tion of the lower. However, extremes were controlled by the 'internal
spectator'. The wish to excel (a relatedness need) was ineffective un-
less one was able to conform to higher moral and aesthetic standards
embedded in each individual. Smith's economics therefore was part of
a larger social theory which we may not share. But it is clear that a
return to the classical theory of needs also implies an attempt to tran-
scend the Paretian ideal.

Today, there are many interesting departures or generalisations from
neoclassical theory. Learning processes have been modelled in terms
of adaptive preferences (see Weizsacker, 1983). Parrinello (1982) has
proposed a theory of deferred decision taking: a decision not to con-
sume now does not necessarily mean to save indefinitely, nor to have
a plan for a specific act of consumption in the future; it can also mean
to keep the option for the consumption of luxury goods later open,
without specifying now the specific content. But several different models
to formulate aspects of classical theories of consumer demand have
also been proposed. Pasinetti (1981) has used Engel-curves to repre-
sent learning processes in his theory of growth and structural change.
The tool can be reinterpreted to describe a migration from lower to
higher income classes as suggested above.

The changes in social values which accompany a process of accu-
mulation cannot, however, be completely subsumed under a concept
of Engel-curves, if those who will be rich tomorrow decide - because
their cultural outlook has changed - to follow a consumption pattern
which is different from that of people who own the same riches al-
ready today. If, for instance, it should be true that concerns for envi-
ronmental problems increase with the advances of a modern industrial
society, the income elasticities for certain positional goods such as
motorcars will diminish and those for health food will increase, and
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On Changes in the Composition of Output 333

this change of preferences can be represented by letting the demand
curves shift accordingly, with election results serving as indicators for
the change of social values.4

But, by considering the household as a producing unit which uses
the commodities bought on the market for consumption to produce
goods to fulfil needs, we shall follow a much simpler approach here.
DiflFerent needs will be regarded as complementary, and where there is
substitutability between goods, it will be regarded as due to the possi-
bility of using different goods to fulfil the same need. While neoclassi-
cal economists have sometimes attempted to reduce the criterion of
profit maximisation to that of the maximisation of utility, we thus go
here in the opposite direction (see Lowe, 1965). To the extent that
households are tradition-oriented, they are assumed to buy commodi-
ties for consumption in fixed proportions which they 'need'. To the
extent that the principle of opportunity costs has penetrated their pri-
vate lives, members of households are assumed to behave rationally
and to produce the satisfaction of their given needs by choosing the
cheapest method of transforming commodities for consumption into
the objects they desire. As a result, they will, even with given needs,
be responsive to changes in relative prices.

The main difficulty concerns the treatment of income effects. Sig-
nificant income effects can only be analysed by relaxing the budget
constraint and/or by showing how changes in savings and/or distri-
bution accommodate the income effect of a price change with macro-
economic consequences. After presenting the surplus approach (section
14.2), we shall first analyse such interactions by means of single prod-
uct systems with constant returns (section 14.3) and then show how
the analysis can be extended to joint production and variable returns
in subsequent sections.

14.2 THE SURPLUS APPROACH

Sraffa's starting point is to consider systems capable of self-replace-
ment (Sraffa, 1960). The economy is observed in a given period, pro-
ducing commodities by means of commodities with a surplus, and in a
given state of distribution. The wage rate is uniform, after having nor-
malised diflFerent kinds of labour by taking the wage rates paid to different
kinds of labour as weights. An explanation of relative wage rates in
terms of skills and other causes for a segmentation of work would
have to take various factors into account, such as the costs of training,
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334 The Composition of Output

the importance of incentives for different kinds of work, traditional
hierarchies and the scarcity of particular skills. Skills may lead to rents
which have to the explained in terms of a multiplicity of methods of
production (section 14.4).

The rate of profit is assumed to be uniform in order to calculate
prices of production as conceptual magnitudes. These prices of pro-
duction do not have to appear as the prices paid in the actual econ-
omic system; they provide reference points against which the importance
of deviations of market prices, due to imperfect competition on the
one hand and temporary disturbances on the other, can be measured. If
commodities are durable and stocks can be carried at negligible costs,
if competitive forces are strong and the necessary funds for accumula-
tion can be provided through capital markets so that investment need
not be primarily financed internally, and if firms set prices, mark-ups
are likely to reflect the uniform rate of profit directly and temporary
disturbances are smoothed through adaptations of stocks. But if there
is imperfect competition, there will be an associated hierarchy of rates
of profit. Market prices and prices of production will also differ, if
there is fluctuation not mitigated by stocks, e.g. because of an annual
harvest of perishable goods. Finally, profit rates differ, if there are
imperfections in the capital market so that the funds for investment in
sectors expanding at different rates of growth have to be generated
internally. In principle, however, a uniform rate of profit is possible
even with some sectors shrinking and others expanding and with all
savings flowing from profits, if the profits of slowly growing or slowly
shrinking industries are channeled to those which accumulate more
rapidly. Fast growing firms then pay interest to those providing finance.

Although the uniform rate of profit will in most cases not be a close
approximation to the real situation, it represents a convenient starting
point for conceptual, and in many cases also applied, investigations.
For it is obvious that large deviations of actual prices from prices of
production imply corresponding large deviations between rates of profit
so that the competitive forces will eventually lead to a correction (possibly
involving new institutions). And even if cumulative forces for a devia-
tion from the equilibrium persist for a long time (like, for instance,
the profits of an urban centre which exhibits consistently higher profits
than are obtained in the surrounding countryside), the individual char-
acteristics of the situation will still have to be explained with refer-
ence to some level of 'normal' or 'average' profitability.

To consider the system in its self-replacing state and to calculate the
associated prices of production is therefore only a first step in an analysis

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



On Changes in the Composition of Output 335

which aims at an understanding of change over time. The analysis of
accumulation and structural change can proceed by means of two different
methods (which can in turn each be differentiated in various ways):
the comparison of different states and the consideration of a slow and
gradual transformation over an extended period. An example of the
first is provided if we compare an economy such as it is at a given
moment with what it would have to be, if different conditions of pro-
duction are imposed from outside. According to this approach, decisions
about the method of production to be regarded as 'socially necessary'
have to be taken in the light of estimates about the potential growth of
productivity and its compatibility with other data such as distribution
and social values. Ricardo thus treated as socially necessary that tech-
nology which allowed to satisfy total demand in the long run in the
cheapest way, i.e. the technique employed on the marginal land in
agriculture and the most productive technique in manufacturing industry.

Alternatively, the second method of considering gradual transforma-
tion is employed, if a mixture of existing methods in each sector of
the economy has been interpreted as the socially necessary technique.
This was the approach suggested when classical authors spoke of 'av-
erages' but the same principle underlies the construction of input-out-
put tables. The slow transformation results, if the activity shifts within
each sector from older to more advanced methods of production.

The theoretical solution to the problem of the choice of technique is
provided by the criterion of profit maximisation. But, since we do not
attempt a simultaneous determination of a full employment equilib-
rium as in neoclassical theory, there is here more room to take institu-
tional forces influencing technological change into account. The traditional
example is provided by the Marxian theory of the falling rate of profit.
As I have shown elsewhere (see Chapter 11 in this volume), it was
based, in the mature Marx, not on an a prioristic reasoning according
to which the production of relative surplus value would always have
to entail a rise in the organic composition of capital, but on an analy-
sis of different forms of technical progress (in particular mechanisation)
which lead, under his stated assumptions, in fact to a diminution of
the maximum rate of profit of the system. For - according to his defi-
nition - mechanisation saves labour but not raw materials in the in-
dustry which is being mechanised so that the use of raw materials
overall increases because some are needed in the construction of the
machine. Such an analysis requires the consideration of technological
change at the level of the physical requirements of production and
their evaluation in terms of prices of production. The same methodological
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336 The Composition of Output

principle is nowadays being used (with, of course, different results)
when the economic impact of the microelectronic revolution on differ-
ent economies is assessed using projected changes of the input-output
structure. Changes in the composition of output are associated with
most forms of technical change, but insofar as these changes are con-
sequences of technical progress, we shall not treat them further here.
To the extent that the theory of the composition of output is concerned
with the content of investment, it transcends the scope of the present
chapter.

The influences on distribution must usually be considered as a sepa-
rate force in the analysis of accumulation. Since they intersect with
the influences on the composition of output of consumer goods in different
ways, it is necessary to refer to them briefly. Different theories of dis-
tribution can be of nearly equal importance either because they refer
to different historical periods and circumstances or because they refer
to influences acting at the same time, with one set of influences set-
ting bounds within which another set of influences operates.

To start from a given real wage and to regard profits as a residual
was the first approach taken at a time when real wages had shown a
remarkable stability over centuries in spite of short term fluctuations.
If the subsistence wage is interpreted in historical terms, its magnitude
is to some extent a result of power relationships. Such power relation-
ships can also be balanced if the share of wages is kept constant or if
a degree of monopoly prevails. In either case the rate of profit has to
be derived. During the period of rapid accumulation after the second
world war a theory has been stressed according to which effective demand
can entail a redistribution between classes, given the savings propen-
sities of capitalists and workers, such that the rate of investment deter-
mines the rate of profits. According to this view, a higher ratio of
investment to output can be financed because savings rise with a ris-
ing share of profits so that prices can be kept above costs in spite of
the forces of competition: firms are able to finance their expansion out
of profits, which are high because demand - largely generated by the
firms themselves - is booming. With a given capital-output ratio, the
rate of growth of capital determines the rate of profit. The theory is
valid in a state of high confidence such that firms prefer to expand
normal capacity to using capacity to the limit, and it presupposes that
real investment can be financed at low rates of interest. Sraffa has
suggested, by contrast, that the rate of profit is determined from out-
side the system of physical reproduction by the level of the monetary
rates of interest. This theory, though perhaps of broader application, is
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On Changes in the Composition of Output 337

plausible especially in a state of slow growth, if expansion is financed
primarily through banks which charge a rate of interest and if com-
petition tends to reduce profits to them, while the gains derived from
entrepreneurship take the form of managerial salaries. It is then interest
as a cost which determines the rate of profit so that the banking sys-
tem can increase the latter by raising the former. In this case a tempo-
rary spurt of demand leads to a fuller capacity utilisation rather than
to a higher growth rate. Various such models are conceivable and I see
no reason to privilege one of them on grounds of apriori arguments.
But it must, of course, be possible to formulate each model consis-
tently and in such a way that it is compatible with the chosen theory
of value.

To the extent that the theory of the composition of output is a theory
of consumption, it has to be approached in the same spirit (we deal
with the theory of the composition of investment only indirectly in
this chapter). We shall try to formulate the most simple conceivable
model and show how it can be compatible with the theory of prices.

14.3 SINGLE PRODUCT SYSTEMS AND CONSTANT
RETURNS

The case of single product systems with constant returns and with a
given distribution seems to present no problems; quantities are given
in terms of social needs and expand with accumulation. Prices are given
independently of the levels of output so that various explanations of
demand are compatible with a given structure of production and distri-
bution. Morishima has shown how preferences may be introduced without
affecting a Cambridge-type theory of income distribution with given
savings propensities on a balanced growth path.5 His assumption of
Engel elasticities equal to one precluded an influence of demand on
factor prices and hence the operation of the neoclassical interrelation
between demand and distribution. To represent demand by means of
given needs in a given period is, from a formal point of view, then
even more trivial.

But how are income effects associated with growth to be treated? If
incomes change because of a change of the distributive variables such
as a rise of the real wage rate associated with a change of productiv-
ity, wage earners get the opportunity to buy commodities which were
not part of their habitual consumption basket. If they exercise their
option, they acquire what at least initially must be considered as luxury

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



338 The Composition of Output

goods; if they do not, they save. This shows that in this view the
budget constraint must be assumed to be weak in that there is no ne-
cessity to spend incomes fully, and that there is a symmetric possi-
bility of spending (slightly) more than current income. In the absence
of perfect foresight there can be no definite commitment to the pur-
chase of specific future consumption goods. On the other hand, there
may be a pattern to the way in which people climb a social ladder as
they receive higher incomes. Their behaviour can then be predicted on
the basis of an ordering of consumers according to income classes.
This yields an explanation of income elasticities of demand.

It is natural to order these three possibilities and to assume a social
process by which rises of incomes are first saved, then spent for luxury
goods, and these luxuries tend after some time in turn to be regarded
as conveniences in a habitual standard of life.

Next we come to exogenous price changes. Among the possible causes
we may mention that the cost of production may rise in particular
industries according to the theory of differential rent and that there
may be reductions of prices with technical progress. After the change,
there may again be constant returns within a certain range, as we shall
see. The income effect of price changes on the standard of life of house-
holds is often negligible because of the weak budget constraint. The
operation of a weak budget constraint can be understood by analogy
with the constraint under which firms maximise their profits in classi-
cal theory. For it can be assumed only in the neoclassical theory that
there is a perfect capital market which allows any firm to hire factors
of production, given factor prices, without regard to a wealth or capi-
tal constraint of the firm, up to the point at which the value of the
marginal product equals the factor price, leaving the size of the firm
indeterminate in case of constant returns. In classical theory, it is as-
sumed (often only implicitly) that firms are restricted by the amount
of capital they own - otherwise, workers could become capitalists.
The existence of credit weakens this constraint but does not eliminate
it; the amount of credit which an individual firm can obtain depends
on many factors, but it is, as a first approximation, proportional to the
wealth already owned. Credit allows firms (up to a point) to pursue
given investment strategies in the face of indivisibilities. Much in the
same sense consumers can - within limits - adapt their methods of
domestic production for the fulfilment of a given need in the face of
changing relative prices. This is again the effect of the weak budget
constraint. There results a small effect on the level of savings.

The macroeconomic effects become important, if there is a series of
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On Changes in the Composition of Output 339

such changes. We take the case of a fall in the relative price first.
With rapid technical progress in many sectors, which proceeds suf-
ficiently evenly so as not to disturb steady accumulation, the savings
so obtained may help to finance the process of investment. The in-
crease in the disposable income of households also allows them to
acquire more or new luxury goods. Effective demand is then increased,
and the budget constraint is observed in that additional income is spent.

If, on the other hand, some price rises relatively to the others to a
significant extent because diminishing returns are operating within the
system, the surplus tends to get reduced and there results a threat to
the existing state of distribution. Ricardo had such a case in mind
when he spoke of a reduction in the general rate of profits and a redis-
tribution in favour of the landlords. He assumed that the money wage
of workers rises with the price of corn so as to keep the real wage
constant. Ricardo's assumption eliminated the problem of effective de-
mand but, a priori, price rises may work either way: if households try
to maintain their level of consumption, effective demand is increased
since costs have risen, but if purchasers are discouraged and renounce
the satisfaction of their needs, effective demand falls.

Generally, households will try to limit the impact of a fall in the
real wage by substituting other methods of domestic production. If,
for instance, the price of oil rises, they will start to wear sweaters,
later to use gas, and to insulate houses, so as to maintain, as well as
they can, a certain level of comfort. In doing so, households rarely
revert to previous forms of behaviour; the fall of the price of oil in the
1950s and 1960s and the later rise did not lead back to the consump-
tion patterns of the 1950s. It is therefore not illuminating to represent
such a process of substitution as a substitution according to given prefer-
ences; it is more pertinent to analyse technical progress in the methods
of domestic production which depend on the availability of consump-
tion goods. Changes in methods of production are easier to observe
while needs remain relatively stable, and if they are transformed, their
change should be traced back to definite causes.

Processes of substitution of the same type take place with all kinds
of domestic activities: if grapes are expensive, one substitutes apples
in order to have fruit. The formal treatment can be very simple. If (a,,
/,-) denotes a vector of consumption goods a, and the input of domestic
labour /, necessary to fulfil a given need in a household, and if there
are n such domestic processes of production possible with i = 1 , . . ., n,
the household maximises its 'profits' by minimising its costs, given
the costs of the consumption goods and a value attributed to the domestic
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340 The Composition of Output

labour. The wage rate used to measure domestic labour is, under con-
ditions of perfect rationality, equal to the wage rate obtainable by the
working members of the household, and a rate of profit on costs can
in principle also be charged. It has already been stressed that this form
of rationality penetrates the household only slowly; other forms of
rationality exist not only by virtue of the forms of tradition but are
also recreated by obvious other social forces which need not be dis-
cussed here.

If one wishes, therefore, one may list the inputs in terms of con-
sumption goods to be bought on the market (and this includes, e.g.,
material for the insulation of houses) with the associated inputs of
domestic labour. To each set of prices and a wage rate there corre-
sponds a demand for inputs to the domestic processes of providing
heat (or saving energy) of any given household under ideal conditions
(absence of habits and ignorance, instantaneous adaptation etc.). This
is a demand associated with prices. One can then work out how de-
mand changes with changes in prices, taking complications such as
the diversity of households, speeds of adaptation, etc. into account and
thus arrive at short run and long-run demand schedules.

The analysis of the methods of domestic production is subsequent
to the analysis of the methods of industrial production. Or, if one pre-
fers, some methods resembling those of an ordinary Sraffa system are
reinterpreted as groups of methods of domestic production and added
to it. Each group represents domestic production according to the life
style associated with a segment of the population and the income which
finances the purchase of the inputs necessary to those processes. Sraffa
has excluded them from the core of his theory since his definition of
the wage as a share in the surplus leads to the interpretation of con-
sumption goods as non-basics which cannot enter his standard system.

Changes of domestic methods of production and elasticities are thus
analysed, given distribution and the basic system. Large deviations from
the existing state of affairs are not compatible with the general ap-
proach presented here so that the schedules obtained are not really full
demand curves but indications of what the elasticity of demand might
be in the neighbourhood of existing situations; the short-run elasticity
indicates what the reaction would be to changes in market prices while
a long run elasticity is an expression of how the demand of house-
holds might shift in a process of accumulation involving changes in
relative prices. Movements of demand are reversible if the needs and
the means for their satisfaction are constant. An exact formulation is
not necessary here and perhaps not appropriate because it might conceal
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On Changes in the Composition of Output 341

the importance of the other factors mentioned above, i.e. the weakness
of the budget constraint and the importance of cultural factors in the
explanation or, rather, phenomenological description of the evolution
of consumption of luxury goods.

We can thus see how the methodological separation of the theories
of output, of value and of distribution can be maintained to some ex-
tent with single product systems because, with constant returns, prices
are determined and remain the same with small changes of the output
composition while larger changes, especially if they affect the budget
constraint significantly, lead to a consideration of the interaction of
the theories of output, distribution, and effective demand so that the
quantity system and the distributive variables, which together deter-
mine prices, undergo a transformation. Under the conditions stated,
the methodological separation of the theories and a sequential considera-
tion of change are therefore not incompatible.

The crucial question is, whether this methodology can be pursued
also in those cases which have by neoclassicals traditionally been con-
sidered as their special domain: joint production and variable returns
to scale. For the neoclassicals have (starting with Jevon's critique of
Mill), habitually thought that under those circumstances the classical
theory of value must fail and concluded (but it is a non sequitur) that
'value depends on utility'. They thought that relative prices of joint
products could not be ascertained through a cost of production ap-
proach (as such they saw the classical theory) without taking into ac-
count what John Stuart Mill (1848) called 'the antecedent forces of
supply and demand'. But we shall now show - and this is, analytically
speaking, the testing ground for the idea of this paper - that Sraffa has
found a way to extend the classical methodology. It has been explored
elsewhere (see Chapters 6 and 13 in this volume); here, I shall present
a summary which stresses the link with classical views of consump-
tion. The key idea is to analyse change sequentially: if, e.g., techno-
logical change is to be considered, the vector of final demand (which
includes domestically produced consumption goods) is regarded as given
(see Chapter 5 in this volume), while methods of production are re-
garded as fixed, if we want to analyse (small) changes in demand.
Large changes in demand may necessitate technological changes (in
the case of joint production), and this may be a more complicated
matter especially if there result effects on distribution.
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342 The Composition of Output

14.4 JOINT PRODUCTION

As is well known, Sraffa assumes that the number of commodities
produced is equal to the number of processes used, i.e. that his system
is 'square'. This equality seems problematical to the ordinary econo-
mist for at least three reasons:

1. Casual observation suggests that multiproduct industries are frequent
and single product industries are rare. Against this, Sraffa's sugges-
tion is that multiple product processes coexist in sufficient number
so that the equality between the number of commodities (goods
with positive prices) and processes used can be established. But in
many cases there seem to be too few processes and an abundance
of commodities (for instance products of oil refineries) while on
the other hand there is often a multiplicity of methods for the pro-
duction of the same commodity. For instance, there are several com-
peting methods of producing steel.

2. Sraffa's procedure is not immediately reflected in the literature on
business administration. On the contrary, in those markets where
prices can be set by producers, procedures for ascribing costs to
individual products in order to charge a mark-up are difficult be-
cause of the presence of joint costs, i.e. because of joint produc-
tion. Conversely, in those markets where prices should be regarded
as given, it is difficult to ascribe the profit contributions to indi-
vidual products as long as the problem of joint costs has not been
solved. Accounting is for this reason nowadays often seen as a strategic
tool of management rather than as a rational procedure for measure-
ment according to impersonal standards.

3. In modern theory, overproduced goods are free and unprofitable
activities not used. It can be shown that neoclassical versions, us-
ing preferences or utility functions, do not necessarily yield 'square'
solutions, i.e. solutions where the number of commodities (goods
with positive prices) equals the number of activities used.

The reasoning of the marginalists can be illustrated by means of the
following simple diagram (see Figure 14.2). Assuming a linear tech-
nology with constant returns to scale (therefore 'rigid' joint produc-
tion for any given method), the transformation curve is spanned by a
(finite) number of activities for the production of two goods. The equi-
librium will be found at the point where an indifference curve touches
the transformation curve. If this happens at a corner of the transformation
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On Changes in the Composition of Output 343

good 2 . good 2

good 1 goodi

Fig. a Fig. b

Figure 14.2 Transformation curve spanned by three processes Qx, Q2, Q};
equilibrium E determined by indifference curve //'. The two commodities
may be produced by one (Q2 in Figure 14.2(a)) or by a linear combination
of two processes (Qx, Q2 in Figure 14.2(b)).

curve, two commodities will have been produced by one method and
relative prices will be determined by the rate of substitution as in
Figure 14.2.

But if the equilibrium lies on a linear segment spanned by two ac-
tivities, we can, from a neoclassical point of view, conclude that the
relative price is also equal to the rate of transformation (Figure 14.2b).
It is easily seen that this will be equal to the corresponding price ratio
obtained in a Sraffa system of the form:

(1 + r)Ap + wl = Bp

with A, B being square matrices. Under suitable assumptions (see Chapter
5 in this volume and Schefold, 1989), the price vector of such a Sraffa
system will be determined and positive for a given rate of profit, and
the price of any two commodities can be represented in a diagram
analogous to Figure 14.2a and 14.2b. Let b^ be the output of com-
modity j in process i. Without loss of generality, we consider the first
two commodities produced by the first two processes. If they happen
to have the same cost of production (which is, of course, not a neces-
sary assumption but a convenient one for the use of this graphic tech-
nique), their relative price is given by (/?,, p2). The vector (/?,, p2) will
be orthogonal to the difference of the vectors (bn, bn) and (b2l, b22)
(Figure 14.3).

This consideration suggests that a 'square' Sraffa system emerges if
demand is given in the form of a basket of final goods to be produced
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344 The Composition of Output

good 2

• good 1

Figure 14.3 Needs given in fixed proportions N. Generic solution at E
involves two processes g,, Q2 producing two commodities. Q, = (fcn, bn),
Q2 = (£>2|, b22). Price vector P — (p,, p2); tan a = p2/P], tan B =

and if there is a large number of processes from which the methods to
be used can be selected. If needs are given in rigid proportions (for
the reasons mentioned above), at least as many processes will in general
be needed as there are commodities to be produced in the required
proportions (without overproduction). But, on the other hand, not more
processes than commodities can be used in an equilibrium with a uni-
form rate of profit, for otherwise prices would be overdetermined.

The idea has here been illustrated by means of a simple diagram
based on a narrow assumption which excludes the most important con-
sideration. It was assumed that costs of production are given so that
the interdependence has been neglected between the 'demand-side' of
the Sraffa system (output prices on the right-hand side) on the one
hand the 'cost of production-aspect' (supply-side, left-hand input prices)
on the other.

It can be proved rigorously that a 'square' Sraffa system will emerge
with probability one on a golden rule path, if a vector of final demand
is given. Among all square systems which can be obtained from a
finite set of feasible alternatives and which allow to produce (or partly
overproduce) the given basket of goods, the one that yields the highest
real wage, given the rate of profit will be chosen. The envelope of
these wage curves is monotonically decreasing. The problems in ex-
tending this result to the more plausible case where the rate of profit
is larger than the rate of growth or to non-proportional growth has not
been explored fully yet but the substance of the argument seems to be
valid from a mathematical point of view.6
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On Changes in the Composition of Output 345

Sraffa, however, does not approach the problem of joint production
from this angle. Instead of optimising and looking for an equilibrium
among a number of feasible alternatives, he takes a square system as
given and performs his mental experiment of observing what happens
to relative prices as distribution changes. This leads to many compli-
cations because of the possible occurrence of negative prices (to be
eliminated by means of truncation) and other effects, which have been
studied extensively in the literature. But the main interest in the model
is elsewhere.

First of all, Sraffa's method corresponds to the classical approach to
the problem of accumulation: the system is taken as given and one
examines the conditions under which it may reproduce itself. The question
of how other methods may be chosen is to be treated subsequently (in
particular, the idea of having a long list of blueprints is problematical
because it is difficult to assess and to compare the costs of actual and
of potential techniques). It is of particular interest to observe the ef-
fects of changes in one method of production on prices and quantities
in a square joint production Sraffa system, for there may be effects
which are qualitatively different from those observed in single product
systems. For instance, an increase in the productivity of labour in one
sector of the economy always leads to a fall of all prices in terms of
the wage rate in a basic single product Sraffa system, whereas the
same need not be true for joint production (cf. Chapter 2 in this vol-
ume). Or, if there is a profit contribution from the selling of a by-
product which had previously not been a commodity, it will generate a
revenue such that all prices fall, if the new commodity is produced in
indispensable processes, but some prices may rise and some fall if the
process is not indispensable.

This indicates that it would be desirable to construct square joint
production output matrices so as to enlarge input-output analysis in
order to detect such effects which will always remain concealed as
long as joint production is eliminated by means of aggregation pro-
cedures in applied economics.

It is clear, at any rate, that alleged difficulties with 'demand' are no
reason to reject the classical theory of value from a theoretical point
of view. By assuming an equality of the number of processes with the
number of commodities, Sraflfa has indicated a way to determine rela-
tive prices in the case of joint production in exactly the same way as
in single product systems, i.e. by taking the needs and the methods of
production to satisfy them as given. Changes of the system can be
analysed in consecutive steps. In particular, small changes in needs do
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346 The Composition of Output

not have to lead to an immediate change in the methods of production
employed, while exogenous changes in the method of production are
compatible with a satisfaction of the same needs. Thus, one can analyse
continuous changes in the composition of output, arising from the growth
of incomes, with gradual (stepwise) changes in methods of production
in response to shifts in demand or engendered by technical progress.
E.g., it is possible to increase the proportion of wool to mutton con-
tinuously by raising the average age of flock of sheep. Since live sheep
of age t can be treated as fixed capital yielding wool and t + 1-year-
old sheep as joint products, with the T-year-old sheep being transformed
into mutton, this can be achieved by increasing T by one step for an
increasing number of sheep.

If this settles the question of the logical consistency of the classical
approach at least provisionally in that it has been shown that square
systems determine prices and are compatible with changes in the com-
position of output, there remains the contrast between the main hy-
pothesis of an equality of the number of commodities produced and
the number of processes used on the one hand and the apparently fre-
quent occurrence of an inequality on the other. It may either be due to
an overdetermination of prices because of competing processes or to
an apparent underdetermination in those cases where there is one pro-
cess yielding multiple products and no other processes are visible which
might help to determine the relative prices.

In my view, such cases of overdetermination or underdetermination
are quite real and frequent, and the practice of business administration
would not be explicable otherwise. But both overdetermination and
underdetermination can be explained in terms of a classical theory of
disequilibrium; they are aspects of processes of gravitation of market
prices towards prices of production. I have illustrated the thesis sys-
tematically and by means of concrete examples in a recent work (see
Chapters 13 in this volume); the result can be summarised as follows:

The normal case (even with single product industries) is that of a
multiplicity of methods of production which compete in one or, in the
case of joint production, in a restricted number of separate markets.
The prices are then formally overdetermined. The practical result is
that rates of profits differ. The multiplicity of processes may persist if
surplus profits are consolidated as rents and accrue to those who con-
trol the causes for the permanence of the multiplicity of methods. Not
only land, but also patents or even certain components of wages are
cases in point. The surplus profits are temporary and will tend to dis-
appear in the case of technical progress with unrestricted competition.
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On Changes in the Composition of Output 347

But the principle extends beyond the sphere of industrial commodity
production; in some cases a limit to prices may be provided by the
costs of domestic production (e.g. processed industrial vs. homemade
foods). Many phenomena of the neoclassical theory of imperfect com-
petition have here their logical place in a classical system. For in-
stance, product differentiation can - but need not be - a way to legitimate
unequal prices due to unequal costs of production, and it is then for-
mally compatible even with equal rates of profit in a high cost and a
low cost firm.

There are therefore many interesting forms of overdetermination which
can be analysed by means of various models, but the problem of
overdetermination as such is by no means new but has always been
present in the classical vision. The converse case where there are not
enough processes to determine prices according to Sraffa's method is
more intriguing. It is best to look at this matter by assuming that there
is one method of production, producing a single commodity, and that
then a by-product is discovered which had previously been disposed
of as a waste but which now can be used either as an input to some
other process or as a consumption good. It can then only rarely be
expected that another process is discovered in which the roles of the
by-product and the main product are reversed so that they can be com-
bined to yield the appropriate quantities. Often, additional processes
will use one of the products as an input and thereby determine its
value. The main possibilities are:

1. Either the original process, run at its original level, provides more
than enough of the by-product so that this will not acquire a price
and become a commodity if disposal is free. If disposal is costly,
the producer of the by-product pays for the service of a firm which
is prepared to take it over. Part of it is still disposed of; that amount
for which there is a social need will be processed and sold at a
price which is normally equal to the cost of processing the amount
used minus what it would have cost to dispose of it.

2. Or the original process, run at its original level, does not provide
enough of the by-product. It is then either expanded to the level
required by the need for the by-product. In consequence, one should
expect the original product to be overproduced and to receive a zero
price or to result in a disposal cost (case 2a). However, the cheap-
ening of the original product, with its established market, may also
lead to the discovery of new uses for it in industrial (case 2b) or in
domestic processes of production (case 2c). Or, finally, the original
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348 The Composition of Output

process is not expanded; the excess demand for the by-product will
then have to be satisfied by an additional process (case 2d).

In formulae, one obtains for case 1

A:, = MPM + B ] P B

K2 + (1 + r)B2pB = 0

K, + (1 + r)B3pB = Cpc

where Kt, K2, K2 respectively are the costs (including wages and profits)
of the original process (producing the main product M at Price pM and
the by-product B, at price pB), of the waste-disposal process (which
produces no commodity by means of the quantity B2 of the by-product
to be disposed of) and of the process yielding a useful commodity C
at price pc, manufactured from the quantity Z?3 = Bx - B2 of the by-
product. If costs are given, the number of unknowns (pM, pB, pc) is
equal to that of the equations. Note that pB is negative, while pc and
pM are positive coefficients- The analysis transcends the conventional
approach insofar as truncation is ruled out (the pollution abatement
process is imposed so that a negative price obtains).

Case 2a is similar. The point of the theory, however, now is that the
fall in the market price of the main product, due to the necessity of
expanding the original process above the level at which it had previ-
ously been run, in cases 2b and 2c, is an incentive to introduce new
processes which will eventually lead to the determination of the un-
known price unless the solution, according to case 2d, makes such an
expansion unnecessary. If, to illustrate (2d), the importance of a by-
product of a large industrial process is discovered, it is possible that it
- or a close substitute - can also be manufactured directly, and this
cost of manufacturing will then determine the price at which the by-
product and, consequently, the main-product can be sold.

But if the original process is expanded and the market price of the
main product falls, its price may also be determined on the input side,
for if its new use is to produce some other commodity by a new method
which had already been produced in some other process at known costs,
its price may fall from its original level to the point at which it will
make the new process profitable (2b). If the demand for steaks in-
creases relative to that for other forms of meat used in more tradi-
tional cooking, more cattle will be slaughtered, more meat will be
processed and more hamburgers will have to be marketed. (The ham-
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On Changes in the Composition of Output 349

burgers represent the additional process.) Or, if more gas is to be pro-
duced from coal, coke will be processed to briquettes.

It is possible that the additional process is introduced by the house-
holds themselves, and this is perhaps the less familiar case (2c). In-
creased consumption of a commodity thanks to its reduced price does
not have to lead to a change of needs or habits. If, for instance, the
price of electricity at night is lowered because of new forms of power
stations, the answer of households may be to introduce domestic stor-
age heating which allows them to accumulate heat at night and to re-
lease it during the day. Since the cost of direct (central) heating by
means of oil is given, this activity determines the value of night-time
electricity to households. In such cases, a domestic method of produc-
tion may, by contrast with what has been said in section 14.3 about
single product systems, influence the basic system. In the example, the
value of storage heating influences the price of night time electricity,
the latter that of day-time electricity, and both forms of electricity are
basic commodities.

The answer to cheaper electricity at night is not to start cooking at
bed-time. We do not have to postulate that needs are responsive to
price changes. Indeed, if the original good and the by-product were
immediate substitutes for the same need, like big and small apples,
they could be treated as the same good.

The multiplicity of potential methods of production, which has here
been invoked to explain how prices of production can be determined
in the face of an apparent underdetermination, is greatly enhanced if
we remember the fact that most processes of production are not rigid
in that some substitution between outputs is possible. In order to take
this into account, one could allow the input-output coefficients to vary
continuously in function of some parameter, but it seems more conve-
nient to use a linear approximation, by means of a finite number of
separate activities, to transformation curves (where they exist).

It follows that the tendency towards an underdetermination of prices
is replaced by a tendency towards an overdetermination with many
methods competing against each other, and with a differentiation of
rates of profit. The square Sraffa system may be regarded as the result
of the corresponding competitive process. But, for theoretical as well
as applied analyses, it is often better to take it as the starting point
and to regard the methods employed in the system, from which one
starts, as given and socially necessary, either by using averages be-
tween existing techniques or by taking least-cost techniques as the poinl
of departure. One may then consider how the socially necessary technique
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350 The Composition of Output

shifts, or which other methods might become socially necessary, ac-
cording to projections about productivity growth, expected changes of
distributive parameters and other outside influences such as policies
for research and development.

We may conclude that, in spite of specific effects, changes in the
composition of output can be discussed in the presence of joint pro-
duction in essentially the same way as in single product systems.

14.5 VARIABLE RETURNS AND TECHNICAL PROGRESS

We return to single product systems in order to investigate how our
considerations are affected by variable returns. We want to show that
the dependence of the cost of production on the scale of output does
not require a different consideration of the role of demand. In particu-
lar, variable returns do not lead to supply schedules to be matched by
demand curves.

As is well known, Sraffa discussed diminishing returns, taking the
familiar example of land in a Ricardian setting. As in Ricardo, there is
not only differential rent of the extensive kind, due to the expansion
of cultivation from better to inferior lands - ordered using prices at a
given rate of profit - but also intensive rent due to the coexistence of
two different methods of production for one commodity on one and
the same land. In the latter case, one method is, at the given prices,
more land-intensive, the other more cost-intensive (where costs include
wages and capital with normal profits). An expansion of cultivation
may now take place if the cost-intensive technique (which must have
a higher productivity per unit area to be eligible) is gradually extended
at the expense of the land-intensive technique which has lower costs
but requires more land per unit of output. As soon as the more pro-
ductive technique covers the entire area, a new, yet more productive
technique must come in. In this way, production may rise continu-
ously, while rent rises spasmodically. For each step, there are constant
returns with a given technology, but total unit costs rise as production
expands and techniques change (Schefold, 1989). Sraffa emphasises
that the order Of fertility of different lands cases in the case of exten-
sive rent and the ordering of techniques according to cost-intensity in
the case of intensive rent cannot be given independently of prices, and
hence of distribution.

If several crops can be grown on different lands, curious patterns of
specialisation of lands are possible at a given rate of profit (Schefold,
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On Changes in the Composition of Output 351

Price

*• Output

Figure 14.4 Output of crop and price with extension of cultivation over
different types of land for a given rate of profit

1989), and the superposition of joint production can cause rents to fall
as well as to rise with the expansion of production on one particular
piece of land because of the interrelationships with other lands (Saucier,
1981, p. 278).

If there is only one crop to be grown in a single product system,
there results, at the given rate of profit, a stepwise rise of the price of
the crop. It can be drawn in a diagram, with its discontinuities, in
function of output (Figure 14.4). The graph looks very much like a
neoclassical supply curve to be matched by a demand curve, but it is
a different construction. A neoclassical supply curve is either drawn as
a partial equilibrium curve. Factor prices must then be considered as
given in order to calculate the costs associated with different levels of
the output of good under consideration. The marginal cost curve so
constructed is matched with a demand curve to obtain the equilibrium
in one market. However, the demand curve and the supply curve are,
strictly speaking, interdependent because, with different levels of de-
mand, there might be associated different factor prices. For instance, if
the good under consideration is a consumption good, a higher price
for it may change the supply of labour (cf Sraffa, 1925).

Or the full interdependence of markets is taken into account and the
general equilibrium of demands and supplies of all goods is consid-
ered. But then, the supply curve usually disappears from the argument
because there is, ideally, only one equilibrium point to be determined
in the space of all quantities and prices. This point may shift if an
exogenous parameter of equilibrium such as population changes. If popu-
lation increases, the equilibrium point will follow a trajectory (as in
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352 The Composition of Output

the neoclassical one sector growth model), and to this the above con-
struction in Figure 14.4 may best be compared. For the change in the
composition of output discussed by Ricardo and reflected in the more
formal consideration of Sraffa concerns a particular scenario: popula-
tion increases, accumulation goes on and output is expanded. Ricardo
showed (first in his essay on corn of 1815) that the rate of profit will
fall, if the real wage contains agricultural products, if methods of pro-
duction are not improved over time, if overall productivity diminishes
with an expansion to inferior lands, and if the real wage is given.
Sraffa's treatment, dissociated from this historical context, takes the
rate of profit as the independent variable. The interaction of markets
can be taken into account (the good considered need not be a non-
basic) and yet the rising curve can be derived, under simple assump-
tions, because full employment is not assumed and distribution is taken
as given. The curve is therefore not a supply curve in the sense of the
neoclassical textbooks, because the theory as a whole has not been
subdivided into that of partial and of general equilibrium as in neo-
classical theory but in that of a theory of value, given outputs and
techniques of production on the one hand, and in theories of output, of
technical progress and of distribution on the other. Whether the case is
a legitimate representation of a rise in price in a process of growth
therefore depends on the extent to which the supposed conditions re-
garding distribution and demand (and of course the technologies avail-
able) remain unchanged (Ricardo's point, of course, was simply to show
that they eventually had to change - he could not say exactly how).

The neoclassical equilibrium trajectory for such a Ricardian scenario
would be much more difficult to obtain because full employment would
have to be assumed as the exogenous parameter (population) changes
so that factor prices would be affected. For instance, the increase of
population relative to a given factor endowment of land might lead to
a fall of real wages which would counteract rising land rents, with an
uncertain overall result on the price of the agricultural product even in
the absence of the more complicated effects discussed in the capital
theory debate.

Matters are different in the case of technical progress and also in
that of increasing returns (the latter are really inseparable from the
former). A curve showing prices, at outputs corresponding to succes-
sive long period positions, depicts only a specific, irreversible histori-
cal process and will in general not be expected to hold if accumulation
were to be turned backwards because of an exogenous destruction of
capital or in a depression. Yet, a schedule can be drawn as an ex-post
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Price

-*• Output

Figure 14.5 Increasing returns causing a falling price of production with
output expanding in a given industry at a given rate of profit

description of the development of the price of production in any one
market or as an estimate even in the presence of technical progress; to
this extent, Figure 14.5 analogous to Figure 14.4.

The increasing returns to scale traditionally associated with an in-
crease in the division of labour are difficult to distinguish from other
forms of making labour more productive by reducing the direct labour
input. Economists of the classical and the historical school have at-
tempted to given phenomenological descriptions of different forms of
the division of labour; the pin factory of Adam Smith and the chapter
on the production of relative surplus value in Marx are the standard
references, but Karl Biicher provided perhaps the most extensive ac-
count (see Biicher, 1893). The price of production at a uniform rate of
profit can in principle be calculated even if the firms enjoy advantages
of scale. It may well be that the rates of profit in the corresponding
sectors, calculated as some average of the market prices, will tend to
be higher. But, according to classical arguments which have reappeared
in the theory of workable competition, full monopolies are not likely
to develop and any form of competition which results can be discussed
with reference to the prices of production. As was stressed earlier, it is
possible that mark-ups are such that prices set by firms are equal to
prices of production, that short-run disturbances .are smoothed through
changes in stocks and orderbooks and that competitive pressures are
exerted more through product differentiation, marketing, and research
and development than through price cutting.

A more formal treatment of how the price of production changes
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354 The Composition of Output

with increases of output can be obtained if it is assumed that the changes
in technology are known or can be projected at the level of the input-
output coefficients. Various research institutions publish forecasts of
changes of direct labour productivities for the important sectors of the
economy at the level of aggregation of input-output analysis. Search-
ing for the relevant coefficients by means of sensitivity analysis, one
can also try to obtain estimates of expected changes of key input-
output coefficients by experts of individual industries and take those
into account at some intermediate level of aggregation. Speaking more
theoretically, different forms of technical progress can be distinguished
conceptually (see Chapter 11 in this volume), and the effect of a steady
flow of technical changes can be expressed by calculating the impact
on normal costs.

I suggest that classical analysis provides a theoretical rationalisation
of what economists mean when they talk, for instance, about the fu-
ture price of grain, cars or computers some years hence, be it in terms
of educated intuitive guesses or aided by statistics and econometric
models. For they will want to talk about future prices in relation to
some 'normal' level of profitability and output. They will probably not
want to hazard guesses about the consequences of a change in the
distribution of income, but if they do, they will discuss a change by
considering the unusual circumstances which bring it about along with
other important institutional factors which may have to be taken into
account. Hence they will follow the classical methodology of estimat-
ing normal prices, given the expected changes of quantities, in par-
ticular of the technology, and they will not be following a strict
neoclassical methodology because that would involve a simultaneous
consideration of changes in factor prices at full employment.

It follows that increasing and diminishing returns do not give rise to
supply curves to be matched by demand curves but that to each stage
in the process of accumulation there corresponds a level of output of
each industry which allows demand to be satisfied. Changes in the
relative composition of output will accompany the expansion; their
macroeconomic consequences may be diverse, as discussed in section
14.3. Variable returns are no reason to abandon the classical method.

14.6 CONCLUSION

We have now analysed the interaction between the theories of value
and of output in several subsequent steps. It was first argued that indi-
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On Changes in the Composition of Output 355

vidual choice is likely to be often inconsistent but that there are social
r61es to be fulfilled. We have regarded needs as given because they
can be associated with social groups, because individuals are likely to
stick to habits and conventions in the face of conflicting influences
and because there is a structure to the system of consumption. We saw
how households, having different methods to produce the goods they
require to satisfy their needs, adapt to exogenous changes in prices
and incomes, and what macroeconomic consequences might follow ac-
cording to the surplus approach. We then showed that extensions do
not alter the conclusion although they give rise to special phenomena
such as (in the case of joint production) the search for methods of
production to adapt the composition of output to given needs and (in
the case of variable returns) the (false) appearance of supply curves.

The approach allows us to focus on the needs in a stratified society
directly, without the intervention of utility functions or preference sys-
tems. The underlying methodological separation of the theories of value,
distribution and output will not easily be overcome in a unified, for-
mally closed theory, but this is no drawback if a sequential analysis is
best suited to grasp the essential traits of historically changing econ-
omic problems. In particular, the economics of welfare will then again
be concerned with the well-being of concrete social groups, and with
the question of what output we want and by which means it is to be
produced. The focus is, to use an old concept, on wealth, not on utility,
and on representatives of social groups, not on individuals.

From an analytical point of view, the key contention of the paper
has been that the changes in the composition of output can, in a classical
theory, be analysed not only if the conditions of the nonsubstitution
theorem are fulfilled but also if there are joint production and variable
returns. There is no reason to identify the classical theory with an
analysis restricted to 'balanced growth' or 'steady states' (as Hahn,
1982b, does). To do so would exclude the possibility of changes in the
composition of output which accompany development. The classical
theory is not a special case of the neoclassical. It clearly was con-
ceived to deal with fundamental economic transformations of the type
of the Industrial Revolution, involving non-proportional growth and
changes in the composition of output. The theory of value was de-
signed to provide a conceptual foundation for the corresponding social
and technical transformations, with the theory of demand being based
on an assessment of the cultural change associated with economic
progress.
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356 The Composition of Output

Notes

1. One extension is provided by Morishima (1970).
2. See Sonnenschein (1972) and Debreu (1974).
3. See on this Maslow (1970) and Scherhorn (1984).
4. We have tried to show this point in a project relating to energy (Dickler,

1983).
5. Cf. Morishima (1964), p. 138.
6. Cf. Chap. 5 in the the volume, Salvadori (1982), Bidard (1984b).
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Part V

Relations between Classical,
Neoclassical and Keynesian
Theories
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15 Joint Production,
Intertemporal Preferences
and Long-period
Equilibrium*

15.1 PERMANENT AND TRANSIENT STATES

Bidard's stimulating paper (Bidard, 1990b) raises a number of impor-
tant questions on two levels: 1. the scope and extent of Sraffa's cri-
tique of neoclassical theory, 2. the further development of classical
theory. It had always been clear that the researcher at both these levels
would influence each other because of the common concern with long-
period equilibrium. Intertemporal models seemed to represent a differ-
ent 'Walrasian' world - neither truly short-term nor long-term in the
Marshallian sense. Bidard now declares that he belongs to the crowd
of those who proclaim that Sraffa's critique does not apply to the
intertemporal models, and that 'classical dynamics' should be used to
overcome the 'steady state' character of classical analysis.

However, a new perspective has been added recently because of the
turnpike results for intertemporal equilibria models of the Arrow-Debreu
type. To the best students of neoclassical theory it had always been
clear that intertemporal models must, if in a constellation there are
underlying forces permitting a long-period equilibrium, somehow tend
to or oscillate around it - or else it ought to be possible to identify the
causes why the long-period equilibrium is not reached.

Thus, consider Samuelson's 'Reply' (Samuelson, 1990b) to my Com-
ment on his contribution in 'Essays on Piero Sraffa' (the Sraffa-Con-
ference volume). I had said about Sraffa's critique of Hayek:

The rate of profit is in general not uniform . . . in intertemporal
general equilibrium models, but, to the extent that they are not due
to permanent scarcities, the inequalities of different own rates of

•First published (with subtitle, 'A Comment on Bidard') in Political Economy. Studies
in the Surplus Approach, 6 (1990), pp. 139-63.
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360 Classical, Neoclassical and Keynesian Theories

interest of different commodities . . . tend to disappear as a result of
a special form of a competitive process, and a unique uniform rate
of profit emerges as the time horizon is shifted towards infinity.
(Schefold 1990a, p. 302)

And:

The long-run equilibrium . . . is not only a special case of an
intertemporal equilibrium that happens to have endowments in 'cor-
rect' proportions, but also the centre of gravitation of an intertemporal
equilibrium, if that is formulated as one with a distant time hori-
zon . . ., in the special case of permanent market clearing, full em-
ployment and perfect foresight during the process. (Schefold 1990a,
p. 304)

Samuelson replied:

Schefold's first comment deals at some length with the undisputed
difference between steady state regimes and transient regimes when
relative prices foreseeably are altered by evolving scarcities of pro-
duced-goods endowments (possibly on a rendezvous course with an
asymptotic steady state).

And he went on to say that his critiques 'were directed to Schefold's
present case of permanent rather than transient scarcities' (Samuelson
1990b, p. 324).

Samuelson, therefore, agrees that the real issue concerns the differ-
ences between the different properties which classical and neoclassical
economists ascribe to the long-period equilibria themselves, while there
are other differences concerning the mechanisms of approaching such
equilibria by means of the gravitation processes or in intertemporal
models. Samuelson's position thus indicates that a criticism of 'an older
version' of neoclassical capital theory does not have 'only an archeo-
logical value', as Bidard writes in section 3 of his paper. On the con-
trary, the question still is how the long-period position is to be explained;

I first want to discuss some aspects of the 'permanent' state, in par-
ticular joint production, before I turn to the question of whether the
Arrow-Debreu formalisation is really immune against the capital critique.
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Joint Production and Intertemporal Preferences 361

15.2 DEMAND AND DISTRIBUTION

The representation of the relationship between demand and distribu-
tion in classical theory has been the subject of some controversy. In a
model with self-employed direct labour alone, it would be simple to
choose the methods of production to satisfy the given demand for com-
modities: one would select the most productive method of production
in each sector (assuming single production) by examining the produc-
tivity of labour in each sector separately. Then, the levels of activity
could be determined in order to satisfy demand. With the labour vec-
tor and activity levels so determined, the level of employment would
be fixed; the problem of distribution would not rise.

If alternative methods of production in basic single product systems
with homogeneous labour and capitalistic production are given, it is
necessary to determine first distribution in order to choose the methods
of production which minimise costs and, at the same time, maximise
extra profits in transitions from sub-optimal techniques to optimal ones.
Given these methods of production, activity levels could be determined
to produce a basket of goods in final demand of any composition (as-
suming constant returns). A change of demand would not require a
change of technique, but it would influence employment.

With joint production, technical choice depends on the composition
of demand, not only on distribution. The neoclassical solution is to
attempt the simultaneous determination of commodity prices and fac-
tor prices, activity levels and methods of production under the condi-
tion of full employment. This implies that the sequential character of
decision taking in economics is not reproduced. In classical theory,
there is - corresponding, it is claimed, to the sequence of primary
causal influences - one chain of reasoning which leads from effective
demand to employment, another which leads from distribution to the
choice of technique and price. The arguments in both chains of rea-
soning are usually presented at different levels of abstraction. For in-
stance, monetary arguments play an important role in the theory of
employment and possibly also in the theory of distribution. But, once
distribution is given, monetary factors usually need not be discussed
when we address the theory of relative prices. It is clear that it would
be desirable to maintain such methodological separations as long as
possible. Even neoclassical general equilibrium theorists, fully aware
of the fact that everything depends on everything else, usually exclude
money when they discuss general equilibrium theory or simplify gen-
eral equilibrium, before they introduce money, or imperfect competition,

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



362 Classical, Neoclassical and Keynesian Theories

or international trade. Their difficulty is that money affects employ-
ment so that the key initial assumption - the full employment of factors
- eventually has to be withdrawn.

Prior to Sraffa, it had been thought that the classical method would
entirely fail in the presence of joint production, because it seemed
utterly impossible to assign costs of production (including profit) to
the several outputs of one multiple product industry without having
recourse to demand - and 'demand' came to be identified with the
neoclassical formalisation of demand.

As is well known, Sraffa provided arguments why a joint production
system would be square, i.e. why it would contain as many processes
with positive activity levels as commodities with positive prices, given
a vector of 'requirements for use'. This implied a non-neoclassical,
formally primitive representation of demand in the shape of a given
vector of commodities to be produced. 'Too many' processes would
imply an overdetermination of prices such as occurs in a situation in
which the cost-minimising technique has not yet been found and com-
peting processes run side by side - the solution then is, if prices are
uniform, that the rate of profit cannot be uniform; differentials in rates
of profit should lead to the finding of the optimum technique. 'Too
few' methods would in general not allow production of the required
output in the appropriate proportions (returns do not have to be strictly
constant for this argument to hold). But if the system is square, prices
are determined and quantities can be varied by small amounts as is the
case for constant returns single product systems in the large.

To the best of my knowledge, nobody has ever claimed that this
argument for 'square systems' can be maintained for all formalisations
of demand. I, for one, have already in my article on 'Sraffa and Ap-
plied Economics' (Chapter 13 in this volume) drawn attention to the
fact that generic non-square solutions may emerge if demand is ex-
pressed in terms of neoclassical preferences. And indeed, if we answer
the question asked by neoclassical general equilibrium theory, i.e. how
demand and supply can be equilibrated if there are many factors of
production and if individuals have different preferences, it is not at all
obvious why square solutions should obtain. To see the problem in its
full complexity, imagine a Sraffa-system with land of many different
qualities so that different rents arise on different lands which are partly
specialised in the production of different commodities. There are agri-
cultural lands, vineyards, mines, hunting grounds etc. There is very
little homogeneity among land-owners (this is where the third volume
of Marx's Kapital breakes off): wine-growers perhaps have demand

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Joint Production and Intertemporal Preferences 363

functions different from those of mine-owners, and their demand pat-
tern is again different from that of the owners of large agricultural
estates on the one hand, owners of small-holdings on the other. Sup-
pose that, nevertheless, we start from a situation in which the Sraffa-
system pertaining to this technology is square, at a given rate of profit,
and that activity levels are such that the demand arising at the corre-
sponding prices and rent-incomes exactly corresponds to the demand
emanating at those prices and incomes, given some kind of price-elas-
tic demand functions. Now suppose a change in the rate of profit. At
unchanged levels of demand, prices and rents would again be deter-
mined. The change of distribution might entail a change of methods of
production but we could be confident again of obtaining a square sys-
tem. Only, at the new prices and rents, demand would change. For the
vector of demand so determined, a changed quantity system would
obtain, which in turn implied a new set of prices and rents, and hence
new demands. One could go on, iterating this process. Does it con-
verge (Garegnani, 1990a, p. 130)? As a matter of fact, we are certain
that it would not converge to a generically square solution if the de-
mand functions are derived from neoclassical preferences. Moreover,
the sequence of price-changes and changes of rents might affect pref-
erences and the forces determining the rate of profit.

Before trying to improve on such an exercise of ceteris-paribus econ-
omics, we should ask whether the neoclassical question is really well
posed. Does it not imply that one is detracted from macroeconomic
influences on demand, their effect on employment and growth, etc.?
Without going deeper into the matter, let us here simply state that the
classical approach is, for better or for worse, shaped to answer other
questions. The attempt to insert the discussion of the theory of de-
mand into the theory of growth and employment (Schefold, 1990a)
leads, I admit, to a very simple formal representation, as has been
pointed out by Mainwaring (1990). But the alternative is to make as-
sumptions about a stable functional dependence of demand on prices
and incomes so that the interaction with the theory of distribution and
employment must lead to special models in view of the great variety
of constellations which are possible in different states of accumula-
tion. However primitive it may seem, these are important advantages
to the assumption of a given demand vector if it is used wisely in a
dynamic context.

When Sraffa referred to requirements for use, he probably meant
gross outputs so that the question does not arise of whether the system
is stationary, declining, growing, in a steady state or without balanced
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364 Classical, Neoclassical and Keynesian Theories

proportions. In attempting to formalise Sraffa, people have perhaps -
and I should primarily blame myself - too quickly availed themselves
of the existing tools of mathematical economics. This is why net out-
puts, not gross outputs, usually have been treated as given, why a uniform
rate of growth has been used, why strictly constant returns were as-
sumed and why investment demand was reduced to the banality of
taking the rate of growth as given. These simplifications have made it
possible to arrive at rigorous proofs but the assumptions should not
direct future research nor are they indicative of inherent limitations of
the classical approach.

15.3 THE FREE-GOODS RULE

We shall return to the question of constant returns later. Before we
discuss special cases of joint production systems, it may be useful to
clear up some misunderstandings which have arisen regarding the as-
sumption of free disposal. New theoretical ideas and empirical mate-
rial on this point has been assembled in a Ph.D. thesis (Bragelmann,
1991).

(a) Countless substances are freely disposed of like smoke in indus-
trial and agricultural processes.

(b) For a limited number of substances, emission limits are fixed or
emission certificates issued; disposal is then made costly and its
cost is part of the cost of production of the useful commodities.
One method for including such processes is discussed in Chapter
20 in this volume.

(c) An apparent difficulty arises when part of the joint output of a
process is disposed of (with or without cost) while another part is
sold as a commodity. This seems paradoxical, but it is a frequent
occurrence: that part of a product which is turned into a commod-
ity is sold at a price which reflects the expenses for collection,
transportation and distribution and, to some extent, if disposal is
not free, of the destruction of that part of the product which can-
not be used as a commodity. Straw, for instance, is ploughed un-
der in some regions, at negligible costs of disposal since ploughing
takes place anyway, whereas it is sold elsewhere at a cost-price
reflecting the effort of collection and transportation. When traffic
in cities was still based on horses, straw and not wheat was occa-
sionally the main product of agriculture in the vicinity of towns.
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The disposal of joint products at a cost of collection and transpor-
tation, reflecting also disposal costs of residues, is very frequent
in the chemical industry. There are then two tendencies: if the
dumping of the product as a waste is forbidden, such disposal by
giving away at transportation costs tends to get subsidised by the
producer who wants to avoid the cost of abatement or removal; in
some cases, the producer pays, not the buyer, in order to get rid
of a waste. Accordingly, if the product can find new applications,
the producers have an interest in fostering the introduction of the
corresponding new processes.

(d) Some products have been wastes at one time and commodities at
another. At one time, people had to pay for being allowed to col-
lect fuel wood in certain forests. Nowadays, after the introduction
of cheap fossil fuels, such collection is free and, as long as no
logging of timber takes place, actually encouraged, since the re-
moval of dead wood may be ecologically desirable.

All these possibilities can be accommodated in linear models, in-
cluding those of the Sraffa-type. And it is obvious that Sraffa did con-
sider the elimination of overproduced commodities: what else is the
elimination of an old machine or, extending the concept of commodity,
the designation of land which is not fully cultivated as 'no-rent land'?

15.4 SQUARE SYSTEMS

(a) The main case to be considered then is the following: g is the rate
of the growth, r is the rate of profit, A and B are the technology
matrices from which the methods of production in use will be chosen;
1 is the corresponding labour vector and q, p are the vectors of
activity levels and prices, respectively, d is a vector of demand.
Now consider the equations

q(B - (1 + g)K) § d (1)

(B - (1 + r)A)p g 1 (2)

(r - £)qAp + ql = dp (3)

Lippi and others have shown that, for r and g in a certain range
between 0 and a maximum R (it is useful to extend the range
sometimes for — 1 to /?), these equations have solutions in q and
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366 Classical, Neoclassical and Keynesian Theories

p such that unprofitable activities (2) are not used and overpro-
duced goods receive zero prices (1). The essential condition is that
there exists, for some positive rate of growth, some vector q which
makes it possible to solve (1). For this it is a sufficient condition
(if all goods are produced and all goods used in some process)
that the system generates a surplus of all goods in the stationary
state. Further, it can be shown that such a system generates a square
solution, with the number of commodities (goods with positive
prices) being equal to the number of processes used (methods
activated at positive levels). The solution which thus emerges is
clearly a system of the Sraffa-type. If g is set equal to — 1, we
formally obtain Sraffa's case where d are requirements for use
including investment goods, or gross outputs. From & formal point
of view, g = - 1 is a special case. Conceptually, this is the more
general case since it may be discussed without reference to steady
growth.

There are two different interpretations of d. The easy view is
that there is steady growth so that d contains only consumption
goods, with consumers of both classes demanding - at least on
average - consumption goods in the same proportions.

The more difficult case is that where d means gross outputs
according to the principle of effective demand. (3) then shows that
the value of gross output is equal to gross income in this economy;
the level of employment is given by ql which is also the labour
commanded of the real wage. But what about the division of gross
output among wage earners and capitalists? Three equations are
missing which would show the equalities between the value of
investment goods and the saving of capitalists (if workers only
consume), between the value of capitalists' consumption goods
('luxuries') and profits for consumption, and between workers'
consumption goods and the wage goods ('necessaries'). If there is
a mismatch (for instance because capitalists had arranged for the
production of luxuries in an amount corresponding to their own
purchasing power and of necessaries in an amount corresponding
to the purchasing power of the workers, and if workers now start
to demand luxuries while some 'necessaries' cannot be sold any-
more) the long-period position can possibly not be sustained be-
cause the methods of production have to be adapted to the changed
proportions of final demand.

Such a possibility does not render (l)-(3) irrelevant; Sraffa's
'self-replacing' state is not necessarily a 'self-reproducing' state.
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Joint Production and Intertemporal Preferences 367

I do not think that the requirements for use are, as Bidard writes,
'forgotten' by Sraffa, immediately after having been introduced.
Rather, one should face the fact that he abstracts from an econ-
omic problem which is - like many others - interesting: Whether
there is an equilibrium of a certain type (square system, uniform
rate of profit, etc.) characterised by the equality between income
and production not only overall (3) but also at a more disaggre-
gated level. To require it for each individual would mean to intro-
duce individual budget constraints as in neoclassical theory and to
ignore the adjustment processes which result if the production and
the incomes generated in a self-replacing state do not correspond
to the demand arising out of those incomes. If one wants (l)-(3)
to describe a sustainable long-period position and if one does not
want to make the simplifying hypothesis that the demand vectors
of workers and capitalists are proportional to each other as ac-
cording to the first interpretation, one simply has to assume that
incomes and class-specific demands match - an assumption which
is not necessary in the case of single product industries with con-
stant returns. Such an assumption is as legitimate as many others
which are often only implicit. While it is natural to exclude war
or climate change in the discussion of long period positions, it is
not so clear why the influence of money holdings on demand are
not considered. Is Bidard's emphasis on the inclusion of the nexus
between demand and income and his neglect of monetary influ-
ences motivated by his economic judgement or by neoclassical
tradition?
But I am prepared to play according to his rules, if he allows me
to treat distribution in a classical manner. Do we get square equi-
libria if demand and incomes are supposed to correspond? This is
again the question of existence.

Garegnani (1990a, p. 137) postulates a 'coherence' of the data
of a long-period position, assuming that they can be arranged in
the square form described by Sraffa. Fortunately, there is a, so to
speak, 'arch-classical' model which precisely meets Bidard's ob-
jection and which justifies belief in 'coherence'. If we mention
workers' consumption, assuming that the real wage consists of
'necessaries', these will determine distribution. And if we intro-
duce capitalists' consumption, we- expect it to influence effective
demand and to represent a primary influence on employment, to-
gether with investment. We therefore write:
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368 Classical, Neoclassical and Keynesian Theories

q(B - A - 1c) g s (4)

(B - (1 + r)A)p g tvl (5)

rq(A + lc)p = sp (6)

cp = w/(l + r) (7)

(4) means that activity levels must be such that the goods de-
manded for net investment and consumption by capitalists are pro-
duced or overproduced. The matrix lc is the matrix of workers'
consumption, with c being the row vector of the basket of wage
goods demanded per unit of labour. (5) are the usual price equa-
tions. (6) shows that the profit out of total capital advanced is
sufficient to buy investment goods and consumption goods demanded
by capitalists. (7) shows the equality between the discounted ex
post wage rate and the wage bundle consumed per unit of labour.
Hence, here we have both a classical or Keynesian determination
of distribution and employment, as well as the match between in-
comes and expenditures of each class. It is easy to see that equa-
tions (4)-(7) have, in general, square solutions.1

(c) Larger deviations from Sraffa's assumptions about demand do lead
to the possibility of non-square solutions. Samuelson (1990a,
p. 279, n. 2) has suggested the use of Engel curves in such a way
that the demand equations make the price system determined even
if only one method of production, producing all commodities of
the economy jointly in one process, is used. I was able to reply
that those same Engel curves could lead to square Sraffa systems,
with the demand conditions essentially determining activity levels,
while prices would be determined as usual. The question of optimality
had not been addressed (Schefold 1990a, p. 316).

Here I have to grant a point to Bidard. He seems to like the
assumption of a linear demand function

d = ' , f c , + tpcp (8)

In (8), cu. is the consumption basket per worker employed and
cp is the consumption basket per unit of expenditure out of capi-
talists' profit. The latter is an awkward concept. While it is tradi-
tional to regard workers' consumption as proportional (tn.) to
employment - this is reflected in (6), (7) and (4) - it is not so
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Joint Production and Intertemporal Preferences 369

clear why capitalists' consumption should be exactly proportional
(tp) to profits (9), with linear Engel curves. Salvadori (1990,
p. 214) had shown that with a demand curve of this type one
could obtain a system with one activity less than there are com-
modities. Against this, I had argued in my 'Reply' to Salvadori's
comment that square solutions could also be constructed (Schefold
1990b, p. 224). Bidard (1991, p. 213), in a graphic example shows
that there are constellations such that, among square and non-square
solutions of the quantity system, only a non-square solution is cost-
minimising if the demand vector in (1) is replaced by the demand
vector of (8) and if incomes (ql is the wage in terms of labour
commanded while (r - g)qAp are profits consumed) match ex-
penditures so that the additional conditions are imposed

'wcM.p = ql, t ^ p = (r - #)qAp (9)

(d) Using budget constraints, neoclassical models emphasise the inter-
dependence between the level of incomes and the demand for com-
modities, with the result that the rates of substitution of consumers
help to explain relative prices. In the previous 'intermediate' model,
with equations (l)-(3), (8), (9), consumption depends on the level
of incomes, but the rate of profit remains exogenous. It turns out
that we may have solutions where one process less is activated
than there are commodities with positive prices. But while such
solutions are unsatisfactory because small short-term fluctuations
of demand cannot be accommodated without changes of methods
of production or of distribution, one may ask in what context a
formalisation of demand such as that expressed in (8) might find a
legitimate application in classical analysis. It means turning the
classical and Keynesian view on its head to make the level of
expenditure out of profits depend primarily on the level of profits
themselves. This will be the case if, as in neoclassical uses of
linear models, a full-employment constraint is imposed (Samuelson
1990b, p. 326), determining the level of profits, which then in
turn limit capitalists' expenditure. An assumption of this kind is
needed to close the system of equations (1-3, 8, 9) with r given.
I therefore propose to drop assumption (8). To the extent that there
are reserves of labour and other resources, the level of effective
demand on the part of entrepreneurs may be constrained only by
confidence and by the availability of finance which in turn de-
pends primarily on expected, not on realised profits. In this, what
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370 Classical, Neoclassical and Keynesian Theories

is true for the short run must also hold for long-period positions.
We assume, on the other hand, that the real wage is given; for
simplicity, real wage goods may be assumed to be represented as
part of the input matrix.

In order to extend the classical model, we now introduce 'scarce
resources' in the form of land. There is less difference between the
classical and the neoclassical approach here. It is consistent with the
classical tradition to assume that the expenditure of landlords depends
on their income. Landlords thus consume a multiple, t, of a fixed bas-
ket of commodities c. This leads to the following equations:

q(B - A, - Z ) g (S + fc, - v ) (10)

(B - (1 + r)A)p - Zu S o (11)

rqAp + vu = (s + fc)p (12)

Here we start from a state of self-replacement where s is the given
vector of investment and consumption goods demanded by capitalists.

Z is a matrix indicating the amount of land of various types in each
process. In most cases, one will expect that only one type of land is
required to produce a commodity in any given process as in agricul-
ture. E.g. wheat is grown on a certain agricultural land and transformed
into flour in a mill on some industrial land, while straw is used in yet
another location. But processes using several lands simultaneously are
formally not ruled out. The total amount of each land available is given
by vector v which may be assumed to be strictly positive since it does
not make sense to list lands which do not exist, u is the vector of
rents. We now impose the additional conditions:

rqAp = sp (13)

vu = tcp (14)

The intuitive idea is that for any level of demand (with / arbitrarily
given) there must be a solution to equations (10)—(12), where the rate
of profit r is determined by the real wage implicit in input matrix A.
There is then the overall balance between incomes and production (12).
If t can be found such that landlords spend what they get (14), it fol-
lows from (12) that total profits earned by capitalists are equal to their
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Joint Production and Intertemporal Preferences 371

expenditure (13). This determines q and hence employment. There is a
labour reserve which can be mobilised e.g. by changing the participa-
tion rate, allowing for migration or a subsistence sector.2

The proof that the system in general yields square solutions is quite
involved; here I only provide a sketch, making reference to Chapter 7
in this volume. I assume that the columns of Z do not vanish and that,
the wage curves pertaining to different q-feasible and/or p-feasible square
truncations of the system do not coincide so that they cross only in a
finite number of points.

We shall need three further assumptions:

(i) We assume that there are feasible solutions q to the inequalities
(10) for all t. This means that there is, so to speak, a possibly not
very productive but infinitely large plain on which production can
be expanded indefinitely after better lands have already been brought
under cultivation.3

(ii) On the other hand, we assume that some rents are positive even
if t = 0 so that vu > 0. This means that the given demand of
capitalists s cannot be satisfied without using at least one of the
better lands fully.

(iii) If t rises, the solutions - if they exist - are assumed to be such
that vu/cp does not fall. The economy is thus assumed to be
'Ricardian': if landlords expand their demand, total rents will
increase - whenever they change - faster than the prices of their
consumption goods. This seems plausible since an increase of
demand will generally tend to raise rents and, in consequence,
while the rate of profit falls, prices. But rents may be expected to
rise faster than prices because the latter involve also the prices of
industrial goods where little land is used.4

Proposition I: If assumption (i) is fulfilled, there are solutions to equa-
tions (10)—(12) which are square, for any given t.

To see this, consider the linear programme

min xl s.t. x S o, x[(B - (1 + r)A, - Z ) g (s + tc - rq°A, -v ) (10')

max[(s + tc - rq°A)p - vu]

s.t. p g o , u g o , (B - (1 + r ) A ) p - Z u S l (11')

where I > o is some labour vector and where r > 0 is chosen so as to
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fulfil (i). Vector q° is in Q = {q ^ o , ql S q+1} q+ where solves (10')
for q° = o. There are feasible solutions (q according to (i) and p = o,
u = o respectively). Hence, following Lippi's idea in Schefold (1988a,
p. 121), there is a fixed point q* to the mapping q° into X(q°), where
X(q°)c C Q is the set of optimal solutions to (10'), given q°. The op-
timal solutions q*, p*, u* corresponding to q° = q* fulfil (10) and
(11). If such a solution exists for r > 0, it also exists for all r°, 0 g r° g r.

In order to prove that the solutions are generically square, one can
either introduce a fictitious rate of growth in (10') and replace u by
u/(l + r) in (II') in order to have a formal analogy between the system
considered here and that in Chapter 7 in this volume; the 'wage curve'
then is defined in terms of d = (s + /c, - v) in order to use duality
at r - g. Or one argues more directly: If there is a p-feasible trunca-
tion, consisting, without loss of generality, of the first n processes,
with the first n prices being positive, and if the corresponding aug-
mented price vector yields no loss in process n + 1, it is clear that
only n equations can continue to hold with a small variation of r if the
truncation is regular. This argument cannot be applied on the quantity
side if the rate of growth cannot be varied so that it becomes neces-
sary to consider small imaginary generic variations of the positive
components of s and v in order to recognise fluke cases. This presents
no problem for v since v > o. Exceptions are possible for means of
production as vanishing components of s where the corresponding
columns of a truncation of B - A may also vanish, but this difficulty
can be dealt with as in my earlier publications.

We then may raise r in order to find the maximum rate of profit at
which the 'wage curve' - here a misnomer because it is l/((s + fc)p
- vu) - vanishes. I assume here that we may rule out those irregular
systems which yield a positive real wage at the maximum rate of profit,
as discussed in Chapters 7 and 8 in this volume. The fundamental
theorem of linear programming yields (12). On account of the 'local
non-substitution theorem', the positive components of final demand can
be varied in (10) by small amounts without affecting prices or rents
except at points where an activity level falls to zero and a method of
production has to be changed (affecting prices, rents and - by contrast
with points of truncation - in general also the rate of profit). Further,
there are critical points where irregularities arise because a truncation
of (s, - v) happens to be an eigenvector of the corresponding p-feasible
or q-feasible truncation of (B - A, - Z).
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Proposition II: If assumptions (i), (ii), (iii) hold, there is t > 0 such
that a solution to (10)—(14) exists.

To see this, consider Figure 15.1.

Figure 15.1 vu/cp as a function of/ (equations 10-12). / is the 45°-half line.

For each /, there are one or several solutions to equations (10)—(12).
The ratio of total rents to the price of a unit consumption bundle of
landlords vu/cp rises as a step function (the dotted line in Figure 15.1
indicates the possibility of multiple solutions), the economy being
Ricardian. Because of (ii), the step function is greater than 0 at / = 0,
and it is bounded because the system of equations admits only a finite
number of square truncations. Because of (i), the step function is also
defined for large t > 0, and is, ultimately, horizontal. Connecting the
steps by vertical intervals and choosing one branch (where that is necess-
ary because of multiplicities), we obtain a continuous step mapping
which must intersect the 45°-half line. Now there must exist intersec-
tions of the type B or D where a horizontal segment of the step map-
ping intersects the half line. For if the step mapping only touches the
half line from above, as in A, it will yet have to cross the half line
because of assumption (iii), and similarly, an intersection to the left
must have taken place if it touches from below as in E. Finally, an
intersection of a vertical segment as in C implies further intersections.
Therefore we must have an intersection of the type B or D. At any
such point we have vu/cp = t and (14) is fulfilled. This implies (13)
because of (12).

It appears that multiple solutions are here possible such that (14)
holds for each t independently of whether the solutions are unique for
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374 Classical, Neoclassical and Keynesian Theories

(10)—(12) and given /. Generalisations are possible by subdividing the
landlords into different classes with different consumption patterns
according to the lands they own.

For instance, if there are two classes of landlords, possessing lands
vd)> v(2). v(i> + v<2) _ V) a n ( j wj shing t 0 buy multiples t0) and r<2) of
consumption baskets cU) and c(2), equations (10)—(13) and

v(i)u(j) = ,<J>c<J)p; j = 1,2 (14')

can be obtained with square solutions. There are solutions to (10)-
(12), with demand in (10) now being given by s + f(1)c(1) + f(2)c(2)

which implies a mapping from (f(1), r(2)), into ()'(l), / 2 ) ) = (v(1)u/c(l)p,
v(2)u/c(2>p), the graph of which is a two-dimensional manifold in four-
dimensional space (x\ x2, y\ y2). After connecting the steps, the inter-
section of this graph with the plane (JC1 = y\ x2 = y2) must now yield
one or several points of intersection. Critical points are clearly iso-
lated if c(1) and c(2> are linearly independent (if not, we are back to
Proposition I). The step mapping of diagram 1 can be drawn in func-
tion of /(2), given any f(1). The highest point of type D which must be
obtained can thus be represented as f<2> = gm(t(l)). This is obviously a
positive and bounded step function in the (f(1), f(2)) - plane and it is,
we plausibly assume, monotonically rising. Similarly, with the roles
of /(l) and /<2) reversed, we obtain g'2)(f(1)). Hence, there is generically at
least one point of intersection of steps of gw and ga) where (14') holds
and the system is locally invariant to small changes of f(" and f<2>.

15.5 EFFECTS OF QUANTITY VARIATIONS: NORMAL COST
CURVES AND DEMAND

But another extension, the assumption of price-elastic demand func-
tions, would destroy the squareness-result, as is, perhaps, sufficiently
indicated by Figure 15.2.

Here, the price has been drawn as a step function of the level of
output of a commodity, the production of which is being varied, with
the real wage given, as in equations (10)—(12). The demand functions
of landlords necessarily also 'jump' whenever their rents change but
this effect has here been disregarded. As is shown in Schefold (1989,
p. 244), a square equilibrium would obtain for Dt but not for D2. D3 is
indicative of difficulties which might arise because of the possibility
of falling sections5 of the 'supply curve'. I prefer to call it 'normal
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•*- Q

Figure 15.2 Price of any commodity in function of the level of output.
£>,, D2, D} demand curves.

cost curve' in this context since the effects of changes of net or gross
outputs on all other outputs and prices are simultaneously taken into
account while distribution - real wage or rate of profit - is kept fixed.
Partial equilibrium supply curves in neoclassical theory do not reflect
this interdependence. Figure 15.2 illustrates that we should probably
obtain equilibria under suitable conditions if we assumed elastic de-
mand curves, but they would not necessarily be stable, nor square or
unique. I discussed the possibility of an equilibrium of the type ob-
tained with D2 first in 197215 and I proposed to interpret the constella-
tion as the determination of a market price. The advantage of the approach
chosen here is that it avoids demand functions and leads to more defi-
nite results regarding the structure of production. Using the squareness
of the system and hypotheses about the structure of land use, e.g. the
assumption that each process uses at most one type of land (to which
may be added the assumption of single production or of a grouping of
joint products), one may derive the familiar types of rent (extensive,
intensive), the patterns of specialisation etc.

As an example, consider the type of rent which has been called
external intensive rent: one land (e.g. a forest) is used fully to produce
a good (fuel). Rent and price of the product can be determined al-
though there is no other fuel-producing land as in extensive differen-
tial rent and although fuel is not produced by two methods as with
intensive rent because fuel is used, not produced, in two processes. It
is burned to produce heat, either rather inefficiently by means of a
hearth or, more efficiently, by means of a stove, so that, with other
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376 Classical, Neoclassical and Keynesian Theories

input prices being given, we have three equations to determine rent,
the price of fuel and the value of heating. This example is an instance
of the determination of a price in a SrafiFa system on the 'demand
side' by introducing domestic processes of production. The system of
industrial processes here appears not to be square and to leave an in-
determinacy regarding the rent of the forest and the price of wood
which call for an additional determination on the demand side. One
might think that neoclassical demand curves are needed, but a class-
ical determination is possible through the addition of the two domestic
processes. To put in another way: we are here, so to speak, on a ver-
tical part of the normal cost curve shown in Figure 15.2 since the
forest is used fully and output cannot be expanded. Yet we may in-
crease the production of heat continuously, with rent and the price of
fuel remaining constant, if the number of stoves is increased and the
number of hearths reduced so that the amount of fuel burnt stays con-
stant. This possibility of a variation of output within a certain range at
constant prices and a fixed rate of profit is made possible by, and
simultaneously implies, 'squareness'.

One may be tempted to regard the introduction of neoclassical de-
mand functions as an additional feature of the model which would
make it more general. And the next step would then be to attempt to
replace the step functions of the normal cost curves by continuous,
smooth and possibly monotonic supply curves. However, a change in
the uniform rate of profit (the determination of which is a problem in
neoclassical theory to which we shall return) may upset the ordering
of the lands as to their 'fertility', or the cost of production on them, so
that the supply curves would exist only for a partial analysis and would
be not suitable for the analysis of the interdependence of industries.
Finally, if we abandon 'squareness', even small changes in the com-
position of output necessarily affect distribution and normal prices so
that it is difficult to see how small short term fluctuations of demand
could be accommodated and how room for a Keynesian multiplier
analysis could be preserved, with, for instance, an expansion of
demand which ought to leave prices and distribution, within limits,
essentially constant.

Nobody can be blamed for a belief that there is some persistence in
consumer preferences - possibly even comparable to the persistence
of technological conditions - and that this should be represented in
our models. As we have seen, the approach pursued here must to a
large extent abstract from an ex ante consideration of price reactions
of consumers - although not completely, as I have attempted to show
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Joint Production and Intertemporal Preferences 377

elsewhere. It recommends itself not only because of the various cri-
tiques of neoclassical theory, but also because there are important ad-
vantages deriving from the abstractions made in classical theory: it is
rich in the consideration of heterogeneous influences on distribution,
accumulation and effective demand which are so difficult to get into
focus once it is regarded as axiomatic that theoretical analysis must
start from a general equilibrium model.

Having thus presented some formal analyses, some intuition and some
theoretical considerations in defence of the square joint production systems
which Bidard attacks, I now turn to his perception of the relationship
between classical and neoclassical theory.

15.6 CAPITAL THEORY, INTERTEMPORAL MODELS AND
LONG-PERIOD EQUILIBRIUM

Bidard writes: 'The neoclassical version of capital theory is no longer
in the state it was in the twenties' - true, but intertemporal equilib-
rium started with Lindahl and Hayek, precisely in the 1920s (Milgate,
1982, pp. 129-36), and I have argued that objections to the intertemporal
theory are already contained in Sraffa's critique of the latter. At any
rate, the difficulty of reconciling intertemporal theory and the notion
of long-period equilibrium is evident in Burmeister's (1980) book where
it is admitted that 'regularity' i.e. the absence of capital reversals and
reswitching) is required to achieve convergence to long-period equi-
librium. The contributions by Malinvaud, Arrow, Debreu were highly
ingenious. Yet the critique of capital theory applies, in my view, in
the following manner to 'the modern construction'.

The intertemporal equilibrium of the Debreu-type, with given en-
dowments and a finite time horizon, allows two related interpretations:
the equilibrium may express a coordination by agents of their future
plans at discounted prices in one moment of time. Or we may imagine
that these plans are actually carried out and that, as time progresses,
endowments are gradually used and goods produced according to the
demands foreseen at the beginning of the first period until stocks are
depleted in the end. We adopt this latter interpretation. The arbitrary
nature of the length of the time horizon at which the economic world
thus comes to an end (unless - and this alternative is no conceptual
improvement - arbitrary stocks are to be produced for the final period
to allow future production beyond the time horizon) suggests that it
would be best to shift the time horizon as far as possible - mathematically
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378 Classical, Neoclassical and Keynesian Theories

speaking, to infinity. To begin with, let us assume that the time hori-
zon is 'far away'. What, then, happens in the process?

Assume that population is constant, that preferences do not change
and that natural endowments are also immutable. The amounts and the
distribution of initial capital goods are, by contrast, arbitrary at the
beginning. For instance, the economy may have inherited from the past
a large stock of grain. It is plausible that, with perfect foresight, vari-
ous corrective measures will lead to a reduced grain supply over time
to match actual needs from period to period. There are two mecha-
nisms to achieve this in the neoclassical model: If initial grain prices
are low, this will induce consumers to demand more grain; they sub-
stitute it for rice, say. If grain is thus cheap initially, it may similarly
be used in production; in the extreme, it is used as fodder. The model
also allows that the possibilities for substitution are limited. If there
are, for this reason, excess endowments in the beginning, they will
receive a zero price; the excess is disposed of freely. The holding of
speculative stocks, by contrast, is not part of the neoclassical story. It
comes in as a Keynesian modification.

It is clear that, as time proceeds, in the absence of disturbing events,
like changes of factor supplies or of the available technology, supply
will adapt to the permanent needs. Since relative quantities produced
will thus tend to become constant, relative prices will also converge
over time. As a matter of fact, it has been proved in a series of papers
published in the 1980s that general equilibrium models of the Debreu
type have turn-pike properties: as the time horizon tends to infinity,
relative quantities and prices converge as a stationary position is reached.
Elaborating on the work started by Bewley (1982) and others, Epstein
(1987) has shown that the 'terminal' stationary state is, under certain
conditions regarding preferences, etc. independent of the initial en-
dowments of capital goods.

The process of the transition is best described using the concept of
own rates of interest. If, in our example, the initial excess supply leads
to initially low grain prices, the own rate of interest (the ratio of the
value of the grain price of today to the grain price of tomorrow minus
one) will be negative because grain prices will, starting from low levels,
be rising, not falling, as discounted prices normally do in a steady
state. Other own rates of interest, of commodities which are initially
scarce, will be high and falling. The turn-pike result states that these
own rates of interest will in the long run gradually converge towards a
common value which is 'the' rate of interest or rate of discount of the
economy as the whole, and to this the consumers adapt. Epstein's (1987)
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Joint Production and Intertemporal Preferences 379

formalisation of recursive preferences is only one of several remark-
able aspects of his proof of the turn-pike property: the rates of time
preference of consumers are not clumsily given from outside as in
many textbook versions, but are endogenously determined as resulting
from intertemporal evaluations of alternative future consumption paths
and, under suitable conditions, they all converge towards 'the' rate of
interest.

The initial arbitrariness of the endowments and the consequent ini-
tial inequality between the different own rates of interests does not
imply that something might be gained by arbitrage within the
intertemporal equilibrium. As in the well known example of interna-
tional exchange between currencies, different rates of interest for lire,
say, and pounds may be compatible with a given exchange rate of lire
and pounds today, if the higher rate of interest on lire and the lower
rate of interest on pounds is compensated by a lower exchange rate of
lire for pounds in the future. Thus, in our example, the rate of return
of all activities will be uniform and negative if measured in grain, and
it will be uniform and positive if measured in rice. But these different
rates of return will all converge towards the same in the long run,
under the conditions stated.

This explains why Joan Robinson declared that she was confused
when she asked what the most general modern theory of value and
distribution was and received the answer that it was intertemporal theory.
For the intertemporal model does not represent a long-run equilibrium
position in the classical sense with a uniform rate of profit; in fact, a
peculiar type of such a position emerges only as the terminal state, as
we now know, according to the turn-pike propositions.

Initially, because of the arbitrary nature of the endowments of capi-
tal goods, we have a kind of disequilibrium - or temporary equilib-
rium - insofar as the amounts supplied have yet to be adapted to the
conditions of the stationary state which emerges only in the long-run.
From the Keynesian point of view, it could even be asked why the
expectations of the owners of stocks available in the beginning did not
influence the investment behaviour of producers. If the initial endow-
ments of grain are high, not because of an accidental bumper harvest,
but because producers had expected a demand for them, the deceived
expectations should play a role in the model; but they don't (Schefold,
1985a). In this view, we have a disequilibrium with insufficient speci-
fications, and there is not that much difference between temporary (e.g.
Hahn) and intertemporal equilibria. Because of the assumption of per-
fect foresight, however, a gradual adaptation takes place in the
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380 Classical, Neoclassical and Keynesian Theories

intertemporal case, provided there is room for substitution in produc-
tion and consumption to react to changing relative prices.

It is clear that the long-period equilibrium which thus emerges only
as time goes on is peculiar in several respects: it is a stationary state
(or, in some cases, a state of steady growth which does not allow for
gradual shifts of demand according to different Engel-elasticities with
rising incomes). More importantly, it is a state of full employment of
capital and labour, and the associated distribution is regulated by sup-
ply and demand. The classical vision of long-period positions allows
for gradual changes in the composition of output, and full employment
of labour is not assumed. In consequence, the theory of distribution is
by force different.

The intertemporal equilibrium, therefore, is to be interpreted, from a
classical and Keynesian perspective, as a special form of adaptation of
the economy in disequilibrium conditions to a final stationary equilib-
rium at full employment, and this adaptation takes a very special form
because the change of relative prices makes it possible to maintain
full employment throughout the process of adaptation; the fundamen-
tal reasons being that the future is foreseen, that prices are flexible
and that substitution works in production and consumption. In the tran-
sition, there is no single rate of interest but many; of the diverse own
rates of interest, none can be identified as 'the' rate of interest pertain-
ing to money or as 'the' natural rate of interest which would equalise
saving and investment.

It is often argued that the hypothetical character of the assumptions
is to be justified not on grounds of realism but because the model
makes it possible to show the working of the invisible hand with its
welfare implications in the most elegant and general way possible. I
cannot deny the aesthetic attraction of the formalism, but if the claims
raised about the welfare aspects of a model and the virtues of the
invisible hand are to have any practical implication, the model must
be shown to be an - albeit abstract - representation of the relevant
aspects of the real world and not one that leads to essentially different
conclusions as soon as the abstraction is modified to allow for some
degree of realism.

The Keynesian critique concerns the treatment of the assumption of
investment behaviour based on perfect foresight and the properties of
money in an uncertain world, in particular the lack of a determination
of the money rate of interest. I cannot deal with such themes here.

But consider the intertemporal model from the point of view of capital
theory. Recall the well-known one sector model with an infinite hor-
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Joint Production and Intertemporal Preferences 381

izon, i.e. with a production function and with one consumer who maxi-
mizes his welfare over an infinite number of periods by discounting
his utility.

This model, apparently more important today than ever as a starting
point for macroeconomics (Blanchard and Fischer, 1989), has a termi-
nal state which is characterised by the modified Golden Rule: The mar-
ginal productivity of capital tends towards the rate of growth of the
labour force, augmented by the rate of discount.

The path yielding this approximation from arbitrary initial condi-
tions is defined by two differential equations with the following intui-
tive content: starting from an initial position in which the capital-labour
ratio is low, the marginal productivity of capital is gradually lowered
and capital per head is accumulated as long as the rate of return ex-
ceeds the steady state value; this means that consumption per head
grows. On the other hand, there is investment per head as long as
output per head exceeds current consumption per head. It is the tradi-
tional story which reappears here in modern disguise: as the rate of
interest falls and capital becomes cheaper and is accumulated, con-
sumption per head rises.

According to Samuelson's 'parable' in Burmeister (1980), this in-
verse relationship between consumption per head and the rate of interest
can also be explained intuitively by assuming that an economy with
given population and a small capital stock repeatedly saves, forgoing
consumption, in order to accumulate capital so that steady states with
more consumption and a lower rate of interest are reached in succes-
sive steps. The existence of the well-behaved production function thus
implies that consumption is a monotonically falling function of the
rate of interest.

Obviously, the convergence towards the terminal state is disturbed
or made impossible if there is no well-behaved production function:
with reswitching and capital reversals, it becomes possible that the fall
in the rate of interest leads to a choice of technique which causes
capital per head and consumption per head to fall rather than to rise.
The path towards the terminal states will then be deflected. In
Burmeister's (1980) and Epstein's (1987) multisectoral models, the
'perverse' effects of capital theory are excluded and 'regularity' is
assumed by directly postulating the existence of an inverse monotonic
relationship between consumption per head and the rate of return. In
the one sector model, the postulate is not an axiom but follows from
the existence of a well-behaved production function, coupled with the
hypothesis that the rate of interest is equal to the marginal product oi
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382 Classical, Neoclassical and Keynesian Theories

capital, while consumption per head is, in the stationary state, equal to
output per head. Epstein, in his multisectoral model, defines regularity
by requiring that, as the rate of return is lowered and the marginal
product of each capital good falls, more of each capital good is avail-
able and consumption per head rises in the stationary state. 'This as-
sumption is satisfied in the single sector model and in some multisector
models' (Epstein, 1987, p. 341). But it is clear that 'regularity' com-
prises several properties: the identification of the rate of return with
marginal productivity on the one hand, an assumption about technol-
ogy on the other. There is no direct focus on the demand function for
capital which really causes all the trouble.

It would thus appear that the assumption of a 'neoclassical technology',
i.e. one which excludes reswitching and perverse Wicksell effects, is
necessary not for the existence of an intertemporal equilibrium but for
the possibility of interpreting it as the explanation of distribution in a
long-period equilibrium by affording the possibility of a transition towards
it. I do not assert that this is the most important aspect of the classical
critique of neoclassical theory but it seems to be the most topical, and
it fits Bidard's objection precisely: if we ask neoclassical theorists about
their theory of capital and distribution in the long-period and they point
to the achievements of intertemporal theory, essentially the same ob-
jections arise as with the other attempts to found a theory of capital
on supply and demand: the same assumption has to be made in order
to guarantee the existence of the equilibrium as, to use Samuelson's
expression, a permanent state, i.e. as the state towards which the economy
tends, the intertemporal path being only 'transient'. The analogy with
the first debate on capital theory is close: It was said that if there is
reswitching, the production function underlying the steady state towards
which the economy converges in Solow's (1956) model does not exist.
Now, we have: 'A unique steady state exists if the technology is suit-
ably restricted. Under some additional restrictions, it is shown that all
bounded and interior efficient allocations converge to the steady state
(Epstein 1987, p. 329). The restriction excludes reswitching etc.

15.7 CONCLUSIONS

The essential point of the criticism concerns the factor demand curves.
The discovery that factor demand curves may be positively sloped in
the relevant range, not negatively as is necessary for stability, have
not impressed/neoclassical theorists that much because, they say, suf-
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Joint Production and Intertemporal Preferences 383

ficiently general proofs for stability are not available anyway, not even
in pure exchange economies. But, against this argument of dispair, it
may be argued that the instability regarding production is of greater
economic relevance since it is linked to macroeconomic concerns. We
have an important example from Keynesian theory which illustrates
the effects of a positively sloped factor demand curve: if the level of
the demand for investment and government expenditure is given, the
demand for labour is likely to rise, not fall, with an increase in the
real wage rate in a closed economy, since the increase of wages cre-
ates demand for the products of labour.

Convincing conditions of sufficient generality which ensure a well-
behaved technology have not been proposed. We therefore should not
seek for those special assumptions under which the neoclassical theory
might work but for a different theory of distribution and employment
altogether. Keynesian modifications of neoclassical full employment
theory are still being discussed by the mainstream economists. I am
reminded here of the discussion of the Ptolemaic world system: if planets
do not move in circles although circles are thought to describe their
behaviour, epicycles are invented. Why do we not turn to the ellipses
straightaway, as Kepler did, forgetting about the circles and the har-
monies of spheres, which would mean in our context: why do we not
turn to a theory of value which does not presuppose full employment
as the natural state?

The denial of the generality of the neoclassical theory of distribu-
tion and employment in the long run does not, of course, imply that
full employment might not be reached through other forces such as a
strong dynamism of investment and adaptation on the supplyside at a
given real wage such as changes in the participation rate. Inflationary
pressures set an upper limit. The lower limit is more difficult to define.

If we want to use the classical method to represent economies in
various states of accumulation, we should free ourselves also of the
notion that, normally, only steady states are compatible with a uni-
form rate of profit. In fact, there cannot be steady growth in the pres-
ence of land or of exhaustible resources or if demand for some goods
expands more rapidly than for others because of changes of tastes or
of methods of production. Yet, it is convenient in all these cases to
assume that the sectoral rearrangement of the economy leads to a gradual
adaptation of activity levels where competitive forces are sufficiently
strong to cause capital to migrate to the faster growing sectors and
to abandon those which are growing more slowly or contracting so
that the tendency for the equalisation of the rate of profit is present
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384 Classical, Neoclassical and Keynesian Theories

permanently, as in the simpler case of steady growth. In a competitive
stationary economy, the causes for inequalities in the rates of profit
are accidental while sectoral shifts imply a systematic reason for ac-
tual rates of profit to differ from normal ones. Nevertheless, the ten-
dency towards the uniform rate of profit may be present in all cases
and provide sufficient reason to define prices of production on the ba-
sis of a uniform rate and to use them in the analysis. I am not arguing
against models which use a more complex dynamics of the adaptation
of prices and quantities but the advantage of greater 'realism' and
complexity must be balanced against the loss of perspicacity which
might be associated with 'classical dynamics' where, I fear, 'anything
goes' unless the theory of prices of production is retained as a firm
framework of reference.

Notes

1. (4)-(7) can be reduced to three equations (4), (6), and

(B - (1 + r)(A + lc)) p S o (5')

conversely, the system (4, 5', 6) is transformed into (4)-(7) by defining w
through (7) and inserting into (5') to obtain (5). Now it is clear that equa-
tions (4, 5', 6) are a special case of equations (l)-(3), with A + Ic being
the input matrix. The square solution is chosen for a stationary state with
the rate of profit at its maximum because labour has no part of the surplus
in equations (4, 5', 6). It should be noted that this formal solution of equa-
tions (l)-(3) presupposes that we do not have to deal with those cases
where a wage curve of a quadratic Sraffa system breaks off with a finite
wage at the maximum rate of profit. I have argued in Chapter 5 in this
volume und Chapter 7, as well as in Chapter 8 in this volume, that such
exceptions may be ruled out, using reasonable assumptions.

2. One may assume that the rate of profit is maximised if there are several
solutions to (10)—(12) in order to isolate the dominating technique (Chap-
ter 7 in this volume). In what follows, we shall only consider square solu-
tions, thus excluding flukes of the following kind (which are also ruled out
by the linear programme (10'), (11')):

(1 + r)Ap + zu = p, q(I - A) = s, qz = v

where we have a single product system producing s, but by means of a
single type of land z (with rent u), available to each process, like labour in
'ordinary' single product Sraffa systems. Any of the assumptions mentioned
leads to u = 0 and thus to a determination of r which is analogous to that
of the maximum rate of profit. Otherwise, r can arbitrarily be given to
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Joint Production and Intertemporal Preferences 385

determine prices in terms of the rent-rate p/«. For the conceptual discus-
sion of such a 'monopolistic' or 'absolute' form of rent and its comparison
with Sraffa's form, see Schefold (1989, p. 242). Mathematically, we have
a fluke because the quantity system has n + 1 equations to determine
q{ qn. A variation of s would thus lead to an underutilisation of land
(u — 0) or to the introduction of differential rent and n + 1 equations.

3. Strictly speaking, we must have some q with q(B - A) > s + fc, qZ §
v, in order to ensure the positive rate of profit in the proof below.

4. There is a (somewhat contrived) counterexample with r > g, fulfilling (ii)
but not (iii).

5. As already stated, some rents do not necessarily rise monotonically with
the rate of profits. Samuelson (1990b, p. 330) affirms that supply curves
must rise. Is this true for our normal cost curves? According to the argu-
ment he cites (Samuelson, p. 1946-7), we have, with p ' and p" being op-
timal vectors in (11'). with i ' . Q" optimal fixed point vectors in (10'),
corresponding to states of demand /' and t" in (10'), and with d' = (s + t'c
- rq'A, - v); j = /, //;

d'P' a d'P"

d"p" 3 d"p'

Adding these inequalities yields (d' - d")(p' - p") 3 0 so that an in-
crease of only one component of d between states / and // implies in fact
that the corresponding component of p must also rise. The situation which
Samuelson has in mind clearly is that where, in terms of our model, r = 0
and c is a unit vector. But the conclusion is not obvious and the normal
cost curve is not always monotonous for r > 0 as can be shown, extend-
ing the familiar diagrammatic technique, for a corn economy with inten-
sive rent on one land and with three methods. In the example, one
cost-minimising system of order two exists for low levels of output, and
two exist for higher ones. The transition to the dominating technique with
the increase of output involves, paradoxically, a fall of price and rent in
terms of labour commanded.

6. C. C. von Weizsacker suggested the possibility.
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16 The Market and the
Classical Theory of
Prices*

16.1 THE REVIVAL OF CLASSICAL THEORY

During the last decades, a tentative revival of the classical theory of
prices has been observed. It originated from diverse sources. The broad
social outlook, the theoretical coherence and the political impetus of
the classical authors had never lost its fascination for economists but
some distinctive traits of their analysis had been obscured by attempts
to minimise the fundamental difference between the classical approach,
based on the surplus principle, and the neoclassical one, based on the
idea that supply and demand for factors of production, as governed by
subjective preferences, regulate an equilibrium at full employment. Keynes
had used the neoclassical theory of value and generalised the equilibrium
concept to encompass labour unemployment. This led, in the age of
growth theory, to a reconsideration of the classical processes of accu-
mulation, as revived by Harrod and the followers of Keynes in Cam-
bridge, who considered classical paths of accumulation where the growth
of capacity did not automatically adjust through the supply and de-
mand mechanism to the growth of the labour supply and productivity.

In this context, a parallel reconsideration of the classical theory of
value became imperative. It is customary to associate the reconstruc-
tion of the classical theory of prices mainly with the name of SrafFa,
and in particular with his Introduction to the Ricardo edition (Sraffa,
1951) and with his later Production of Commodities by Means of Com-
modities (Sraffa, 1960). But a number of other authors were groping
for similar theories and models; von Neumann, Joan Robinson's Accu-
mulation of Capital (Robinson, 1956), and Schwartz (1961) may be
mentioned among others who were at least occasionally trying to for-
mulate the equilibrium requirements for an economy with a uniform
rate of profit, growing or in a stationary state, such that distribution

* First published in Kurt Dopfer and Karl F. Raible (eds), The Evolution of Economic
Systems (London: Macmillan, 1990) (Festschrift fur O. Sik) pp. 141-53.
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The Market and the Classical Theory of Prices 387

and employment were not, or at least not exclusively, governed by
supply and demand as understood in the neoclassical theory. Early activity
analysis at times pointed in this direction (e.g. Koopmans, 1951).
Morishima provided elegant mathematical reformulations on both sides:
for Marx and Walras (Morishima, 1973, 1977).

The controversies on capital theory have tended to reduce the interest
in the classical approach in so far as the discovery that the production
function cannot be constructed consistently from a sufficiently general
disaggregated model was unwelcome. As a reaction, neoclassical econ-
omists have since tended to argue that the intertemporal neoclassical
theory is not affected by the criticism, and their research has moved
away from the theory of growth also for other reasons. But since it
has recently been shown that the intertemporal equilibria converge to
long-run equilibria with a uniform rate of profit if the time horizon is
sufficiently long, the concern for the traditional concept of long-period
equilibrium can be expected to revive, and with it the question of whether
the neoclassical supply and demand mechanism is really capable of
explaining distribution and employment in such a state (Schefold, 1990c).

However, I should like here to pursue a different line of thought. A
revival of classical theory would be of very limited interest if it were
confined to a formal reconstruction of the classical theory of value
and prices, as it originated in Smith and Ricardo. The connection be-
tween the classical approach and the Keynesian theory is older than
Sraffa's reformulation of the theory of long-period prices, and it was
from the start directed at the solution of two problems: on the one
hand, Keynes' focus on the theory of employment in the short-run,
with capacity given, did not square well with his inherited Marshallian
theory of prices, based on rising marginal costs. For it is characteristic
of a demand constrained economy that the level of prices does not
explain the level of output of individual firms; unemployment usually
means that there is excess capacity such that more could be sold at
lower unit costs, if demand could be increased at the given price. This
is the element of increasing returns in the short-run which has been
emphasised by Kaldor (1985). Keynes himself is known to have turned
to a theory of administered prices in 1939, when it was shown that
price setting was an established practice of firms. Joan Robinson at-
tempted to bridge the gap between the models of short-run price for-
mation of firms, as inspired by empirical observation, and the theory
of long-run normal prices - a precarious link, as she was to emphasise
in her later years, when she more and more came to question the validity
of long-period analyses of accumulation, including her own.
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388 Classical, Neoclassical and Keynesian Theories

But, on the other hand, the investigation into the conditions of the
long-run development of a capitalist economy undoubtedly concerned
one of the most important questions in the discipline, not only on ground
of the emphasis which has traditionally been placed upon it. We have
recently witnessed a very lively debate about this old topic, under the
heading of what the theory of employment should be in the long-run,
or shortly under the proposal 'to marry S raff a and Keynes'. Of course,
it is made clear that various difficulties obstruct the realisation of such
a desirable relationship. It is all linked with the task of providing a
reliable alternative to the neoclassical theory of distribution and em-
ployment. I regard it as quite legitimate ultimately to measure the value
of the various debates by the success of this latter endeavour. The
Kalecki-type 'post-Keynesian' theory of distribution is increasingly being
challenged by a 'neo-Ricardian' one which focuses on the influence of
the monetary rates of interest on the rate of profit. These themes were
discussed intensively at the Sraffa conference in Florence, in 1985, the
proceedings of which have, after much amending and, I hope, improve-
ment, been published in 1990 by Krishna Bharadwaj and myself
(Bharadwaj and Schefold, 1990).

Observers may ask: what does it all lead up to? Is this a new and
rising theoretical paradigm or are these the last skirmishes of a decay-
ing Cambridge school? And: what are the policy perspectives? With-
out hiding a certain optimism regarding the first question, I shall in
this brief chapter focus on the second.

Good economic theory is primarily concerned with the analysis of
causal relationships; it may be put to different uses; quick association
of so-called economic paradigms with ideologies and associated poli-
cies are facile and should be avoided. It might be thought that the
classical approach lends itself to interventionist policies. The vision of
the economy as a social producing system with a given structure of
production seems to suggest, as in the case of the Leontief input-out-
put system as a similar construction, that central planning would be
easy once that structure is known. The arbitrary variations of the rate
of profit which are a familiar thought experiment in capital theory might
suggest that income distribution could be changed at will. Both mis-
takes have been made.

But a different picture emerges if we remember that classical theory
originated with classical liberalism. And the formal structure of the
model or associated thought experiments must not be confused with
the theory which explains, for instance, the process of competition
between different technologies, the future development of which is largely
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The Market and the Classical Theory of Prices 389

unknown, hence difficult to plan, even in the firms where they origi-
nate. The conceptual variation of the rate of profit is no substitute for
a causal theory of income distribution which explains, for instance,
the interaction between growth, profitability and employment.

Yet it is true that the connection between the quantitative variables
used in the theory on the one hand, and economic policy on the other,
is viewed differently in the classical and in the neoclassical approach.
The political economy of neoclassical theory is by necessity concerned
with market coordination failures which may be due to the structure of
the economy (e.g. natural monopolies) or to misguided political inter-
vention. The pure theory assumes technological conditions such that a
state of full employment can be reached. Hence deviations and their
corrections are the chief objects of policy. We have, as it were, the
celestial bodies moving in perfect circular orbits, and observed dis-
crepancies are explained in terms of epicycles as in the old Ptolemaic
planetary system. Classical theory aims at a direct explanation of the
planetary orbits as ellipses. Only the framework of the general theory
at its most abstract level is of little specifity: the data are the given
structure of production and the state of distribution; it is agreed that
prices, wage rates and the rate of profit must be uniform as a long-run
equilibrium condition.whatever the specific causes which may lead to
temporary or permanent deviations.

By contrast, the forces which govern distribution and employment,
as well as those operating on the choice of technique, are viewed from
the start as shaped by specific historical and institutional conditions
which may also be an expression of, and give rise to, political power
relationships. For instance, the importance attributed to the datum of
the real wage at a somehow historically given subsistence level in
Ricardian times could not without substantial modification be applied
today. In a fast-growing economy, the demand effect of the rising nominal
wage which translates into rising real wages, may be more important
for growth than would be the rise of rate of profit if the real wage
could be made to stagnate. When Schumpeter observed the historically
specific nature of the Ricardian theory, he was right. But he was wrong
to speak about a Ricardian Vice and to attribute it also to Keynes
(although Keynes's theory similarly contains historical and institutional
elements), because some historical specifity is a virtue, while, on the
other hand, not everything in Ricardo was historically specific. There
are elements in classical thought which apply to secular capitalist
development.

The founders of the classical school were celebrated for their objectivity
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390 Classical, Neoclassical and Keynesian Theories

which made it possible that a Ricardo advocated policies in favour of
industry and the labouring classes which went against his own interests
as a financier and landowner. For Ricardo, it turned out that reform
meant in his days, paradoxically, a reduction of state intervention. But
the theory also encompassed magnitudes which allowed to link the
theory of economic development with the vision of a social transfor-
mation which accompanied the Industrial Revolution and its aftermath.
There was not only the tie between social stratification and the eco-
nomic functions of wage earners, entrepreneurs, landowners, etc., but
also a theory of consumption which was linked with microeconomic
and with macroeconomic considerations. The simplification of regard-
ing the needs for the commodities entering the wage basket as essen-
tially given, and the luxuries as volatile, being objects of expenditure
out of rents and profits not saved, made it possible to visualise the rise
of luxury consumption as one of the dynamical elements in the pro-
cess of accumulation while the necessity to satisfy the elementary needs
was stabilising.

In my main paper incorporated in Bharadwaj and Schefold (Schefold,
1990c), I have tried (with others) to reformulate the theory of con-
sumption and of the composition of output so as to leave room for the
institutional influences. Similarly, the analysis of the work process and
of the division of labour was in classical theory not simply subsumed
under the heading of technical progress but was also considered in its
social aspects, and this, too, is being taken up today. The German and
other historical schools developed the institutional aspect of the classi-
cal heritage, supported by the broad historical movement within the
humanities which flowered in the second half of the nineteenth century.

Neoclassical theory, in its attempt to isolate an abstract core of econ-
omic analysis, has made it a programme to leave the answering of
these interesting traditional economic questions to neighbouring disci-
plines. While an increased division of labour among social scientists
may further intellectual progress, it is to be regretted if, after the sub-
division of the disciplines, the lack of an integration and of interdisci-
plinary approaches is not even felt. One of the reasons why the classical
approach is found attractive is that it provides a model for a more
comprehensive understanding of the economic process and of econ-
omics. If classical economics is to be revived, the social and institu-
tional changes which the world has undergone must be reflected in the
theory itself, not only in its data. It is an admittedly disturbing feature
of present day classical economics that the commitment to bring his-
tory into the picture occasionally does not get beyond abstract assertions
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The Market and the Classical Theory of Prices 391

and repetitions (with permutations) of the words 'historical', 'institu-
tional' or 'social' conditions, although the proclaimed aim is, on the
contrary, to be historically specific. I want to give examples, by con-
sidering three areas of economic policy in turn: at a microeconomic,
macroeconomic and mesoeconomic level.

16.2 DEMAND, DISTRIBUTION AND PRICES

Modern Marxian economic thought often asserts that the main distinc-
tion between the capitalism of the nineteenth and that of the twentieth
century is to be sought in the transition from competitive to monopoly
capitalism, which has, it is alleged, once more been transformed through
a vast increase in the intensity of state intervention. As a consequence,
power relationships, especially regarding prices and distribution, would
have come to play a dominating role. But, although the increased econ-
omic role of the State cannot be denied, a quite different picture emerges
if we take account of the fact that, with the growth of at least some
firms, there have not only been waves in the founding of new smaller
firms but there has also been a growth in the size of markets so that
competition may be said to be, if anything, more intense than it had
been in the last century. In his article of 1926 (Sraffa, 1926), Sraffa
had observed that oligopolistic structures exist not only among large
firms but also among small ones which serve only a limited number of
customers, with only a few customers actually migrating between firms
unless price differentials become large.

There are thus reasons to doubt the image of an early capitalism
characterised by near-perfect competition, as well as that of a late capi-
talism characterised by a kind of monopoly power of large firms. Clifton
(1977) has argued that modern conglomerates are much better equipped
than nineteenth-century firms to spot differences in profitability and to
smooth such differences by a transfer of ownership and restructuring
than the traditional firm of the nineteenth century managed by its owner.
It is widely recognised that research and development are fostered most
within wide oligopolies where large firms act as price leaders with a
high productivity and compete, through cost-intensive research which
lowers production cost and leads to the introduction of new products,
with a fringe of smaller competitors which occasionally contribute new
ideas and prevent the oligopoly from adopting too rigid price policies
and from being technologically conservative through the formation of
a cartel.
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392 Classical, Neoclassical and Keynesian Theories

These findings have only relatively recently been incorporated in
variants of the neoclassical theory (contestable markets), but they have
always been part of the classical in so far as the latter measures the
intensity of competition not by the numbers of firms in a market but
by the ease with which it may be entered, for that is the main consid-
eration if profit differentials are to be explained.

This point of view allows at least a loose integration of increasing
returns to scale. Neoclassical economists often find it difficult to com-
prehend Sraffa's assertion that no assumptions are made about returns
to scale. And in fact, a neoclassical equilibrium with a large number
of firms and increasing returns would not be stable at a given rate of
profit because the firms would at once start to compete and, without
some element of imperfect competition, there would be no clear limit
before one firm supplied the entire market and competition had been
turned into monopoly. In the classical theory, the number of firms may
be assumed to be small from the start and the threat of entry prevents
the charging of prices much above average profitability, whereas the
division of the market is seen as a question of market power which
maintains profitability. Hence competition is present in the tendency
towards a uniform rate of profit.

Even the administering of prices need not contradict the classical
concept, on the contrary: evidence has frequently been cited that prices
are administered with a view towards obtaining an average satisfac-
tory rate of return which would correspond to a subjective-normal rate
of profit, to use Joan Robinson's expression, and the subjective con-
cept of normality must be based on the experience with the objective
possibilities in a particular trade and in neighbouring lines of produc-
tion. It is true that such pricing theories, as developed, for instance, by
Sylos-Labini and Roncaglia, are not very general; they aim at the ex-
planation of the particular in the world of competition which is ex-
tremely varied. Kaldor emphasised the importance of cost differentials
which contrast with a relative large uniformity of prices, confirming
the thesis of price leadership as a further complication.

But, on the whole, an increased mobility of capital is plausible and
supports the prices of production approach. The extent to which banks
and financial capital operate as coordinators in the process (which seems
to lend some stability to it, as used to be the case in Western Ger-
many), or the degree to which the stock exchange plays an important
role as in the Anglo-Saxon countries, varies geographically and over
time. The capital market accelerates restructuring processes when the
general conditions of accumulation undergo a major change but seems
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The Market and the Classical Theory of Prices 393

less effective for the raising of productivity in a steady process of
accumulation. The stronger role of the banking sector on the Conti-
nent has sometimes been envied by Anglo-Saxon economists but the
innovative potential of deregulation has been demonstrated to the world
in the last decade, although at a social cost which was in places very
considerable.

The conclusion is, at any rate, that the classical theory aflFords less
reason to advocate strong antitrust policies than does the conventional
neoclassical theory. The history of West German antitrust policy had
been characterised by an early programmatic commitment to enhance
competition by favouring the survival of a multitude of small firms
wherever feasible. But, in reality, the practice of the Social Market
Economy has been to tolerate a process of concentration which was
comparable to that in other countries, and the theory of economic policy
has, slowly, adapted to this reality. There is ambivalence regarding the
social aspects of the process of concentration, too. Managerial capital-
ism is not all bad.

The theory of distribution which would be compatible with this vision
of economic development has undergone considerable changes. Kaldor
first formulated his theory of distribution in terms of a full-employ-
ment economy, and when this unrealistic assumption was dropped, and
when Kaldor came to admit that there are almost always considerable
labour reserves either in the open or in the form of disguised unem-
ployment in special sectors (he was concerned with backward segments
of the services), the mechanism which explained the changes of distri-
bution accompanying changes in the sphere of investment had to be
modified. It was now thought that fluctuations in investment could be
accommodated, and be financed, through corresponding changes of the
share of savings, because capacity grows only at a certain rhythm, so
that any acceleration of the growth process would be accompanied by
a rise of money prices relative to money wages; the increased share of
profits allowed to finance investment at unchanged propensities to save.

A more sophisticated variant of the theory was proposed by Eichner
(1976). He observed that corporations are always faced with the choice
between inside and outside finance. Internal financing can be mobil-
ised by raising the prices of the firm, albeit at the expense of losing
customers in the long run so that the rise in prices must be temporary.
The firm can offset the estimated immediate increase against a future
diminution of revenue, taking into account the increased eventual profit
opportunities made possible through the internal financing of an in-
vestment project, and compare that to the possibility of external finance.
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394 Classical, Neoclassical and Keynesian Theories

A macroeconomic aggregation of this microeconomic model leads to
the post-Keynesian result that an increase in investment activity al-
lows the corporate sector to increase its savings: sustained growth thus
becomes feasible and a post-Keynesian theory of distribution holds,
without assuming full employment.

The rival view is that the corporate sector is more competitive and
less able to fix prices than the post-Keynesian or Kaleckian theory
suggests. Since firms usually provide for enough excess capacity to
meet spurts of demand when equipment is planned, there is usually
room to accelerate growth without necessarily hitting a bottle-neck,
which would lead to price rises relative to money wages. In my view,
the neo-Ricardian theory of distribution then makes sense if we think
of a slowly growing economy with a strong financial sector. We may
imagine that the prices firms charge are mainly governed by costs which
include, apart from materials, wages and depreciation, an interest ele-
ment as well as the profits of enterprise. If we assume the latter to be
conventional (but this means to leave a very interesting variable unex-
plained), the variations in the rate of interest as engendered by the
banking system (which in turn operates within a rather complicated
network of national and international constraints) become the essential
determinants of variations of the rate of profits.

Pivetti (1990) in Bharadwaj and Schefold (1990) has argued that the
ratio of prices to money wages is thus essentially regulated by the rate
of interest, leaving room for Keynesian employment policies which
might, according to the other interpretation, earlier hit an inflation barrier.
Pivetti does not accept the restrictions on his theory which I propose:
outside finance and slow growth. He argues that competition will tend
to reduce prices to costs, including the opportunity cost of outside
finance plus profits from entrepreneurship, even if the resources for
the growth of capital are generated within the firm and even if there is
a high permanent level of effective demand. But he fails to specify the
time periods within which the process of competition is thought to
operate. Low interest rates may be compatible with high growth for
long sustained periods, which are then characterised by high rates of
profits so that large funds for internally financed growth are generated.
The Keynesian and post-Keynesian view is that a lowering of interest
rates raises capital prices and hence attracts investment. Against this,
Pivetti argues correctly that lower interest will, if competition oper-
ates, also lower the costs of production so that investment need not
have become more attractive in the long run because the proceeds of
investment are reduced. As a matter of fact, it is clear from capital
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The Market and the Classical Theory of Prices 395

theory that a lower rate of profit need not imply a higher value of
capital at a given level of employment. But, for considerable inter-
mediate stretches of time, high profits, and a high rate of profit, may
be associated with low monetary rates of interest and high growth.
Thus, depending on circumstances, there may be truth both in the post-
Keynesian and in the neo-Ricardian theory of income distribution; the
former explaining more directly the element of pure entrepreneurial
profit (outside interest payments given), the latter the interest cost ele-
ment (assuming a conventional level of the profits of enterprise).

The post-Keynesian and the neo-Ricardian theory both exclude a
direct influence of the wage bargain on the real, as opposed to the
nominal, wage. If the price level is not free but constrained by foreign
competition, this may hold if employers and the trade unions cooper-
ate. My personal conclusion is that we can identify more influences on
distribution than we have variables to be determined; we have, to use
a term introduced by Einstein in his later works (Pais, 1982), 'super-
causality', not a lack of causal mechanisms. A period of rapid econ-
omic growth with an important role of internal financing has been
followed by one in which growth has been more sluggish, at least in
Western European countries, and where the role of external financing
is increasing. The economists who now regard the neo-Ricardian theory
as convincing might have formed a different idea twenty years ago.

Whatever the conclusion about the theories of distribution, neither
lends much support to assertions that the obstacles for increasing em-
ployment through increasing effective demand reside in constraints orig-
inating from within the private sector of the economy. If it is true that
Keynesian demand management has proved to be much less effective
than anticipated, this must then be due to failures of the state to ex-
ecute the task assigned to it (and reasons to explain this failure are not
far to seek), or to international constraints (which could be interpreted
as coordination failures between states).

A similar sceptical conclusion will be reached if we consider econ-
omic policy at an intermediate mesoeconomic level. It seems rather
obvious to me that the State intervenes a great deal - much more than
politicians admit - in the structure of the economy through an ex-
tremely intricate system of taxes and subsidies which has grown large
disorderly, which creates unequal advantages and which is not of any
obvious rationality as far as the total of the interventions is concerned,
however understandable any individual subsidy may be when it is first
introduced. It appears as a drawback of the classical approach that it
does not afford a simple welfare norm such as Pareto-optimality to
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396 Classical, Neoclassical and Keynesian Theories

judge interventions. However, it is denied that the recourse to indi-
vidual preferences could really be made operational. Instead, the tra-
ditional classical approach had been to formulate development policies
which are coherent from the point of view of an economic as well as
from a social-logic. The Sozialpolitik, as developed by the historical
school, might be mentioned as an outstanding example, comparable to
much older ideas like those of Adam Smith about education.

A modern analogue of such classical visions of development pro-
cesses are the scenarios which are formulated to provide coherent im-
ages of where, e.g. future energy policy might lead to when the number
of technical options is too large to admit a simple solution through
optimisation according to a single criterion. While there is no strong
logical connection between the scenario approach as a tool for formu-
lating policies and the classical theories of accumulation, it seems to
me that there are important methodological similarities which concern
especially the attempt to formulate a few basic alternatives where a
combinatorial approach of taking all feasible combinations into con-
sideration would be bewildering. They are also similar in that the very
construction, of a scenario or of a theory of growth, implies a belief
that there is, after all, some characteristic unity and logic in long-run
processes of development, despite surprising events which are
endogenously engendered in the economic system. A major techno-
logical accident or a crisis at the stock exchange may have a perma-
nent effect on a process of development but they fortunately do not
happen all the time and they are, to some extent, avoidable.

There is one concept which links technology policy on the one hand
and classical analysis on the other: the idea that the technique which
is given at any moment of time is in some sense 'socially necessary'.
In the world of pure competition, this would be the dominating or
least-cost technique but the technique actually adopted is shaped in
many ways by institutions or factors, starting with technological norms,
some of which are always historically given and can never all be changed
at once. It is obvious that our future will largely be determined by
technology which must be made compatible with the environment. Some
control on the part of the State is unavoidable. The point is to couple
it with social controls which must reside in the judgement of respons-
ible citizens who are not just independent monads but live in an economy
and society shaped by traditions which they constantly transform.

I have proposed to reintroduce the concept of 'economic style' to
characterise a certain, to some extent precarious and contradictory, unity
between the dynamics of an economy, the attitudes of individuals and
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The Market and the Classical Theory of Prices 397

the institutions which help to preserve it. In Grenzen der Atomwirtschaft
(Meyer-Abich and Schefold, 1986), an attempt was made to design
formal and informal controls which would help to sustain alternative
paths of economic development, associated with alternative energy
policies, through differences of the economic style. Whatever name is
chosen, the task is to find solutions which will allow survival on a
planet with a number of inhabitants which is growing at an alarming
rate while new environmental problems are being discovered at a rate
which is even more disquieting. Perhaps this concern is not that dis-
similar from the one of Ota Sik who has become so prominent in his
relentless search for A Third Way — a quest which we all cannot but
admire.
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17 On the Classical and
Marshallian Foundations
of Keynesian and
Post-Keynesian
Economics*

17.1 INTRODUCTION

In this chapter I want to reconsider the microeconomic foundations of
Keynes's theory of effective demand as described in Chapter 3 of The
General Theory. Athanasios Asimakopulos has dedicated an important
article to this subject, focusing on the Marshallian construction of the
supply curve and on procedures of aggregation.1 I want to adopt a
wider perspective in order to allow a comparison by means of a sim-
ple model between rival proposals for the microeconomic foundation
of macroeconomics.

Keynes's terminology for the distinction between the traditional schools
of economic thought betrays his wish to remain within the Marshallian
framework which he called classical not only because of a common
adherence to Say's Law both in the classical and in the Marshallian
tradition; he saw a stark contrast between the English and the conti-
nental schools of what we designate as 'neoclassical theory'.2 He had
done much to help Sraffa carry out his critique of Marshallian econ-
omics but there are indications that he regretted the outcome. He chose
to remain an observer of the debate on imperfect competition.3 He
regarded 'the theory of prices . . . [as] a matter which is subsidiary to
our general theory'.4 And in his article on 'Relative Movements of
Real Wages and Output',5 where he called 'inconvenient'6 the conclu-
sion of marginal productivity theory that the wage rate falls with rising

" First published in the proceedings of the conference Employment, Distribution and
Markets (dedicated to the Memory and Work of AH. Asimakopulos); reprinted in
G. Harcourt et al., Income and Employment in Theory and Practice (London: Macmillan,
1995), pp. 126-53.
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Keynesian and Post-Keynesian Economics 399

employment, he resisted Kalecki's suggestion of a constant marginal
cost curve:

Even if one concedes that the course of the short-period marginal
cost curve is downwards in its early reaches, Mr. Kahn's assumption
that it eventually turns upward is, on common sense grounds, surely
beyond reasonable question; and that this happens, moreover, on a
part of the curve which is highly relevant for practical purposes.7

He was clear, on the other hand, that his point would be helped if
costs fall with an increase in output, and the article goes on to con-
sider the consequences.

It is well-known now that the microeconomic concepts used in The
General Theory itself are doubtless Marshallian in nature but modern
theorising is still dominated by attempts to combine Keynesian with
Walrasian ideas. In order to contrast interpretations of the third chap-
ter of The General Theory, I shall once more start from Kahn's (1977)
reformulation of Malinvaud (1977); some remarks will follow on why
the theory of efFective demand is much easier to combine with a classical
approach. This is especially true for the consideration of growing econ-
omies which will be considered in the last section.

17.2 KAHN ON MALINVAUD: A RESTATEMENT8

The model to be represented is only one among the numerous contribu-
tions by Malinvaud on macroeconomics and is also only a very simplified
version of the contributions of the work of the disequilibrium school.

Labour, L, is inelastically supplied. It is demanded by firms which
produce a homogeneous good which can be used both for consump-
tion and for investment according to a production function f(L) with
the usual properties (diminishing returns). There is an exogenous de-
mand for investment and from government, G, which is expressed in
monetary terms, p is the money price of the good and w the wage rate.
These assumptions are capable of variations, discussed in my critique
of Kahn's paper, referred to above. In particular, it would be possible
to fix an expenditure in real terms. The considerations which follow
would then be simplified because the real balance effects to be dis-
cussed are thus eliminated. Further, it is possible to extend the frame-
work to include the case of constant and of increasing returns.9

Malinvaud had proposed a more complex determination of autonomous
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400 Classical, Neoclassical and Keynesian Theories

expenditure: workers save and maintain monetary balances in order to
survive during periods of unemployment. But Kahn has shown that
the various forms of autonomous expenditure are subject to countervailing
tendencies so that it is a useful approximation to regard them as fixed.
As a matter of course, it would be one of the most interesting ques-
tions to investigate what determines investment but Walrasian theory
is, on the whole, mute in this regard while Malinvaud himself has
proposed a rather complicated investment function in a later publica-
tion which we cannot discuss here.10

Using W for wages, P for profits and C for consumption, we have
the identities

pf(L) = W + P

pf(L) = C + G

If we put W = C, that is, if we make the classical assumption about
saving, we obtain

P = G

The revenue from the production of goods is divided into wages and
profits. An equilibrium of macroeconomic flows obtains if production
and employment are fixed at levels such that autonomous demand can
be satisfied. Profits will then be at a level such that they finance in-
vestment (and/or the government expenditure can be financed out of
taxes on profits).

The neoclassical element consists in a second analysis of the de-
mand for labour. Optimising firms will employ labour up to the point
where the real wage equals the marginal product of labour, that is,
they expand production until price equals marginal costs.

w/p = f\L)

p = wdL/df = w/f'(L) (1)

(1) define a curve which may on the one hand be interpreted as the
demand for labour, given the real wage, on the other as a supply curve
for the good which indicates at each level of employment and produc-
tion up to what price the marginal firm can cover its cost. Above curve
(1), production can be sold at prices above marginal cost; lower prices
(below the.curve) mean losses.
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Keynesian and Post-Keynesian Economics 401

In neo-Walrasian terminology, this curve indicates the notional de-
mand for labour at given levels of the money wage and the money
price. (We might also interpret it in terms of a notional supply.) Effec-
tive demand is introduced by returning to the macroeconomic equa-
tions shown above; we have

pf(L) = wL + G

p = wUf(L) + G/f(L) (2)

We again consider the money-wage rate as given. (2) then show that
at each level of employment there will be a price level such that the
preceding macroeconomic equation is satisfied, i.e. such that the pro-
duction resulting from this level of employment can exactly be bought,
out of the wages paid and given the exogenous component of demand.
It can be shown" that the curve defined by (2) will be U-shaped. This
curve will divide the plane in an area of excessive demand below the
curve (the price being so low that wages and exogenous expenditure
exceed the value of the production of goods), while demand in this
sense will be deficient above the curve.

We shall argue that the intersection of the curves (1) and (2) corre-
sponds to effective demand as defined by Keynes; we call it the 'point
of effective demand' (PED). At this constellation, the money wage,
the price and employment are such that the condition of optimisation
(1) on the part of the firms and the condition of the macroeconomic
equality between the value of production (supply) and expenditure (de-
mand) according to (2) are fulfilled simultaneously. By differentiating
(2), one can show that the point of effective demand is at the mini-
mum of the curve. It can further be demonstrated that it shifts to the
upper left if the money-wage rate is increased. We therefore obtain
the constellations shown in Figure 17.1a and 17.1b for a high and a
low money wage, given a labour supply Lo.

The labour market is not in equilibrium in both cases; Figure 17.1a
implies unemployment at the point of effective demand; Figure 17.1b
implies excessive demand for labour, since not all firms will be able
to recruit as much labour as the point of effective demand indicates.
Keynes considered the constellation of the point of effective demand
according to Figure 17.1a as an underemployment equilibrium since
he emphasised the decision of firms and macroeconomic equilibrium.
Of the two pillars of classical theory - that the real wage has to be
equal to the marginal product of labour on the one hand, to the marginal
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disutility of labour on the other - Keynes here sacrifices only the sec-
ond. But, in the terminology of the neo-Walrasians, the workers are
rationed because they will not get all the employment they want. The
neo-Walrasians extend this concept of rationing to other markets, as-
suming that the short side gets satisfied. Since prices are simply taken
as given, the theory does not really explain any more; rather, it pro-
vides a typology of different forms of disequilibrium which are being
compared with each other. Assuming that prices are given because of
rigidities and imperfect competition, one obtains the now familiar
disequilibrium constellations shown in Figure 17.1b.
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Classical PED

Keynesian

- * - P

Figure 17.2 Malinvaud's 'map'

(a) At a high price level, entrepreneurs will wish to expand produc-
tion; but demand is limited by the macroeconomic equilibrium con-
dition - this is Keynesian unemployment (e.g. point a).

(b) At point b, there is excess demand for both labour and goods -
this is interpreted as repressed inflation.

(c) At a low price level, production will be expanded, given exces-
sive demand from the macroeconomic point of view, until mar-
ginal cost equals price and the level of employment is given by
curve (1) - this is dubbed classical unemployment, but it is really
a representation of the neoclassical idea of high wages which render
full employment impossible (e.g. point c).

For a full discussion of these cases (and a fourth case), the reader is
referred to my papers mentioned above. This simple model permits an
easy construction of a 'map' of the different equilibrium constellations
in a diagram for the money wage and the money price. While the
derivation of this map raises problems under more general assump-
tions of Malinvaud's model,12 we can see, according to Figure 17.2,
that the non-negative region of the (p, w) plane is divided into three
regions: classical unemployment, Keynesian unemployment and repressed
inflation.13 They meet in the Walrasian full employment equilibrium
which can be reached for one specific constellation of the money-wage
and the price.

Very briefly, the following observations may be made:

1. A Keynesian multiplier process will be represented by increasing G
which shifts the point of Walrasian equilibrium PG to the upper
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404 Classical, Neoclassical and Keynesian Theories

right so that points such as P2 or />3 can become part of the area of
repressed inflation.

2. In a way which seems formally equivalent, constellations such as
P2 and P3 may be shifted towards PG through appropriate processes
of deflation by lowering p and lowering (or raising!) the wage rate
w. Textbooks discuss the conditions under which the multiplier may
work (absence of capacity constraints and inflationary pressures,
absence of a negative feedback of investment) while Keynes's own
arguments against the real balance effect (mainly the negative feed-
back on investment through a loss of prospective profitability) are
often neglected.

3. Classical unemployment lacks plausibility, at any rate stability, since,
as Kahn pointed out, it seems impossible for prices to remain con-
stant in a situation of excess demand for commodities and of simul-
taneous unemployment. (If prices cannot be kept constant in the
case of repressed inflation, it may be argued that money wages will
rise pari passu so that the underlying disequilibrium will not be
eliminated if government expenditure also rises.)14

4. If we have a production function with constant returns such that
f(L) = aL and if, for the sake of simplicity, exogenous demand is
fixed in real terms g such that gp = G, we have the identity

pf(L) = wL + gp = paL

so that we may solve for the real wage and obtain

w/p — a — g/L (3)

(3) shows the effective demand for labour as a function of the real
wage; if we couple this with a backward-sloping supply curve of labour,
we obtain Figure 17.3 which shows a demand curve and a supply curve
for labour crossing as in the conventional diagrams, but with the slopes
interchanged so that the system tends towards the equilibrium, in a
situation of unemployment, if the real wage rises (not if it falls). And,
in fact, in a closed economy which does not have to fear a loss of its
competitive power, the logic of the argument proves that effective de-
mand can be raised through raising the real wage at a given level of
real exogenous expenditure, however difficult it may be to achieve this
in practice. It should be noted that stagflation is not ruled out in the
case considered in Figure 17.3, although there is no room for classical
unemployment because of the constancy of the returns. Stagflation obtains

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Keynesian and Post-Keynesian Economics 405

w/p '

*• L

Figure 17.3 Demand for labour D, supply of labour S

if money wages rise in step with money prices and if real autonomous
expenditure is kept constant in the inflationary process. A (Keynesian)
disequilibrium at a low level of the real wage is then not being corrected.

17.3 KEYNES AND MARSHALL

Although Keynes eventually showed some inclination to adopt the
hypothesis of administered prices, it remains of interest to work out
what his Marshallian conception really was.15 In our present perspective,
the key question is how to determine by what arguments Keynes was
able to concentrate on the point of effective demand. How is it poss-
ible to admit an equilibrium on the market for goods while there is a
disequilibrium on the market for labour? The Walrasian law suggests
that at least two markets should be in disequilibrium if one is. Moreover,
the interpretation of the disequilibrium, discussed by Malinvaud, reflects
the influence of the Walrasian concept of tatonnement, since prices are
considered as given. Since transactions take place because we do not
merely have an auctioneer, rationing and accumulating imbalances will
manifest themselves. This, too, has no counterpart in Keynes.

The specific difference with regard to the Marshallian theory be-
comes particularly clear in Marshall's early writing on the 'Pure Theory
of Domestic Values'.16 The supply curve 5 denotes the unit cost of the
production of an amount R of a certain good under normal conditions,
i.e. including normal profits. The demand curve D denotes the price
which people are prepared to pay. Marshall then considers the amount
as given; if, given the amount, the demand price exceeds the supply
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406 Classical, Neoclassical and Keynesian Theories

Figure 17.4 Stabilisation of equilibrium according to Marshall

price, entrepreneurs will receive more than a normal profit so that pro-
duction expands until equilibrium is reached.

It may be worth while to quote the corresponding paragraph in full:

Let a vertical straight line, drawn through the Amount-index, cut
the Demand Curve in d, and the Supply Curve in s. If d is above s,
the Amount-index will tend to move to the right. If d is below s, the
Amount-index will tend to move to the left. If d coincides with s, as
at A, the Amount-index will be an equilibrium, tending to move
neither to the right nor to the left. (Marshall, 1975, p. 199)

Marshall continues:

For, R being the Amount-index, an amount OR can be produced just
at the price Rs, and can be disposed of at the price Rd. If then Rd is
greater than Rs, the producers will make an expense Rs for what
they can sell at the price Rd; and will thus obtain over and above
the ordinary profits on their capital a profit sd on each unit of the com-
modity they produce. The trade will therefore be exceptionally profit-
able, and capital will flow into it. Thus an increased amount of the
commodity will be produced; or in other words, the Amount-index will
move to the right. . . But if Rd be equal to Rs, the trade will return
the ordinary profits to the capitalist; and there will be no tendency
for the Amount-index to move either to the right or to the left.

This is shown in Marshall's diagram, Figure 17.4. If we compare it
with Figure 17.1a, we recognise what Keynes meant. There, L, em-
ployment is to be interpreted as the 'amount index'. If it is found on
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Keynesian and Post-Keynesian Economics 407

the left of the point of effective demand (PED), the marginal firm will
obtain surplus profits corresponding to the difference between the de-
mand price and the supply price, which is the new interpretation now
given to our curves (1) and (2).

The idea of opposing 'Walrasian' and 'Marshallian' mechanisms of
adjustment towards equilibrium is far from being new and it was rec-
ognised long ago that both conceptions have been used both by Walras
and Marshall.17

The truth that the stability concept, discussed here, plays a greater
role in Marshall, however, cannot be doubted; and the difficulty is not
with the validity of this concept but with its applicability to Keynes,
since Marshall is clearly considering a long-period equilibrium, charac-
terised by normal prices, such that firms may change their capacities
in the process of adaptation, while capacities are given for Keynes in
the short period. Moreover, Keynes stresses that the demand curve is
defined on the basis of expectations regarding the proceeds which
entrepreneurs hope to obtain through an employment L. This process
of stabilisation will work only on condition that, by and large, expec-
tations are fulfilled. Such an assumption is in line with what Keynes
says elsewhere;18 we shall come back to this point. The supply curve,
on the other hand, may be interpreted as resulting from an aggregation
of supply curves of given firms.

If we ignore further problems of aggregation, we may now approach
Keynes's analysis in the third chapter of The General Theory, and we
may actually complement it by reckoning in employment units which
Keynes proposed to use consistently in Chapter 4:

In dealing with the theory of employment I propose, therefore, to
make use of only two fundamental units of quantity, namely, quan-
tities of money-value and quantities of employment.19

The commodity units which we have used so far can be transformed
into employment units if we divide the value of production by the
average amount of labour expended. Formally, the labour-unit is:

z = pf(L)/L

The employment units are not to be confused with Keynes' wage units,
which are obtained by dividing prices by the wage rate. Figure 17.1a
may be simplified by use of such employment units, and in order to
make it even simpler, we assume that the production function is of the
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408 Classical, Neoclassical and Keynesian Theories

Figure 17.5 Effective demand in employment, units z

Cobb-Douglas-type so that we may write/(L) = L', where t is between
zero and 1. Using the marginal productivity condition, we obtain

z = pf(L)/L = w/(L)/(L/'(L)) = wL'/(LtL' ~ ') = wit (4)

(4) now replaces (1). The curve of effective demand (2) is similarly
transformed by expressing the price in terms of employment units:

z = pf(L)/L = w + GIL (5)

In Malinvaud's approach, curve (1) was interpreted as demand for
labour, as derived from the profit maximisation of firms, given the
price, the money-wage rate and the conditions of production. This curve
has now become horizontal and will be interpreted as the supply curve
(4). It shows, at each level of employment, which price, in employ-
ment units, must be charged by profit-maximising firms. Curve (5), on
the other hand, is now interpreted as the demand curve for labour which
intersects the supply-curve point of effective demand (PED), as shown
in Figure 17.5. Kahn had used such a diagram in terms of employment
units in order to interpret Malinvaud. This was a mistake since it is
out of place in the Walrasian context to interpret a price in terms of
employment units as given. As we can see, curve (4) cannot be inter-
preted as a notional demand curve for labour; it is, in the case of the
Cobb-Douglas production function, horizontal and not, as Kahn and
other authors have drawn it, rising.

Figure 71.5 shows that the supply price has to lie above the money-
wage rate - measured in employment units, this supply price has the
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Keynesian and Post-Keynesian Economics 409

same dimension (money per unit of labour) as the money-wage rate.
One recognises at once that the point of effective demand is stable in
the Marshallian sense. While the diagram is unsuitable for the Walrasian
consideration of consequences of changes of the money price in com-
modity units, as administered by firms, it shows the consequence of
multiplier processes. For if autonomous expenditure G is increased,
the hyperbola (5) is shifted upwards so that the point of effective de-
mand (PED) tends to the right.

Moreover, the diagram demonstrates beautifully the difficulty of raising
the level of employment through deflation. It has to be conceded to
the critics of Keynes that there is an asymmetry in the assumption of
flexible prices and a rigid wage-rate. But Keynes' point really was
that a simultaneous lowering of both prices and wages left employ-
ment unchanged, given the level of investment. The point of effective
demand shifts downwards vertically, if G = pg and g is constant. The
reconstruction of Keynes's original microeconomic foundation is im-
portant, for what is obvious in his own microeconomic foundation may
look strange in the microfoundation of, say, Pigou.20

This, therefore, is an illustration - no more - of what Keynes calls
the 'Substance of the General Theory' in Chapter 3, although he does
not yet reckon in employment units there:

Let Z be the aggregate supply price of the output from employing
N men, the relationship between Z and TV being written Z = Q>(N),
which can be called the aggregate supply function. Similarly, let D
be the proceeds which entrepreneurs expect to receive from employ-
ment of N men, the relationship between D and N being written
D — f(N), which can be called the aggregate demand function.

Now if for a given value of N the expected proceeds are greater
than the aggregate supply price, i.e. if D is greater than Z, there will
be an incentive to entrepreneurs to increase employment beyond N
and, if necessary, to raise costs by competing with one another for
the factors of production, up to the value of N for which Z has
become equal to D. Thus the volume of employment is given by the
point of intersection between the aggregate demand function and
the aggregate supply function; for it is at this point that the entre-
preneurs' expectation of profits will be maximized. The value of D
at the point of the aggregate demand function, where it is inter-
sected by the aggregate supply function, will be called the effective
demand. Since this is the substance of the General Theory of Em-
ployment, which it will be our object to expound, the succeeding
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410 Classical, Neoclassical and Keynesian Theories

chapters will be largely occupied with examining the various factors
upon which these two functions depend.21

Keynes' essential arguments concern the reasons which cause these
curves to shift. But I shall stick to the question of method.

I speak only of an illustration of Keynes' curves in view of the
extended discussion regarding the theoretical hypotheses and aims of
his construction (see Parrinello, 1980, 1989; Weintraub, 1980; Casarosa,
1981; Asimakopulos, 1982). My assumptions sidestep the problems of
aggregation and of changes in the composition of output at different
levels of output corresponding to different levels of employment. But
it should be noted that entrepreneurs maximise profits at PED. Since it
has been stressed that Keynes speaks of 'expected' proceeds, it has
been argued that he could not mean the actual expenditure derived
from various levels of employment, for these could not be foreseen in
atomistic markets; Casarosa (1981, p. 192) has even argued that we
should distinguish between an aggregate expected demand function and
an expenditure function.

I regard this distinction as unnecessary in a Marshallian context since
Keynes envisages stabilisation as a process in real time, not as a tatonne-
ment. During the process, the multiplier operates even outside the PED
in such a way that the expenditure will be forthcoming which is indi-
cated (in employment units) in equation (5). If extra profits arise be-
cause expenditure exceeds22 marginal costs, expectations of proceeds
and employment decisions will be revised upwards pari passu. This
justifies the assumption, mentioned above, that short-term expectations
are fulfilled. An identification of expected demand function and ex-
penditure function is also suggested by Keynes's declaration that the
two curves constitute the 'substance' of The General Theory. He in-
troduced the expectation aspect of the demand curve first for purposes
of exposition; the explanation of the causes of this expenditure, gener-
ating the expectations, was to follow later.

17.4 EQUILIBRIUM CURVES AND EFFECTIVE DEMAND IN
CLASSICAL THEORY

Shortly after the passage within which Keynes defines his aggregate
demand and supply function, there follows another in which he draws
attention to the fact that such schedules cannot be drawn independently
within classical theory:
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Keynesian and Post-Keynesian Economics 411

The classical doctrine, on the other hand, which used to be expressed
categorically in the statement that 'Supply creates its own Demand'
and continues to underlie all orthodox economic theory, involves a
special assumption as to the relationship between these two func-
tions. For 'Supply creates its own Demand' must mean that f(N)
and 4>(N) are equal for all values of N, i.e. for all levels of output
and employment;. . . effective demand, instead of having a unique
equilibrium value, is an infinite range of values all equally admiss-
ible; and the amount of employment is indeterminate except insofar
as the marginal disutility of labour sets an upper limit.23

Keynes therefore assumed that all levels of employment were admissi-
ble within classical theory. We shall see shortly that this is indeed the
case if 'classical' is meant in the conventional Ricardian sense. There
may also be some truth in this statement, as far as Marshallian econ-
omics are concerned, for to each level of employment, there corre-
sponds a marginal product of labour and a demand that emanates both
from this and from the full employment of the other factors that are
available. Whatever the level of employment, the commodity prices
and factor prices are determined, and the proceeds as the sum of the
outputs sold, multiplied by their respective prices, is equal to their
normal cost, to be corrected for the quasi-rents due to the short-period
deviations from long-period equilibrium, and including or excluding
user cost both on the 'demand' and the 'supply' side.

But this equilibrium cannot be stable, not even in the Marshallian
sense, as long as the presence of unemployed workers depresses wages,
and as long as the labour market is to establish an equilibrium of de-
mand and supply like other factor markets, following neoclassical theory.
Keynes, on the other hand, assumes that the money wage is fixed by
the wage bargain. But if the institutional fixing of the money wage
breaks down and this wage becomes depressed because of competition
among workers, money prices will also fall. Keynes gives his reasons
why this deflationary process will not lead towards full employment in
his system (in particular, because investment will be negatively, not
positively, affected) but this idea is typically not neoclassical. The
Keynesian underemployment equilibrium is a position of rest for all
the relevant variables if money wages are rigid - or else underemploy-
ment may persist in a process of deflation.

The coincidence of the aggregate supply and demand curves in neo-
classical theory can therefore only be shown using a thought-experi-
ment which is somewhat different from the Keynesian one. Imagine a
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412 Classical, Neoclassical and Keynesian Theories

neoclassical general equilibrium system with a given labour supply -
it may be of the intertemporal, Arrow-Debreu-type.24 The labour sup-
ply will be fully employed so that the equilibrium ideally determines
only one point in the space of quantities, goods and factors prices.
Now allow the labour supply to vary. The solution of the equilibrium
system will then move in the space of prices and quantities: it traces a
curve according to the amount of labour available. This thought-ex-
periment resembles one found in Bohm-Bawerk,25 where the labour
supply of an actual economy is thought to vary because of migrations,
full employment being maintained. In particular, the real wage, expressed
in terms of some commodity basket, will vary in function of labour.
This curve is as much a representation of demand as of supply condi-
tions of the economy. It is therefore neither a demand nor a supply
curve; rather, it should be called an equilibrium trajectory, and it is a
priori not clear whether it should be upwards- or downwards-sloping.

Matters are quite different in classical theory because of the funda-
mental assumption that there are, given technology, separate approaches
to the theory of value (which shows how relative prices are deter-
mined if one of the distributive variables is fixed and if the structure
of production and consumption is given), to the determination of out-
put (effective demand regulating the level of activity and socioecon-
omic factors affecting its composition), and to the analysis of distribution
(forces governing distribution are subject to historical change). It is
hardly necessary to restate the equations found in the first part of Sraffa
(1960). As in neoclassical theory, the prices are assumed to cover costs,
including normal profits.

We thus move to the long period. Asimakopulos wrote, with refer-
ence to classical economics:

Although actual profits are residuals, competition among capitalists
who are continually striving to obtain the highest returns . . . would
tend to equate . . . expected rates of profit in different lines of activity.
If the step (and it is a big step) is then taken to assume that actual
rates of profit approximate these expected rates, then these rates are
important constituents of the 'natural' prices of commodities.26

If the realised rates diverge strongly and randomly from the expected
rates, no analysis is possible. If the divergences are systematic and if
realised rates are, for example, generally lower than expected rates, a
slump is to be expected. If the divergences continue to be moderate, a
tendency towards a uniform rate of profit is likely to result, and it is
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Keynesian and Post-Keynesian Economics 413

convenient (and for many purposes legitimate) to calculate prices as if
this tendency had fully worked out, i.e. to assume the uniform rate of
profit which is an axiom of classical theory. But we shall show in the
last section that there are also contexts within which it is important to
reckon with differentials of profit rates (later called quasi-rents) in or-
der to link the classical theory of prices with a Keynesian theory of
distribution.

We need not assume constant returns to scale. Under the old classi-
cal assumption of a minimum wage, variations in the level of activity
can be considered. As long as full employment is not reached, curves
(which I call normal cost curves) result showing prices and quantities
as a function of the level of output. They follow a more definite pat-
tern than the equilibrium trajectories of full-employment neoclassical
equilibrium, as we shall see presently.

On the other hand, the normal cost curves are more general than the
neoclassical partial-equilibrium curves relating output and price. For
the supply curves of partial equilibrium neglect the interdependence of
markets; except at the point of equilibrium, a supply curve indicates a
price which would cause other markets to get into disequilibrium if it
actually ruled. Hence Marshall's assumption that the market under
consideration in partial analysis must be small relative to the economy
as a whole, but hence also Sraffa's criticism of 1925: if the market
considered is small, the variation of output will not affect factor costs
so that constant returns obtain, and if the market is not small and if
returns vary, the analysis is in general not easily reconciled with a
partial approach.

A familiar example of a normal cost curve, lying between the ex-
tremes of a general full-employment equilibrium and the partial equi-
librium, may be obtained as follows in classical theory. Suppose, to
begin with, that there is only one agricultural product. On the assump-
tion that constant returns prevail in the extension of cultivation on
each land, one obtains something (seemingly similar to a supply curve)
which rises in horizontal steps. We take the simplest case of extensive
rent. If land is used only for the production of the first commodity in
a single-product Sraffian system, and if the first commodity can be
grown on up to m lands, we have the equations (in familiar notation
where z,,. . ., zm are amounts of land per unit of output, M,, . . ., um are
the rents per acre, anl(t), .. ., aXn (t),l,(t) are the input and the laboui
coefficients for the production of the first commodity on land t, a;>; i,
j = 2, . .., n; are the input coefficients of other industries, pt, • . ., p,
are the prices, w the wage rate and r the rate of profit):
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Q, (1)

Figure 17.6 Ricardian
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= Pn

+ Z,tt, = /J,

+ Z*,"m = Pi

(6)

This system of equations determines prices in that, for instance, prices
in terms of the wage rate will be determined if the rate of profit is
given.27

An analysis of demand is not absent from this system but has to be
made explicit. Demand may be given the form of a basket of commodities
to be produced; the agricultural commodity in particular is assumed to
be demanded in such amounts that the first m processes on n difiFerent
lands will permit the production of the required amount for direct and
indirect uses. If demand is lower, less than n lands may suffice.

To see this more specifically, we assume that industries 2, . .., n
exhibit constant returns to scale, that returns are constant on each land
and that, for each given rate of profit, a combination of cultivated
lands is chosen which permits the lowest price py Production on the
cultivated lands must suffice to satisfy demand. All cultivated lands
except one pay rent; the rent-paying lands are fully cultivated. The
land that is partially cultivated and the uncultivated lands pay no rent.

The Ricardian thought-experiment, then, is to imagine a rise in de-
mand, in particular for the agricultural commodity, such that succes-
sively more and more cultivated lands are being brought into production
and the normal price rises in steps as is shown in Figure 17.6. A similar
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Keynesian and Post-Keynesian Economics 415

'curve' is obtained for the case of intensive rent. But what matter for
us here are not the details28 of that analysis, which belong to the theory
of normal prices. Here we are only interested in the observation that
the assumptions of the classical theory of prices allow an extremely
simple and straightforward integration with the theory of demand.

Indeed, it is perhaps too simple! The feedback effects between prices
and quantities are not ignored by classical economists but are left to
separate analyses because changes in the composition of output are
only in part induced by price changes. It is one of the oldest commonsense
observations that prices and quantities tend to move in opposite direc-
tions. If the price of the agricultural product rises, that will have a
depressing effect on the forces which generated the increase in de-
mand in the first place. But it is questionable whether a definite sched-
ule should be drawn to relate the prices of commodities with the demands
for them on a par with the normal cost curves. For the normal cost
curves are based on technical relationships which are both more per-
sistent and easier to discern than the volatile influences on the demand
for commodities.29

Keynes, in his analysis of effective demand, took an intermediate
position in that he retained the analysis of the demand for commodi-
ties, based on utility, but he singled out the demand for investment
goods as being susceptible to a heterogenous set of influences, affected
by expectations, primarily in the monetary sphere, and also in the pol-
itical sphere. He had a demand curve for investment in the form of the
marginal efficiency schedule, relating the aggregate volume of invest-
ment to the rate of interest, though his point really was how the schedule
shifts.

This influence of the rate of interest has been suppressed in our
construction of a Keynesian demand curve above. If one intends to
keep the volume of investment as an exogenous variable but wishes to
retain at least the influence of a changing income on demand in a
classical approach, one is led to models of the following type. Ac-
cording to the old classical view, demand on the part of workers is a
function of employment. Each employed worker consumes his fixed
basket of commodities; this may be represented very simply by as-
suming that workers' demand is included in the means of production
of the input-output matrix. Capitalists' consumption, on the other hand,
may be treated on a par with investment demand as exogenous (or it
may be assumed that capitalists do not consume), while landlords spend
the rents they get on consumption. I assume that their expenditure is
in fixed proportions. This leads to the following equations:
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q(B - A, - Z ) > (s + re, - v ) (7)

[B - (1 + r)A]p - Zu < o (8)

rqAp + vu = (s + re) p (9)

rqAp = sp (10)

vu = rep (11)

A is the input, B is the output-matrix (joint production is admitted), Z
is the matrix indicating the amount of land of various types in each
process, p is the vector of commodity prices, u is the vector of land
rents, s is the vector of commodities demanded by capitalists, c is the
vector of commodities demanded by landlords, v is a vector indicating
the total amount of each land available and q is the vector of activity
levels, r indicates the multiple of the fixed basket of commodities, c,
consumed by the landlords.

(7) then requires that activity levels must be such that the com-
modities demanded are produced, under the constraint that no more
land is used than is available.

(8) shows that prices allow the payment of both normal profit and a
differential rent without extra profits.

(9) imposes an equality of incomes (profits plus rents) and expendi-
ture (on consumption). It can be shown to imply that, in conjunction
with (7) and (8), unprofitable activities are not used, while overpro-
duced commodities and lands only partially used receive zero prices
or rents. (9) follows from (10) and (11), which postulate the equality
between profits and capitalists' expenditure, on the one hand, and be-
tween rents and landlords' expenditure, on the other.

This system is analysed in Chapter 15 in this volume. It is shown to
yield a solution, with non-negative prices, rents and activity levels,
implying t > 0, such that the number of processes used will in general
be equal to the number of positive prices and rents. A 'square' Sraffa
system therefore emerges. The assumptions necessary to prove the
existence of such a solution are fairly general and include the obvious
requirement that enough land must be available to satisfy exogenous
demand.

The point is that the exogenous level of demand originates from
capitalists' expenditure and determines employment and activity. Dis-
tribution is given: workers receive a given real wage, the rate of profit
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depends on productivity, and this means that it depends on the level of
employment. If overall demand is low, only the best lands are used,
the surplus is relatively large, and the rate of profit high. In general,
an expansion of demand will lower the rate of profit and make room
for higher rents and a higher level of landlords' expenditure. In this
sense, the model is quite Ricardian, but the formulation is also Keynesian
in that effective demand, in the form of capitalists' expenditure, plays
the crucial role.

17.5 WHICH MICROFOUNDATIONS? FOR WHAT?

It has been our aim to compare different microfoundations for the rep-
resentation of Keynes' central idea of effective demand. In order to
facilitate the comparison, a formulation was chosen which is simpler
than that which is usually discussed in analyses of Walrasian, Marshallian
and classical approaches. The obvious cost of this simplification is the
neglect of much textual evidence of 'what Keynes really said', and the
same is true, of course, of Walrasian or classical authors and Marshall.

The result seems to be that the principle of effective demand can in
fact successfully be used in different frameworks, with the obvious
exception of neoclassical general-equilibrium theory, where Say's Law
implies full employment on account of the identity between the real
wage and the marginal utility of labour.

Important arguments which might be used to defend any of these
approaches are microeconomic in nature; with these I shall not deal
here. Since effective demand is our main theme, it is more interesting
to ask which approach proves most fruitful when the simple assump-
tion of a given level of effective demand is to be overcome, and the
question turns to its determining causes. A full treatment of how un-
certainty, finance, the evolution of technical opportunities and direct
macroeconomic forces (such as distribution and the rate of interest)
affect investment is the subject matter for a book rather than for a
chapter. But I shall hazard a few observations.

I start with an example. Which framework is best for the analysis of
the following situation: capitalists decide to raise prices in a situation
where money wages do not follow suit because of unemployment. Partial
equilibrium is by definition unsuitable; an unspecified disequilibrium
would result in general equilibrium analysis. A definite form of a
disequilibrium results if the question is posed in Malinvaud's model as
a disturbance of an initial disequilibrium, as represented above. Starting
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418 Classical, Neoclassical and Keynesian Theories

from the Walrasian equilibrium point, a Keynesian underemployment
disequilibrium would be generated. A similar conclusion is reached in
a Kaleckian framework (not surprisingly, since a post-Keynesian theory
of distribution has here been inserted into Malinvaud's model): 'firms,
considered as a whole, cannot increase their profits merely by raising
prices. Raising profit margins reduces real wages and consequently em-
ployment in wage-good industries'.30 Classical theory, without having
specified a definite pattern of reaction between prices and output, is
prone to arrive at a different conclusion. As we shall see, one may
imagine a rise in the rate of profit induced by a rise in the rate of
interest, made possible by a general rise in prices, under certain con-
ditions. But the Keynesian conclusion may also be arrived at in a classical
framework, once it is assumed that the attempt to raise prices has a
negative impact on the level of activity, and involves a change of the
normal position.31 Of course, to show this, further assumptions are
required.

The definite conclusion suggested by the neo-Walrasian approach
may be taken as an argument that it should not be underestimated.
However, as in other approaches, misleading uses may be made of it,
generally, e.g. by overemphasising the real balance effects which are
not plausible. And if one starts from an underemployment situation
which is interpreted as classical in the sense of Malinvaud, the raising
of prices raises employment, by lowering the real wage. Given our
assumption, profits are not affected.

No model is useful unless it is used with insight and intelligence.
The literature on disequilibrium models continues to grow. There is no
reason why the neo-Walrasian approach should not incorporate interest-
ing models of investment behaviour, once it is formalised dynamically.
The main challenge would be to take the assumption of given prices
seriously and to incorporate imperfect competition. But it turns out to
be quite difficult to combine a satisfactory degree of realism in the
representation of monopoly elements and of the inducement to invest
with a sufficiently rigorous representation of rationing. The neo-Walrasians
have set for themselves the task of achieving a unifying mathematical
treatment, as in general equilibrium theory. The pure logic of equilib-
rium (combined with the realism of imperfect competition and with
the different logic of the principle of effective demand) is apt to gen-
erate rather complicated models for which explicit solutions may not
be available, and one has to use computer simulations in order to trace
some possible outcomes.32

Keynes, following Marshall, ingeniously avoided the challenge of
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casting everything in mathematical form. The Marshallian short-period
analysis proved eminently suitable for providing a framework of
microeconomic behaviour for the short period which could be aggre-
gated so as to take account of the 'various factors upon which these
two functions', the aggregate supply and the aggregate demand func-
tion, 'depend'.33 As we have seen, the neo-Walrasian idea of capturing
effective demand through the consideration of disequilibrium at fixed
prices leads to an interesting typology of disequilibrium situations, but
it also leads at once to the difficulty of rendering the model more rig-
orous if the disequilibrium is to be represented more accurately by
taking into account changes of money holdings (resulting from the
mismatch of demand and supply) and the behaviour of firms if the
disequilibrium prevents firms from realising a position of profit
maximisation. A reflection on 'what Keynes really meant' helped us
in this case to confirm that the principle of effective demand can be
represented and explains the possibility of unemployment without tak-
ing additional disequilibrium phenomena, which complicate the pic-
ture perhaps more than they enrich it, into account. At any rate, Keynes's
approach allowed him to focus on the determinants of investment on
the one hand, and on the labour market on the oth.er, in order to show
that unemployment may occur at an equilibrium in the sense of being
a position of rest.

Two limitations of the Keynesian theory, the confinement to the short
period and the reliance on the marginal productivity theory, are over-
come in the classical model, where the economies are allowed to grow
and investment adds to capacity. It is often objected to by Keynesian
authors that monetary factors are absent in this kind of analysis and
that uncertainty should be taken into account by representing the economy
in a short-period equilibrium.

I confess that I do not really understand the latter argument. No-
body denies that the rate of profit only tends towards uniformity with-
out ever achieving it. If it is one of the results of uncertainty that the
structure of capacity is never perfectly adapted to that of demand, some-
thing similar is true of the short-period equilibria with which Keynesian
analyses are concerned. The multiplier also works only as a tendency
for the adaptation of saving to investment. Planned investment never
turns out to be exactly equal to the savings which are forthcoming.

The suggestion of neglected monetary factors would be more ad-
missible if it corresponded to the facts. But the essential approaches
closing the classical model by introducing a theory of distribution contain
important monetary considerations; a legitimate objection might be that

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



420 Classical, Neoclassical and Keynesian Theories

these approaches are not sufficiently complete even in the context of a
long-term applications. (That money plays an even more essential role
in the short period is not to be contested.)

The easiest way to make my point is by summarising and criticising
Pivetti's book: An Essay on Money and Distribution (1991).34

Ricardo's view had been that the rate of interest is governed by the
rate of profit and actually equal to it in the long run, apart from a
diflFerential which reflects the risks and inconveniences of industrial
entrepreneurship. Tooke had argued that interest entered as a normal
element of cost in the formation of prices because he had observed
that periods of high and rising prices tended to be associated with
periods of high and rising rates of interest. The radical conclusion to
be drawn, now defended by Pivetti, is that the rate of interest deter-
mines the rate of profit, not the other way round.

Pivetti begins by providing historical evidence that the rate of interest
may be regarded as a 'monetary phenomenon', which means that the
monetary authorities possess considerable freedom to fix the rate of
interest. The differences between rates of profit and the rate of interest
in different industries are regarded as due to the profits of enterprise,
which Pivetti takes as given. In the presence of inflation, resulting
from an upward pressure of money wages, the authorities can fix the
nominal rate of interest, implying a real rate of interest which is equal
to the rate of profit after the deduction of the profit of enterprise.

This is the theory in a nutshell; Pivetti believes that low nominal
and real interest rates, slow inflation and comparatively high levels of
domestic demand go together: 'they are the conditions one would ex-
pect to find in a country where distribution is especially favourable to
the workers'.35 He contrasts this constellation with one with low growth
and high interest rates.

I disagree with Pivetti to some extent on the theory of inflation and
the operation of the central bank. But my main difficulty is with his
profit of enterprise because he completely neglects the quasi-rents by
which it is magnified or reduced.36 These are of two kinds: there are
quasi-rents due to competitive advantages and which result from tech-
nical progress,37 and there are quasi-rents due to the level of demand
if demand pulls up prices, if money wages follow only with a lag and
if the growth of demand remains ahead of the capacity growth which
it induces. The extent to which prices remain above costs depends
also on the degree of monopoly. Both from a pure classical and from
a Marshallian perspective it could be argued that these quasi-rents must
be eliminated in the long period, and the argument would be correct if
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the system tended eventually to a stationary state. But in a growing
economy, these quasi-rents are constantly being reproduced.

The point is that, if firms invest in the competitive process in order
to profit from a favourable constellation and raise their level of ac-
tivity, they will not necessarily lower prices and eliminate quasi-rents
because their demand leads to the introduction of new technology cre-
ating new differentials, and they raise the general level of activity via
their investment, creating new quasi-rents for other firms. The scen-
ario of growth which Pivetti regards as favourable will thus indeed be
characterised by low rates of interest, but it will be different from
what he envisages in one essential aspect: low interest favours invest-
ment growth, and real wage rise accordingly, but the rates of profit
will also be high, since profits include those quasi-rents which are the
source of investment for the growth of firms, especially if largely self-
financed.38 The average rate of profit will then be considerably above
the real rate of interest.39

Conversely, a high real rate of interest will in fact be accompanied
by low growth if firms are mainly indebted to banks for their financ-
ing, if the profit of enterprise is low and if the competitive pressure
acts on prices in such a way that real wages are high, but not growing
much. The key to the understanding of the difference between the two
states of the economy, mentioned by Pivetti, is the magnitude he neglects:
the difference in the level of the 'profit of enterprise'.

In this view, the rival theories of distribution - one explains the rate
of profit through influences of the monetary rates of interest and an-
other explains it through the growth of demand - are not as different
as the controversies surrounding them would let them appear. It is true,
on the other hand, that the primacy of the influence of the rate of
interest pertains to a different kind of growth than when the rate of
accumulation rules the roost. Neither state is likely to last uninter-
rupted for secular periods; changing financial conditions may disturb
them while the rhythm of accumulation may falter if technological
progress loses its force or if there are exogenous influences on distri-
bution (such as an explosion of money wages which cannot be con-
tained except at the cost of a recession).

One might therefore speak of two different regimes of accumula-
tion, possibly associated with different financial institutions. Neither
presupposes full employment. As Kalecki (and Asimakopulos) have
emphasised, demand may raise prices above costs to an extent which
depends on the intensity of competition as well as on the level of
demand itself. I shall not venture to speculate here on transitions between
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422 Classical, Neoclassical and Keynesian Theories

such regimes but I should like to insist that in the context of transi-
tions too, the pressure for higher money wages risks to reduce the
growth of real wages because inflationary tendencies are, the stronger
they manifest themselves, the more difficult to contain without reduc-
ing the level of activity and of employment.

This example, treated very briefly, should suffice to show that the
classical theory of prices provides a useful complement to the prin-
ciple of effective demand, as a microeconomic foundation. Perhaps one
should go further and say that the classical theory here is indispens-
able since it is difficult to see how this combination of the theory of
growth and distribution could be modelled outside the context of the
theories of the surplus.40

Notes

1. Asimakopulos (1982).
2. Keynes (1971-89, VII, p. 76).
3. Asimakopulos (1982, p. 19). Keynes and the theory of capital is a chapter

of the history of economic thought that remains to be written. Suffice it
to recall that Keynes had called Sraffa's criticism of the supply curve at
the end of the Symposium 'negative and destructive'.

4. Keynes (1971-89, XIV, p. 378).
5. Published 1939, repr. as Appendix III to the General Theory in Keynes

(1971-89, VII).
6. Keynes (1971-89, VII, p. 400).
7. Keynes (1971-89, VII, p. 405).
8. The following section represents an elaboration of my articles 'Kahn on

Malinvaud' (Schefold, 1983b and 1988c).
9. See Schefold (1983b, p. 243).

10. Malinvaud (1980).
11. See Schefold (1983b).
12. The difficulty in the construction of this map in other cases is discussed

in Hildenbrand and Hildenbrand (1978).
13. This follows if one considers that the straight lines denoted by s and d in

Figure 17.2 must correspond to the points denoted by 5 and d in Figures
17.1a and 17.1b. The point of effective demand in Figures 17.1a and 17.1b
describes a curve in Figure 17.2 as w is varied; it is tangent to d.

14. It should be noted that classical unemployment becomes a temporary
phenomenon in Malinvaud's later book where he inserted his disequilibrium
concepts in a process analysis (Malinvaud, 1980).

15. I have benefited a great deal from Caspari ([1983] 1989).
16. Marshall (1975).
17. Samuelson (1947, p. 264); Niehans (1990, p. 245).
18. 'Keynes concentrated on situations of short-period equilibrium where the
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short-term expectations of firms are borne out by events' (Asimakopulos,
1990, p. 335).

19. Keynes (1971-89, p. 41).
20. I owe this observation to Rune Skarstein.
21. Keynes (1971-89, VII, p. 25).
22. If this is true in employment units, it is also true in commodity units.
23. Keynes (1971-89, VII, pp. 25-6).
24. If the demand conditions are stationary, the intertemporal approach with

perfect foresight generally implies a gradual adaptation of production, at
first influenced by what initial endowments happen to be, towards a sta-
tionary state.

25. See the analogous variation of the capital stock, used to arrive at a differ-
ent interpretation in Garegnani (1983b, p. 34, n. 16) and Schefold (1990c,
p. 312).

26. Asimakopulos (1988b, p. 3).
27. For a formal analysis, see Schefold (1989).
28. E.g. the question of uniqueness of the solutions which has been dealt

with elsewhere.
29. See Chapters 14 and 15 in this volume.
30. See the quotation from Robinson in Asimakopulos (1988a), p. 141, com-

mented upon by Asimakopulos.
31. See the Round-table discussion of problems of this type, involving Ciccone,

Kurz, Pasinneti, Pivetti and Steindl, in Bharadwaj and Schefold (1990,
pp. 375-464), in particular Steindl's reply to Pivetti, pp. 456-8.

32. This is the direction into which V. Bohm is moving, after having pro-
vided a synthesis of the state of the art, in Bohm (1989).

33. Keynes (1971-89, VII, p. 25).
34. Pivetti (1991). See also my earlier treatments of this matter in Schefold

(1976c; 1993).
35. cf. Pivetti (1991), p. 58.
36. The quasi-rents are here defined relative to the sum of interest and those

components of profit above interest which have indeed to be regarded as
given (compensation for the risk and trouble of the particular employ-
ments of capital).

37. Sraffa speaks of quasi-rents of obsolete equipment. Their capitalisation
by means of the rate of interest indicates the value of the equipment. It
may rise, together with the prices of very long-lasting machines ('peren-
nial machines' in my terminology), while the rate of interest is reduced.
Prices of finished goods may stay constant in this process. This effect
illustrates the Keynesian distinction of the 'two price levels' in the classical
framework (Chapter 7 in this volume, p. 160).

38. 'There is a parallel distinction between the prospective rate of profit on
investment and the rate of interest, with the difference between them be-
ing the expected rate of return to entrepreneurs for undertaking the risks
involved in investment in plant and equipment and the organization of
production.. . . Kalecki has. . . used the gap between these two rates as
". . . the key to the amount of investment decisions in a given situation in
a certain period of time . . . '" (Asimakopulos 1988a, p. 142). The transfer
of this idea to the long period involves the assumption that short-period
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expectations are essentially fulfilled and reproduced over a longer stretch
of time.

39. The capitalised value of a firm then tends to be equal to the cost of equipment
only if the rate of profit is used to discount expected returns; it is system-
atically higher if the rate of interest is used (see also the preceding note).
This is in accordance with post-Keynesian views about the relative price
of fixed assets and bonds (therefore, in accordance with ^-theory but not
with the Modigliani-Miller theorem).

40. Schumpeter made use of the neoclassical theory of prices in order to show
how the surplus profits generated during a wave of innovations were used
to finance investment, with the funds being channelled through the banks.
But it is not clear how the rate of interest determined in the Walrasian
system (if it can be determined) should coincide with the monetary rate
of interest which Schumpeter believed to be determined by demand and
supply for finance. In Schumpeter, too, the neoclassical theory of distri-
bution prevented the implementation of the principle of effective demand.
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18 Classical Theory and
Intertemporal Equilibrium*

18.1 PART ONE: INTERTEMPORAL EQUILIBRIUM AND THE
LONG PERIOD

18.1.1 Neoclassical Long-period Equilibrium and Intertemporal
Equilibrium

Sraffa's book contributed to a critique of neoclassical theory and to a
reconstruction of the classical approach. Three phases in its discussion
may be distinguished: In a first, single product systems were analysed
and the famous debate on the existence of the production function, the
possibility of aggregating capital and the validity of the neoclassical
theory of distribution took place. Afterwards, the importance of joint
production was discovered while the critique of economic thought turned
against Marx. During the 1980s, the analysis of processes of gravita-
tion was begun and, on the level of the critique, Hahn's challenge was
taken up who had asserted that Sraffa's model was but a special case
of neoclassical equilibrium. Dume"nil and Le"vy' showed that the equi-
librium of classical theory, characterised by the uniformity of the rate
of profit, constituted a norm for the neoclassical theory as well. For
the intertemporal equilibrium, which is representative of modern neo-
classical thinking, tends in normal conditions towards a long-period
position, with a rate of profit both unique and uniform.

In this chapter, I take up this argument again which I have touched
in various earlier articles.2 I develop it by adding a conclusion con-
cerning capital theory. We shall see that the essential problem of the
construction of the production function can be found also in the con-
text of the intertemporal neoclassical model. The problem of reswitching
will in Part Two be generalised to that of a reversal of employment
opportunities so that the likelihood of the occurrence of the paradoxes

• Part one of this chapter was first written and presented in French; it appeared - my
French having been improved by C. Bidard - in Cahiers d Economic Politique, 22
(1993), pp. 25-44. This translation is shortened in some places, revised and amended
in others, and it uses parts of my Reponse (pp. 52-8), published in the same issue of
the Cahiers. Part Two of the chapter is a new contribution.
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426 Classical, Neoclassical and Keynesian Theories

of capital theory turns out to be higher than had previously been thought.
One might get the impression that the objections raised by the Sraffa

school with regard to neoclassical theory have not had any effect on
the practice of modern economics since the existence of an intertemporal
equilibrium has been confirmed under very general assumptions. This
equilibrium does not seem to be affected by the critique of capital
theory since one encounters neither the uniform rate of profit nor ag-
gregate capital in it. Scarcity relationships are associated with each
good, according to the discrepancy between given initial endowments
and the demand, direct and indirect, which derives from the tastes of
consumers in successive periods. These relationships find an expression
in the own rates of interest which are different for each good. Histori-
cally, the introduction of own rates of interest which are distinct for
each good can be attributed to Irving Fisher;3 Sraffa reformulated them
in his famous critique of Hayek.4 Earlier, the method of analysing econ-
omic systems by means of comparisons between different stationary
states, characterised by uniform rates of profit, was generally adopted
both by the classical and by the neoclassical economists, and Garegnani5

attributes the main responsibility for the abandonment of the concept
of long-period equilibrium to Hicks. However, the recent generalisation
of the turnpike theorems demonstrates that intertemporal equilibria, with
constant population, approach a stationary state, characterised by the
existence of a unique and uniform rate of profit, hence by the conver-
gence of the different own rates of interest towards this rate of profit.
But this 'real' long-period equilibrium, arising out of the intertemporal
equilibrium, can be demonstrated to exist only if the paradoxes of capital
theory can be excluded. In this way, a surprising link (which has not
often been noted) can be established between intertemporal equilib-
rium and a certain kind of long-period position.

In Part One, we consider this process of convergence and the condi-
tions under which it obtains for models with infinite time horizons.
This implies that the paradoxes of capital theory have to be excluded.
Part Two will be dedicated to the construction of special intertemporal
finite horizon models in which reswitching and employment opportu-
nity reversals take place and the consequent paradoxical features of
the equilibria will be studied.

Let us begin by clarifying a number of concepts. The long period,
such as it was understood by Marshall, may simply be defined as a
stationary state which, among other things, satisfies the condition that
there is no reason for capital to move between industries because quan-
tities, in particular industrial capacities, are adapted to normal demands.
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Classical Theory and lntertemporal Equilibrium 427

This means that production is adapted to that demand of consumers
which derives from the maximisation of utility at given normal prices.
The concept of intertemporal equilibrium seems to be something quite
different since time is divided into short periods and since one envis-
ages an initial exchange which concerns all periods yet to come, under
the assumption of perfect foresight. In the model of Arrow and Debreu,
the horizon is finite which appears to be paradoxical in a world with
certainty. If one does not want to suppose the existence of a definite
date for the end of the world, one has to envisage the accumulation of
investment goods in order to continue production and consumption be-
yond any given finite horizon. However, in order to determine the
magnitude of these investments, it is necessary to push the horizon
ever forward, beyond the limit initially given. In spite of the con-
straint of a finite human existence, it therefore seems more logical to
assume an infinite horizon. And it provides some comfort to state that
models with uncertainty seem to show that the results obtained for
models with certainty and an infinite horizon are equivalent to those
which derive from models with uncertainty and a finite horizon for
which the horizon itself is uncertain.6 This suggests that, whether the
horizon is infinite or only 'far away', the long-period aspect of
intertemporal analysis derives from the adaptation of quantities and
equipment, which are given arbitrarily at the beginning, to the demand
conditions which prevail in the 'long' run.

We now want to analyse the long-run properties of the intertemporal
model with an infinite horizon. One knows that Malinvaud was the
first who studied the price system pertaining to such an equilibrium.
He did not furnish the analogue of the proof of the existence of a
general equilibrium - this task seems almost impossible for it requires
us to write the budget equations for each consumer, who would have
to maximise his utility over an infinite number of periods, hence of
goods, and this for all non-negative prices and incomes. How is one to
make sure that these infinite sums of goods, multiplied by their prices,
and of incomes converge?

Malinvaud opted for a second approach which resembles rather to
the second theorem of welfare theory. He proved in essence that if an
allocation is efficient for the consumers (the criterion being that of
Pareto), it is also profitable in the sense that there exists a series of
prices which minimises costs. In his proof, Malinvaud approximated
the equilibrium with an infinite horizon by equilibria with finite hori-
zon, and with a final stock of goods produced, sufficient to support the
allocation according to the initially given path with infinite horizon.
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428 Classical, Neoclassical and Keynesian Theories

Modern research has largely abandoned Malinvaud's idea of approxi-
mating the allocation with an infinite horizon by equilibria with finite
horizons, for, although this approach allows us to use the properties of
an equilibrium with a finite horizon, it has the disadvantage of not
excluding a permanent overaccumulation of capital. Overaccumulation
may be ruled out by means of a transversality condition but there is
no market signal which corresponds to it.

The majority of researchers today therefore prefer to define the util-
ity of an allocation of consumption goods from time zero to infinity
directly. It is well-known that Ramsey was the first to take up the
problem of measuring the utility of an infinite consumption path. If
the rate of discount is zero and if a positive utility is ascribed to con-
sumption in each period, the sum of utilities will not converge unless
consumption tends to zero sufficiently fast. If one does not accept
Ramsey's idea of a finite maximum level of consumption ('bliss'), it
thus becomes necessary to discount future utility.7 But it is problem-
atic to introduce an exogenous rate of discount while it is difficult to
formulate a concept of recursive utility such that the rate of discount
becomes an endogenous variable.

A model of special interest has been formulated by Larry Epstein.8

It is expressed in terms of continuous time. Instead of postulating a
utility function of the type

U = f u[c(t)] e'f dt (1)
o

where c(t) is the level of consumption at time t and p the rate of
discount, Epstein supposes that, for each consumer, utility is a generalised
function which attributes to each consumption path c = [c(t)} (with
c(t) s 0, t varying between 0 and infinity and c(t) differentiable) a
positive number U(c), such that certain axioms are fulfilled, like:

• If c(t) is identically zero, utility U is also zero: U(Q) = 0.
• If one consumption path c(t) is superior to another, i.e. if

c(t) s c'(t) for all t, without the equality holding it everywhere,
then U(c) > U(c').

• Axioms on 'stationarity' guarantee a limited 'temporal comple-
mentarity': an initial advantage of a path c(t) does not compensate
the long-term advantage of another path c!(t) which is superior to
c(t) for all / from a certain /' onwards; in this sense, the future
(which is of infinite length) is more important than an initial period
of finite duration.9
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Classical Theory and Intertemporal Equilibrium 429

Figure 18.1

• On the other hand, the future is discounted in a certain way. Time
preference - if one likes: impatience - is not expressed by means of
an exogenous rate of discount but intervenes by means of a topo-
logical notion: It is assumed that U is continuous for the Mackey
topology. The rate of discount then is defined as the absolute value
of the logarithmic derivative of the marginal utility of U with re-
spect to variations of c where c(t) is locally constant (derivative of
Volterra).10 It is postulated that, the higher the rate of discount, the
more is consumed (comparing consumption paths with constant
consumption).

It has to be remarked that the evaluation of infinite consumption paths
turns out to be mathematically difficult and that the notion of utility
inevitably looses much of its intuitive simplicity. For, on the one hand,
it must allow to evaluate all conceivable consumption paths in such a
way that certain natural hypotheses are respected (like the assumption
that, of two paths, the one where consumption is higher everywhere
yields more utility) while, on the other hand, one defines a rate of
discount which coincides with the ordinary concept of discounting in
those cases where both are defined. In order to illustrate the approach,
we give the proof (omitted by Epstein) that the rate of discount as
used in the functional

U = j u[c(t)] e-<" dt (1)

is a special case of the rate of discount as defined by Epstein.
Let 8(0 designate a variation of path c(t) between time T] and T2,

h = T2 - 7|, and let 8(f) = E 6 ( 0 , SO that we can vary both the ampli-
tude, E, and the duration, h, of the variation (see Figure 18.1).
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430 Classical, Neoclassical and Keynesian Theories

Using the definition of the Volterra derivative, UT, of U, introducing
appropriate intermediate values T* and T**, and using an expansion,
we obtain:

J u[c(t) + 5(0] e-P'dt - J u[c(t)] e-»dt
UT - hm — —

oJ 5(0 dt

,M e-"{u[c(t) + 5(t)] - u[c(t)]} dt
= hm —

X 5(0 dt

= i- (^2 ~ 7~i) g"p r ' («[c(7-*) + 6(7*)] - u[c(T*)]}
8™ (72 - T,) 5(T**)

,. e~pT' u'[c(T*)] 6(7'*)

l!2 Ti^l

The logarithmic derivative of UT is

P = -

as had been asserted. The functional U fulfils most of Epstein's axioms
about utility functionals, but it does not vary with the level of con-
sumption which is the most essential requirement for convergence to
obtain. An example of a functional fulfilling all conditions is Uzawa's:

-e-v = o f a[c(t)] exp J ' - v[c(T)] dTdt

Equipped with his formidable apparatus, Epstein obtains the following
results:

The economy consists of m consumers with preferences U\ ..., Um;
they give rise to rates of discount for each individual p \ . . ., p"' which
are functions of consumption and increase with the standard of life.
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Classical Theory and Intertemporal Equilibrium 431

There are n production goods *, xn\ the derivatives of stocks xt

with respect to time is investment i , . There exists a production func-
tion g which allows to produce a unique consumption good such that
c S g(x, x). The production function is concave, semi-positive and its
derivatives satisfy gx > o, gt > o. It turns out to be essential that the
production function be regular in the sense of Burmeister which ex-
cludes 'perverse' effects of capital theory. There is a vector of initial
endowments in capital goods w which yields an initial constraint:
(0 ^ x(0). An allocation is called feasible if it satisfies cl(t) + . . . +
c"' (r) § g (x, x) for all t, and efficient if it is feasible and satisfies the
Pareto criterion. The first of Epstein's main theorems affirms that effi-
cient allocations exist and, in particular, that there is a stationary solu-
tion (independent of initial resources) c\ . .., cm such that

= g- n = 1 , . . ., m; k = 1, . . ., n

PM(cM) > g implies cM = 0

In other words, there exists a stationary solution, independent of ini-
tial resources, the rate of return of which is g. In this situation, a
consumer either enjoys a level of consumption cn such that his rate of
discount p^ is equal to the general rate of return or, if his rate of
discount is larger than this rate of return, he does not consume any-
thing. The rate of return is the same for all production goods in the
stationary state, which is a characteristic of competition. Moreover,
one has the fundamentally neoclassical condition of a stationary equi-
librium: the rates of discount are uniform and the same for all con-
sumers who enjoy a positive consumption. The diversity of the degrees
of impatience of consumers is therefore expressed in two different ways:
if the consumer is very impatient, he cannot keep up with the station-
ary state and does not consume indefinitely. If this does not happen,
the differences between the preferences of consumers are expressed in
terms of the differences between the stationary levels of the capital
stocks which the consumers hold. The rich maintain their standard of
life because they consume relatively less (though more in absolute terms).
The less rich remain content with their position because they are not
prepared to sacrifice a larger share of their current consumption in
order to arrive at higher levels of possession and consumption later. In
any case, it is the balance between the desire for immediate consump-
tion and for saving in order to consume later which defines a constant
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432 Classical, Neoclassical and Keynesian Theories

level of consumption according to the taste of each consumer. Differ-
ences of wealth are thus possible in spite of the uniformity of the rate
of discount because the levels of consumption and of stocks owned
adapt; if the same amount of stocks was given to each individual at
the beginning, their rates of discount would be different initially.

Epstein's second result is the really remarkable one: The stationary
solution is globally stable. We do not discuss here the additional con-
ditions which are necessary to establish this result; it is fairly general.
One finds that efficient allocations converge towards the stationary solution
in such a way that the initial distribution of resources to the individual
consumers has no influence whatever on the distribution of incomes
and resources in the permanent state towards which the economy gravi-
tates. Rich will be those who save more, not necessarily those who
start off in favourable conditions.

18.1.2 Some Properties of an Intertemporal Equilibrium in
Transition Towards the Long Period

It is clear that the elegance of Epstein's results depends on the fact
that he considers production by means of producible commodities only:
neither labour nor other unproduced resources are part of the analysis.
This allows him to bypass the problem of the interaction of the distri-
bution between profit and wages with the choice of technique. Part
Two will show that changes in distribution may prevent convergence.
But convergence properties exist for many other classes of models; a
simple one is expressed in the turnpike theorem first proposed in the
book by Dorfman, Samuelson and Solow" and discussed in the 1960s.
The classical economist is more interested in the convergence of the
rates of return towards the rate of profit than in the uniformity of the
rates of discount, given the differences between the corresponding theories
of distribution and employment of these two schools of economic thought.
Volker Caspari has recently dedicated an important study to this sub-
ject.12 I take up one of his results, modifying it somewhat.

We are situated in the context of intertemporal equilibrium. Time is
divided into periods. The process of convergence may be studied by
considering the relations between rates of profit, own rates of interest
and relative prices. In an intertemporal equilibrium of the Arrow-Debreu
type, let k be a process with constant returns such that there are no
surplus profits. If a u denotes the vector of inputs, b i r + , that of out-
puts and if p' and p '+ 1 are the corresponding vectors of discounted
prices, one obtains the equation
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Classical Theory and Intertemporal Equilibrium 433

b*,,+ lp ' + 1 = at,fp' (3)

on the assumption that the process is actually used. Let s be a vector
which represents a basket of goods used as a numeraire. We define
undiscounted prices p' = p'/sp'. The equation (1 + ij)sp'+1 = sp' indicates
that quantity s at date t and prices p ' is exchanged in period t + 1 for
the quantity (1 + i[)s which is larger by i's per cent.

As long as prices are not proportional between different periods, the
theory of general intertemporal equilibrium determines as many rates
of interest, / ' , as there are numeraires s. Let us recall in passing that
this is a reason why it is more difficult to introduce money in the
neoclassical intertemporal model than in the classical model: Which is
the rate of interest which is relevant for monetary theory? In the classical
model, natural prices, prices of production or normal prices all are
long period prices towards which the market prices of the short period
gravitate. Hence, there is the unique rate of profit to which the mon-
etary rate of interest may be related, and Ricardo thought that the
monetary rate of interest was determined by the rate of profit, whereas
an inverse causal relationship was envisaged by Tooke.

However, one can show that the convergence towards a uniform rate
of profit also is an aspect of intertemporal models of the neoclassical
type; it only needs to be discovered. Afterwards one shall be able to
speak of a unique and uniform rate of interest.

From the definition of undiscounted prices one obtains the equality

b , , + ,P'+1(sp'+1) = a,,,p'(sp')

which may be written as

(4)

The right-hand side of (4) recalls the equation of the price of produc-
tion with a uniform rate of profit in the sense of classical theory since
the rate i's does not depend on process k. But there are two differ-
ences. The first is that prices here are dated: the prices of inputs are
different from those of products because the intertemporal model links
the phases of production by means of acts of exchange which are also
dated (here using the assumption of perfect foresight), whereas pro-
cesses are evaluated using the same prices for inputs and outputs in
classical theory (the period of production then is a 'long' period during
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434 Classical, Neoclassical and Keynesian Theories

which acts of production and of exchange may succeed each other
many times). If prices are normal or prices of production, one obtains
a rate of profit determined uniquely. The system so defined is consid-
ered as a centre of gravitation in classical theory, towards which mar-
ket prices gravitate. Divergences may be due to imperfect competition
or to temporary scarcities in relation to the long-period position. (4),
by contrast, only expresses that arbitrage does not yield a profit and
that all processes (not only k) yield undiscounted profits according to
the same rate i 's which are expressed in terms of numeraire s. We shall
soon see that convergence to long-period prices in general presupposes
a movement of quantities, or, if one prefers, a movement of capital
such that the initial mismatch between endowments and demand con-
ditions is overcome. The turnpike theorems show that the intertemporal
model describes a special form of gravitation to achieve this result.

(4) expresses yet another difference with respect to the equations
for normal prices: while it is true that the rate of return thus found is
the same for all processes, it depends nevertheless on the numeraire.
If the own rate of interest of s is 5 per cent, all processes, evaluated in
terms of numeraire s, will yield 5 per cent. But if, under the same
conditions, but with an own rate of interest equal to —3 per cent for
another s1, all the processes will suffer a loss of 3 per cent if they are
evaluated in terms of numeraire s1.

By multiplying (4) with bt,+ 1p' and by dividing by b t , + 1p'+1 and at,p'
we obtain

~^¥ ( j) b,,+lP'+1

therefore

where

rk = (b*,,+ i ~ a*.,)P' = (b*,,+ i ~ a*.,)P'

a*,P' . aup '

du _ bu+,(p'+1 ~ p')
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Classical Theory and Intertemporal Equilibrium 435

Here, r) is a rate of profit in the classical meaning of the term for
process k, insofar as it is calculated on the basis of the same prices p,
for inputs and outputs at time t (but, as the second expression shows,
it is also possible to use the discounted prices p,). The formula there-
fore represents an evaluation of the success of production ex ante. It
relates proceeds and expenses by means of the purchase prices which,
measure inputs as well as outputs. Since prices vary over time, r) in-
dicates the rate of profit in the classical sense perceived by the entre-
preneur. It is a rate of profit which would be realised as a rate of
return if the entrepreneur did not face a change of prices. This rate of
profit is not uniform and depends both on the process and on the period
as long as the intertemporal equilibrium has not yet attained a state of
balanced growth according to the trajectory described by the turnpike
theorem, where relative prices cease to vary. As soon as this stage has
been reached (asymptotically, in general), one obtains the uniform rate
of profit which is uniquely determined for all the processes. It is to be
noted that not only the unique rate of profit towards which the system
gravitates but also the rates of profit rk, are independent of the numeraire
chosen. Of course, the form of gravitation here considered is not the
only one possible but one which is characteristic for the neoclassical ap-
proach, with full employment of resources, price taking behaviour, etc.

As long as the permanent state has not been reached, relative prices
change, their change being described by d). This change depends on
the period and on the numeraire, and it is expressed in terms of the
vector bk,+,. In first approximation, we obtain from formula (5) - sup-
posing d) small - :

r) = i', ~ d) (6)

Expression (6) reminds us of the famous Fisher equation.13 The real
rate of interest is equal to the nominal rate, reduced by the rate of
inflation. The difference between (6) and the Fisher equation is that
we are here not dealing with a general increase of the level of prices
in the economy but only in the process of production under consideration.

Using (5), or simpler (6), one may characterise the process of con-
vergence - which is specifically one of neoclassical intertemporal equi-
librium - in a more explicit fashion: comparing two processes k and
m, we shall have e.g. r) > r" if and only if d) < d". Hence the
'classical' rate of profit of process k will be superior to that of process
m insofar as the non-discounted prices of goods produced in process k
rise less than those of process m.
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436 Classical, Neoclassical and Keynesian Theories

This result may surprise at first sight: why is the rate of profit higher
in process k although the prices of the goods produced in k diminish
with respect to those produced in ml Should we not expect that high
rates of profit are associated with high levels of the prices of products?

The riddle is easily solved if we observe the manner of dating ex-
actly and if we are aware that falling prices are not the same thing as
low prices. In order to obtain an intuitive explanation, let us consider
the initial period (t = 0) and the first period which follows. Let the
processes be those of single product industries. Demand is supposed
to be described by linear Engel curves and it is stationary (relative
utilities are the same in each period). We assume that convergence to
long run equilibrium conditions obtains (this may happen without glo-
bal stability as in the turnpike case). We thus assume that prices will
approach normal prices or prices of production, after a sufficient num-
ber of periods, by means of an adaptation of quantities to long-run
conditions. Let us call normal the quantities of the consumption goods
demanded at normal prices and with preferences being stationary. The
relative composition of consumption goods will then depend only on
relative prices of consumption goods and not on incomes. Relative
gross quantities will now also be called normal if they allow to pro-
duce consumption in normal proportions. Hence we may also speak of
normal investments which are necessary for the process of balanced
growth or for the stationary state to take place in the final permanent
state.

This definition allows to speak of relative scarcities of initial en-
dowments. Let us assume that wheat is produced in process k and that
initial endowments in wheat are scarce in comparison with the quan-
tity of wheat which will be required in later periods. We shall there-
fore expect the component of the vector p° which represents the initial
price of wheat to be high because it expresses this scarcity. If the
other prices are closer to the normal prices and if the rate of reproduc-
tion of wheat is sufficiently high - positive at any rate - it follows that
rk

0 = (bk iP°/atop0)— 1 is also high. There is another reason for expect-
ing this result to hold: The classical rate of profit expresses the in-
ducement to invest. The rate of profit in the production of wheat must
be high, if it is calculated on the basis of initial prices, in order that
this production may satisfy the requirement of reducing the initial relative
scarcity of wheat. If this happens, the price of wheat will diminish,
hence dk

Q = (bt ] |p ' /b t lp°) - 1 will be negative. The price of wheat,
which is high at first, will thus reduce both the initial consumption of
wheat and its productive utilisation till the production of wheat in-
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Classical Theory and Intertemporal Equilibrium 437

creases progressively and attains the normal level of utilisation and of
consumption of wheat and until the initial scarcity of wheat has disap-
peared. Hence we observe an opposite movement of prices and quan-
tities; capital movements equalise rates of profit.

It is similarly of interest to calculate a rate of profit ex post. Divid-
ing (4) by at,p'+1, one obtains

• + (b";p'*'" - c + o[ • - * a ^ 2 ] m

This rate of profit measures the profitability of production at the end
of the process, on the basis of the prices used for buying the means of
production. This rate of profit is therefore equal to the own rate of
interest of the numeraire, divided by the rate of change of the input
prices.

Formula (7) may also be written as

l + r*+1 = (l + i's)/(i + J*+1) (8)

where r*+l is the rate of profit ex post of process k for the period
which finishes in t + 1 and where 3k

l+) indicates the change of input
prices during this same period and for the same process. This formula
may be simplified if the change is small:

+, = ij -ij - J*+1 (9)

We obtain a variant of the Fisher formula: The rate of profit of pro-
cess k for the period between t and t + 1 is equal to the own rate of
interest of the num6raire, diminished by the rate of inflation of the
means of production used in this process.

The formulae (6) and (9) may be used in order to further analyse
the convergence towards a normal position in the intertemporal equi-
librium. For this purpose, we assume that the economy is in a normal
position except insofar as only one of the initial resources is available
in an amount which does not correspond to normal proportions. More-
over, we here assume that the reactions of prices to quantities are 'normal'
in the following sense: if a general equilibrium with its endowments
is given, we may consider the equilibrium price vector as a function
of one of the endowments which we allow to vary: the price vector
traces what may be called an equilibrium trajectory. If the equilibrium
represents a normal position and one of the endowments increases, the
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438 Classical, Neoclassical and Keynesian Theories

equilibrium solution changes, with some prices rising, other falling.
We here suppose that an increase of the endowment causes its price to
fall, vice versa for a diminution, and in such a way that the price of
the endowment returns to its normal level in subsequent periods when
the influence of the initial displacement of the amount available is
effaced. Equilibrium trajectories are not always 'normal' as we shall
emphasise, but normality will here be assumed since we want to eluci-
date plausible relationships between rates of profit, own rates of interest
and price changes.

We distinguish two cases: (a) where the endowment under consider-
ation is a produced mean of production and (b) it is not produced (a
primary factor).

(a) Wheat served as an example of a produced mean of production of
which a certain amount must be available as an endowment at the
start. If there is a scarcity of wheat in the beginning, entailing a
high price first, followed by lower wheat prices, we observe both
that the rate of profit ex ante and ex post in the wheat producing
industry will be higher than the own rate of interest of the numeraire.
For wheat is a mean of production so that d\ in formula (9) will
be negative and indicate that the price of wheat as an input must
diminish during the first period in this process k which produces
and utilises wheat.

(b) Let us now consider the case of a primary factor. Starting again
from an economy in normal position, we suppose that part of the
land which produces wheat turns waste because of a natural catas-
trophe. The initial rent of this land therefore is expected to be
higher than in the normal position because wheat will be more
scarce than normal for several periods, which entails a high price
for all wheat producing lands and a temporary reduction in the
consumption of wheat. Such a loss of land may in part be com-
pensated by an intensification of cultivation. Given the consequent
tendency for the prices of wheat and of lands to diminish, we
shall observe higher rates of profit according to formulae (6) and
(9), particularly for the rate of profit ex post. However, case (b) is
more difficult to analyse than (a) because it involves changes of
methods of production.

In both cases which we have considered (lack of wheat as an initial
resource, partial destruction of the land), the analysis may be com-
pleted using the elasticities of demand, in order to estimate effects on
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Classical Theory and Intertemporal Equilibrium 439

other processes. If the rise of the price of wheat, whatever its cause,
entails an initial diminution of the price of wood as a complementary
good, the return towards the normal position will be accompanied by
a later tendency for the price of wood to rise, with a consequent lower
level of the corresponding rates of profit. A similar eflFect will be verified
for the rate of profit ex post of an industry which uses wood as a
mean of production, such as the paper producing industry.

Under conditions of 'normality', we thus observe that the rate of
profit, calculated at constant prices according to the classical procedure,
reflects a process of adaptation to a long period equilibrium which is
inherent in the intertemporal equilibrium. We may even say that the
rate of profit governs this process of convergence because it is the rate
of profit which induces the necessary movements of capital (price
movements are not sufficient).

By contrast, the own rate of interest of the numeraire should not be
interpreted as a rate of profit, in spite of formula (4). On the contrary:
if the relative prices change sufficiently, it will be useful to choose s
such that s 2: o i s orthogonal to the difference between p° and p1 so
that sp° = sp1 and that is

0 is equal to zero. In this case one sees most
clearly that the rate of profit rk

0 will be high in the beginning when the
price of the product of process it diminishes, with dk

a being negative.
We conclude this section with two critical remarks on the neoclassi-

cal concept of intertemporal equilibrium:

(a) The process of adaptation which we have described will not al-
ways take place. The interdependence of prices may be such that
we encounter those price changes in consequence of variations in
endowments which are not 'normal' and which we have referred
to, in particular with regard to primary factors (case (b) above). In
Part Two, we shall examine the case of an increase in the labour
supply which, paradoxically, will be associated with an increase
of the real wage. The analysis of the causes and of the implica-
tions of this phenomenon must be postponed. It turns out to be an
obstacle to stability and to the convergence to full employment
long-period positions.

(b) Effective demand. There is a stringent logic to the process of
adaptation from given endowments. Yet is is a curious aspect of
the intertemporal model that the initial resources are given in
an arbitrary fashion although they must have been produced pre-
viously in the view of specific expectations, and that one observes
later an adaptation to the permanent state, without any eflFect of
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440 Classical, Neoclassical and Keynesian Theories

that disappointment of expectations in the form of Keynesian re-
actions. The expectations (which are the most important element
of short-term considerations) are not even formalised in this analysis
of temporal equilibria linked in an intertemporal sequence and guided
by perfect foresight. In the case of an excess of endowments in
the beginning, for instance, there is no consequent reduction of
initial production which would entail unemployment. Rather, prices
simply diminish below their normal level such that substitutions
allow to absorb the excess supplies, directly through increased con-
sumption and indirectly through substitution in production. Although
we had yesterday generated the resources, expecting a normal state,
we are not in full (permanent) equilibrium with our given endow-
ments today. Although we are not in the permanent state, we are
not disappointed. And that, this unwarranted confidence, is the reason
why we shall get to the permanent equilibrium tomorrow!14

In Joan Robinson's perspective, the idea of accepting the endowments
as data of the intertemporal equilibrium was an error of modern theory.
According to her, one has to choose: Either one is situated in the short
period, and then the expectations generated yesterday are among the
data of the problem, in particular the expectations which influenced
the production of the capital goods, i.e. the capacities which are avail-
able. One then has to determine whether effective demand will allow
to use equipment and other available resources fully. Or one considers
a long-period analysis and then the amounts of capital needed in the
permanent state are variables to be determined, not data of the problem.

In this perspective, the intertemporal equilibrium of modern neo-
classical economics represents a mixture between short-period and long-
period considerations. It takes part of the data of a short-period problem,
the endowments, as given, but in place of representing the expecta-
tions, it is assumed that foresight is sufficiently perfect to allow to
reach a future permanent state, provided the conditions for conver-
gence are met, and with full employment being maintained in the tran-
sition. The fact that we have been able to identify something similar
to the classical rate of profit within this intertemporal equilibrium should
not confuse the reader to believe that the long period so reached could
be regarded as classical long-period equilibrium, only because the own
rates of interest converge eventually. The classical theory of the long
period is associated with different approaches to employment and dis-
tribution. We shall have to return to this all-important difference.

This interpretation helps to understand the controversy between Hayek
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Classical Theory and Intertemporal Equilibrium 441

and Sraffa. Hayek, who introduced dated prices in his intertemporal
model, interpreted the latter as an equilibrium, as is customary nowa-
days. Sraffa replied by pointing to the temporary character of the con-
struction, by exhibiting the consequent diversity of the own rates of
interest, and by postulating a later adaptation of the market prices to
the normal prices of a long-period equilibrium.15

Sraffa's book should therefore not be seen only as an outgrowth of
the old debates about capital and distribution in the neoclassical equi-
librium of the long period, as if Sraffa had never been aware of the
existence of an intertemporal equilibrium. On the contrary, Sraffa's
book is in part a reaction to the emergence of intertemporal equilibrium,
the germ of which is found in Bohm-Bawerk and which was further
developed by Pareto and Fisher long before Sraffa took up his studies.16

The classical long-period equilibrium and the permanent state to-
wards which an intertemporal equilibrium gravitates have the concept
of the unique uniform rate of profit in common. To the differences
which we have mentioned we should add the fact that the long period
equilibrium is not necessarily one of full employment according to the
classical tradition. This fact (which has particularly been stressed by
P. Garegnani17) implies, among other things, a quite different vision
regarding the determination of the wage. Yet another difference concerns
the question whether the long period equilibrium is to be regarded as
a stationary state. In neoclassical textbooks, long-period equilibria are
discussed as stationary equilibria or equilibria of balanced growth, with
all sectors expanding at the same rate. By contrast it has often been
affirmed (and I share this opinion) that the interest in the classical
theory of the long period derives in part from the hypothesis that a
uniform rate of profit is compatible with different rates of growth in
different industries, as long as differences in the rate of growth of de-
mand are anticipated and the profits of slowly growing industries or
declining industries are transferred to industries enjoying faster growth.

18.1.3 Intertemporal Equilibrium, Measure of Capital and
Theory of Employment

The modern extension of the old turnpike theorem has been described:
if population and preferences are stationary, the intertemporal equilib-
rium shows a tendency to adapt to the conditions of the long period
and to arrive at a stationary state, characterised by a uniform rate of
profit. We have observed that, in spite of the method of dating prices
and goods, the 'classical' rate of profit then can be identified. In the

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



442 Classical, Neoclassical and Keynesian Theories

phase of transition, 'classical' rates of profit are not uniform and the
divergences between those rates of profit may be interpreted as regula-
tors of the process of adaptation. Now we know that the debates on
capital theory have lead to question the neoclassical theory of distri-
bution. Neoclassical authors reply that the existence of an intertemporal
equilibrium is not affected by the Cambridge critique. But as soon as
we observe that a special notion of long-period equilibrium is inherent
in the intertemporal equilibrium, the critical arguments advanced in
connection with the production function and based on long-period equi-
librium must apply here as well.

In fact, one discovers that the difficulties resulting from reswitching
and Wicksell effects have been excluded by assumption in the articles
which discuss the convergence of intertemporal equilibrium to the sta-
tionary equilibrium of the long period. This is precisely the reason for
which Burmeister introduced his concept of a 'regular economy'.18 This
hypothesis is also made by Epstein, with explicit reference to Burmeister."
Even optimal growth paths in one-sector models may exhibit pathologies
as soon as the production function is not strictly concave.20

The use of our variants of the Fisher formula has shown that the
analysis of intertemporal equilibrium is not fundamentally different from
the analysis of a neoclassical equilibrium in normal position and with
a uniform rate of profit because the intertemporal equilibrium approaches
the long-period equilibrium under suitable conditions not only globally,
according to the generalised turnpike theorem, but also from a micro-
economic point of view: the process of adaptation is accompanied by
changes of prices and rates of profit which correspond to the ordinary
logic of the laws of supply and demand. Hence it is not surprising to
see that the turnpike theorems presuppose assumptions on the regularity
of the technology, for this regularity expresses the normality of the
supply and demand schedules. In order to show the necessity of some
hypothesis of this kind, it suffices to consider a counter example. In
order to prepare the ground, we first look at the well-known problem
of reswitching in terms of a comparison of long-period equilibria.

In his attempt to justify the construction of the production function,
Samuelson presupposed a large number of possible combinations of
methods for the production of commodities by means of commodities
and labour, with single product industries.21 Only one consumption good
is produced and is used as numeraire. It is also supposed that the wage
curve for each viable technique is linear, with the envelope indicating
the technique to be chosen at the given rate of profit or of the wage
(Figure 18.2).
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Classical Theory and lntertemporal Equilibrium 443

Figure 18.2

Let us accept these assumptions although they raise a number of
problems, and let us consider an economy in a stationary state with
full employment in position P{. Distribution is such that the uniform
rate of profit is equal to the rate of time preference r, and such that
the wage rate w, engenders a supply of labour which is equal to the
demand. Suppose a large immigration of workers. The methods of pro-
duction and the preferences, the capital goods and the labour force
available in equilibrium Px, but enlarged by the labour force which
has immigrated, now constitute the initial conditions of an intertemporal
equilibrium with infinite horizon. It results from a perturbation of the
equilibrium of reference at Px. In consequence of the initial excess of
labour, the wage rate must fall, and if demand were not expected to
rise, it could fall to the level at which all workers prefer leisure to
working and withdraw from the labour market. But, at lower wages,
techniques with a lower capital-labour ratio become profitable, and if
the given stock of capital can be transformed to suit the requirements
of labour-intensive production, full employment can be restored, e.g.
at point P2. If the original rate of discount r, ultimately prevails, capi-
tal will be accumulated so as to return from P2 to Px at a higher level
of activity and of employment.

This rough comparison in terms of steady states side-steps difficult
problems of transition. Before we confront them, we recall that such
comparisons were used by neoclassical authors, in particular by Bohm-
Bawerk, who supposed that the reduction of the wage rate caused the
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444 Classical, Neoclassical and Keynesian Theories

introduction of a technique of production with a sufficiently short period
of production, which would allow to increase the demand for labour.
In order to demonstrate the close analogy between the mechanism for
restoring full employment suggested by the surrogate production function
and that proposed by Bdhm-Bawerk, I shall now show that the measure
of the period of production of Bbhm-Bawerk T is equal to l/R, the
reciprocal of the maximum rate of profit R of Sraffa, for any given
technique. The equality will hold if and only if the techniques (repre-
sented by systems of production as used by Sraffa, with constant re-
turns) exhibit linear wage curves. This in turn will be the case for
each individual wage curve if and only if either prices are propor-
tional to labour values in each viable technique or if each technique is
used in the standard proportions defined by Sraffa's standard commod-
ity.22 The vector of activity levels is denoted by x, that of labour by 1,
the input matrix by A. According to Bohm-Bawerk, the average pe-
riod of production is measured as the weighted arithmetic mean of the
length of time during which labour has been applied for the produc-
tion of the means of production in existence; the weights are the cor-
responding amounts of dated labour. In the current period, the amount
of labour being used is xl, in the preceding period the amount of
labour xAl was incorporated, two periods ago the amount of labour
xA2l was incorporated, hence, period 2 is to be weighted by xA2l, and
so on. The sum of all the amounts of labour incorporated is equal to
xl + xAl + xA2l + xA3l + . .., and we have as average period of
production:

Oxl + lxAl + 2xA2l + 3xA3l + . . .

xl + xAl + xA2l + xA3l + . . .

We need the following identity: For each real number z, — 1 < z < 1,
the following equality holds:

z( l - z)~2 = z + 2z2 + 3z3 + . . .

The convergence of this series is easily established, using the same
method of proof as is used for forming the sum of the geometric series.

If q are the proportions of the standard commodity, i.e. if they are
the solution to the transformed eigenwert equation (1 + R)q\ - q,
one has
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Classical Theory and Intertemporal Equilibrium 445

qAl + 2qA2I + 3qA3l + . . .

ql + qAl + qA2I + . . .

(1 + /?)"' + 2(1 + R)'2 + 3(1 + /?)~3 + . . .
1 + (1 + RVl + (1 + R)'2 + . . .

(1 + /?)-'[! - (1 + ft)-'2

(\+R)/R ~

This period of production exists if and only if the maximum rate of
profit is positive. An analogous formula is obtained if the activity levels
are given by a non-negative vector x and if the conditions of the theory
of labour value hold for each technique, which is equivalent to the
condition (1 + /?)A1 = 1.

At this level of abstraction, the lowering of the real wage will thus
allow a new long period equilibrium in P2, characterised by a tech-
nique with a higher maximum rate of profit, hence with a shorter av-
erage period of production, which for linear wage curves is equivalent,
as is well known, to a lower intensity of capital KJL than in P,. If we
limit the analysis to the comparison of long period positions, one is
thus induced to say that, with a quantity of capital which remains un-
changed, the immigration displaces the equilibrium from P, to P2.
Afterwards, capital will gradually be accumulated since the difference
between the rate of time preference r, (which remains the same if
preferences are not permanently affected by the immigration) and the
rate of profit r2 (which is high because vv2 is low) provides the incen-
tive for entrepreneurs to accumulate, and with a growing abundance of
capital, the rate of profit will diminish until the identity between the
rate of profit and the rate of time preference is again established in
position P,, with both the labour force and the amount of capital in-
creased with respect to the initial equilibrium.

This is a stylised representation of the approach of Bohm-Bawerk
which was taken up by Samuelson (1962) without modification of its
essential traits. The approach is based on an error and on a problem-
atic hypothesis. The- error consists in the fashion of treating the quan-
tity of capital as an initial datum although capital is a measure of the
existing capital goods so that its quantity depends on prices, and prices
depend on the level of distribution which is to be determined. Hence,
the value of capital is treated as an invariable datum while the exist-
ing capital goods are supposed to be capable of a transformation in
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446 Classical, Neoclassical and Keynesian Theories

order to use them in a different technique, characterised by a lower
intensity of capital. One thus wanted to represent a transition from P,
to P2 which absorbs the immigrated labour while maintaining full
employment, by regarding the level of accumulation of capital as given.
This error is rectified in the intertemporal theory which does not need
a concept of aggregate capital as a value magnitude. The initial data
then are the stocks of heterogeneous capital goods. The question for
our thought experiment becomes to verify whether it is possible to
make the transition first from P, to P2 in some sense (it is obvious that
the real wage must be lowered in consequence of the immigration if
flexibility of wages is assumed). Afterwards, a return to P, should take
place, after the corresponding accumulation of capital, by following a
path to be defined by the intertemporal equilibrium, without regarding
the temporary equilibrium in w2 as a long period position. The
intertemporal model should in fact return to P,, according to the turn-
pike theorem, if the rate of time preference prevailing in the long run
is not affected by immigration.23 In order to relate the temporary equi-
librium in P2 to the corresponding long period equilibrium, we have to
presuppose that the prices of the intertemporal equilibrium at low wages
are close to the corresponding prices of production. The legitimacy of
this comparison also requires further analysis.

Before we turn to that, we must note that neoclassical theory, even
if it corrects Bohm-Bawerk's error of treating capital as a given value
magnitude, still requires a hypothesis which is analogous to that of the
linearity of the wage curves - at any rate, the assumption of linearity
can not be relaxed completely. Bohm-Bawerk had supposed that the
techniques of production could be ordered according to their periods
of production, which may be considered as expressions of the intensity
of capital. This hypothesis is repeated in different form by Samuelson
in his construction of the surrogate production function. It returns in
the proofs of turnpike theorems in the form of assumptions about the
regularity of the technique employed. For, if we repeat the conceptual
experiment just presented, but now with a spectrum of techniques such
that they cannot be ordered according to their intensities of capital,
independently of distribution, i.e. if we add a technique which implies
reswitching such as shown in Figure 18.3, the reduction of the real
wage caused by immigration does not allow to increase employment
by means of a reduction of the intensity of capital. Figure 18.3 shows
that, in between P, and P2, there occurs an increase of the intensity of
capital, with r rising, both on the wage curve vv (corresponding to the
technique used in P,), and at the second switch point between r, and
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Figure 18.3

r2, where the technique with wage curve w, which would have been
eligible at very low rates of profit, returns and becomes eligible again.

The discovery of the implications of reswitching caused major neo-
classical economists to refrain from the use of aggregate production
functions for some time since they were the first and most obvious
victims of the reswitching critique, but the production function did not
disappear from the textbooks because essential conclusions of economic
theory depend on aggregation. The theory of employment concerns a
macroeconomic problem - hence the aggregate production function
surfaces in leading advanced macroeconomic textbooks.24

If the comparison is made in terms of steady states, the neoclassical
mechanism for restoring full employment in the presence of an excess
of labour through a change of distribution and the corresponding sub-
stitution of labour-intensive for capital-intensive techniques does not
work in general; reswitching provides a striking counter example.

We now turn to the analysis of the problem in terms of intertemporal
equilibrium. In this case, an analogous problem has been analysed by
Burmeister who asked what happened if it was possible to increase
simultaneously consumption per head and the rate of interest, as hap-
pens at the point of reswitching in Figure 18.3. Consumption per head
in the stationary state is equal to w(0) in P2 and vv(O) in />,. The tran-
sition from Pt to P7 therefore implies a rise of consumption per head
from w(0) to w(0). In consequence of this irregularity of the technol-
ogy, the maximisation of utility over an infinite horizon may induce
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448 Classical, Neoclassical and Keynesian Theories

the economy to reduce the stock of capital eventually to zero rather
than to accumulate it, according to Burmeister.

But Burmeister's assumptions about the behaviour of investors may
seem artificial. A simpler representation of the problem is obtained if
we assume that the economy is in a stationary state at P2- When immi-
gration takes place, full employment can be maintained if the own
rates of interest are lowered sufficiently to make a transition to P[

where the more labour-using technique is used. This presupposes two
assumptions which both run counter to neoclassical economic intuition
but both, taken together, allow the transition: On the one hand, reswitching
of techniques is assumed, on the other, it is compensated by raising
the wage rate in the face of an increased labour supply. The transition
so obtained is worked out in detail in Part Two.

However, this solution is in contrast with intuitive notions about the
stabilising property of lowering the wage with rising supply. The function
of substitution in the neoclassical model is to set a floor to the fall of
wages in the case of an excess of labour, above the reservation wage,
if 'normal' behaviour is assumed. The substitution of labour for capi-
tal at a high rate of profit is not possible in our example. Hence, if
normal behaviour is assumed and the wage falls further, the employ-
ment situation is not improved; eventually, the logic of the argument
requires that the wage should fall to zero.

It is hardly necessary to dwell on the fact that such massive reduc-
tions of the real wage are not observed. There are various reasons for
the stickiness of wages: Moral arguments, the contrast between the
ease with which a lower wage may be offered to newcomers and the
difficulty of lowering wages of those already employed, the action of
trade unions etc.. But would it be desirable to have flexible wages in
a closed economy? (The necessity to have flexible relative wages in
different employments within a given economy and in the face of the
competition of other national economies is not being questioned here.)

The question of whether wages should be lowered in the face of
insufficient effective demand in an isolated closed economy is a highly
abstract problem. To solve it, the advantages of cost reductions have
to be balanced against losses of effective demand. Rival theories of
distribution avoid the dilemma by treating not the wage but the rate of
profit as independent variable in the determination of prices. The de-
termination of the rate of profit then is subject to influences other than
those prevailing on the labour market so that such theories are able to
explain distribution at less than full employment, as is discussed else-
where in this book (cf. Chapter 17 in particular).
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18.1.4 Gravitation to Classical and Neoclassical Equilibria of
the Long Period

Even if we have not been able to probe deeply into the problem of
transition between equilibria in the intertemporal context, it has be-
come clear that classical and neoclassical long period equilibria are
distinguished not only as regards the final states to be reached but also
the ways in which they are approached. Our discussion started with
Hahn's thesis according to which classical theory was only a special
case of neoclassical theory. But this argument must be reversed. The
core of classical analysis is based on normal prices. There now exist
many models for the gravitation of market prices to prices of produc-
tion.25 To the extent that the turnpike theorem holds, intertemporal theory
represents a special gravitation model where market prices are those
of an intertemporal model, determined by supply and demand in the
neoclassical sense, that is, without Keynesian expectations and tempo-
rary stocks, and with prices defined by the condition that markets must
clear. In particular, it is a special case because the stationary equilibrium
is an equilibrium of full employment from the start and converges
towards a full employment equilibrium. The long-period equilibrium
of classical theory, by contrast, does not in general presuppose full
employment of labour because distribution between wages and profits
is not determined by supply and demand, as ultimately derived from
subjective preferences.

Classical gravitation models are diverse on account of the diversity
of the causes for deviations from long period positions and because of
different assumptions about the formation of prices. When Adam Smith
spoke of market prices, he had traditional causes for deviations in mind
such as changing harvest conditions, wars and other exogenous shocks;
the function of market prices was to clear markets. But there may also
be structural adaptations because of changes in technology, of needs
and in the supplies of natural resources. Gravitation may be modelled
in different competitive conditions and with different assumptions about
investment behaviour. Markets need not clear, prices may be set, stocks
may arise and yet a tendency towards an equalisation of the rates of
profit may obtain. It is only the most conventional way of representing
gravitation to assume that capital moves into sectors where profits are
higher, and that prices are raised or lowered according to demand and
supply conditions. Finally, prices may be dated in different ways. The
classical approach seems to have assumed that the same market prices,
regarded as given, were used to evaluate inputs and outputs in any
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450 Classical, Neoclassical and Keynesian Theories

given period - this approach has been confronted with dated prices
according to neoclassical theory in the second section of this article.
But another approach consists in recognising that firms charge prices
on the basis of some policy, which leads again to different models of
gravitation, according to the policy assumed.

There is inevitable arbitrariness in the selection of these assump-
tions, and their economic meaning often tends to get obscured by the
technical difficulties in proving that gravitation obtains, at least for
parameter values within certain plausible ranges. More fundamental
economic problems come up when structural change as an aspect of
gravitation cannot be separated any longer from macroeconomic prob-
lems because of large changes in employment and distribution. Behav-
ioural patterns may then change abruptly, for instance if the levels of
activity and of employment fall so that investment behaviour, which
previously was guided by profit expectations based on current prices,
changes and starts being affected negatively by adverse general busi-
ness conditions even in industries where profits are still high.

Because different combinations of such approaches are conceivable,
economists with a classical orientation are inclined to regard gravita-
tion as an axiom in their analysis of long-period positions. The uniformity
of the rate of profit is thus treated as an important, but questionable
assumption, and work proceeds into different directions. On the one
hand, the theory of the long-period position is developed on the basis
of the axiom. Economists then work like mathematicians who assume
that the axiom of parallels is correct and develop Euclidean geometry.
This part of the theory is of considerable coherence and elegance but
obviously not realistic in that the uniformity of the rate of profit is in
reality at best realised as a tendency. Classical economists therefore
also move in an other direction and try to justify the axiom by con-
structing various models for the gravitation of market prices towards
prices of production. According to the model chosen, gravitation obtains
fairly generally, that is, within all plausible ranges of parameter values,
or it may be more problematic.

It should be noted that the axiom of gravitation is not disproved if
market prices do not gravitate to prices of production within a certain
model. Confidence in the axiom of gravitation does not rest simply on
the fact that there are other models but rather on an intuition: If, given
a certain pattern of behaviour, rates of profit really started to deviate
from each other to very large extents, behaviour would change and, to
the extent that these large deviations were connected with a certain
functioning of institutions, the institutions would be transformed. No
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Classical Theory and Intertemporal Equilibrium 451

single model is able to capture this simple but basic idea. Hence the
peculiar status of the assumption of the uniform rate of profit as an
axiom.

Many historical developments could be interpreted in this light. If
private control over railway lines or pipelines is not regulated, mo-
nopolies over important means of communication are established, profits
may skyrocket - as they did in favourable historical circumstances -
and the state has to act, with nationalisation being the most extreme of
several possible measures.

The attitude of the modern neoclassical economist seems to be quite
different. The programme of methodological individualism makes it
desirable to use a model as a frame of reference in which the key
macroeconomic variables like investment, distribution and employment
are shown to depend on the outcome of the interplay of individual
decisions. There is no room in this approach for concepts such as the
surplus of the old classical economists, the inducement to invest of
Keynes and of the post-Keynesian economists, or for the interplay of the
banking system and the manufacturing sector as a determinant of the
rate of profit via a determination of monetary interest rates. The old
classical theory of distribution, the Anglo-Italian theory and that sug-
gested by Sraffa in his famous oblique phrase on the rate of profit
being susceptible of being determined by the monetary rates of inter-
est all contain elements which do not seem to be reducible to the in-
terplay of individuals who maximise utility or profits, given techniques
or given their resources. Specific examples of data which are in the
theory not (or not completely) reduced to individual decisions are the
structure of the methods of production and the level and composition
of demand as the basis from which prices are derived, the macroeconomic
approach in regarding investment as a determinant of distribution or
the political element in the theory of distribution.

Granted his methodological stance, it is logical for the neoclassical
economist to privilege the most general of the models available which
represent the economic mechanism according to his preconception, and
that is, nowadays, intertemporal theory.26 The turnpike theorems then
mean something quite different to him than what they seem to be in a
classical perspective. The intertemporal model tends to a long-period
equilibrium, but not always. The long-period equilibrium thus appears
as a special case which does not necessarily obtain, and it has features
that are unsatisfactory in a critical neoclassical perspective. Nineteenth
century neoclassical economists like Bohm-Bawerk wished to estab-
lish the neoclassical long period equilibrium directly, without using an
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452 Classical, Neoclassical and Keynesian Theories

intertemporal model to approach it, but this led to the dilemma of
capital theory. Either the stock of capital was regarded as a given value
magnitude. Then the long-period equilibrium could be established, on
the assumption that capital was malleable, but there was no fixed rela-
tion between the stocks of capital goods to be transformed and the
value aggregate. We now know that there cannot be such a relation
which would be independent of distribution. Or the capital goods were
given as endowments, inherited from the past and supplied by their
owners. But then the rate of profit could in general not be uniform
unless the endowments happened to be sufficiently close to what we
above have called normal demand.

The new turnpike theorems are not fully satisfactory for the neo-
classical economist because they are based on the consideration of an
infinite horizon, and the proof of the existence of such an equilibrium
entails the difficulty of formulating the budget equations which we have
mentioned - hence the more modest procedure of the turnpike theo-
rists to show that efficient allocations exist and that efficient alloca-
tions starting from arbitrary initial conditions converge to one and the
same stationary state.

The neoclassical economist thus considers the intertemporal equilibrium
with a finite horizon as something more general (convergence does not
always take place) and more satisfactory (not all the properties of
equilibria with a finite horizon extend to the case of an infinite horizon)
than the new turnpike theorems. The direct approach to the long-period
neoclassical equilibrium, on the other hand, encounters the problems
of capital theory (except in the trivial one-commodity case).

The different perspectives of classical and neoclassical economists
on long period positions have thus been established. To complete the
picture, it should be noted that older neoclassical economists, notably
Walras, did not rely on an intertemporal model to show gravitation
towards a long period position. The intertemporal model is a special
development, even within neoclassical theory itself, as a representation
of an approach to long-period equilibrium. There is no room to inves-
tigate, however, how Marshall, Walras and Bohm-Bawerk conceived
of different ways to approach the long-period equilibrium with which
they were concerned.

It should also be noted that classical and postkeynesian economists
do not rule out full employment equilibria. In the old classical theory,
population had to adapt to the rhythm of the accumulation of capital
(Malthus), through migration and changes of participation and of the
length of the working day. The analysis of the relations between the dif-
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ferent rates of growth of capital, labour and productivity was the central
concern in the great work of Simonde de Sismondi ([1819] 1995). Later
there also was the idea that a strong drive of accumulation might lead
the economy to hit a full employment ceiling; whether full employ-
ment could be maintained depended on whether inflationary pressures
could be controlled. But the hypothesis of full employment concerns
the exception rather than the rule outside the neoclassical tradition.

18.1.5 Rates of Growth and Rates of Profit

The focus of this chapter has been on the convergence towards a uni-
form rate of profit. It has been associated with a tendency towards
balanced growth or stationary states although such a restriction is, at
least formally, not necessary even in neoclassical theory. As regards
the classical approach, I have to justify my contention that long-period
positions do not presuppose a uniform rate of growth. In exact math-
ematical models, I have worked with the assumption of balanced growth
myself. I now propose a less formal argument to relax this assump-
tion. In order not to mix all complications, I avoid joint production in
this context, moving gradually from a more analytic to a more de-
scriptive procedure.

In a constant returns to scale economy without technical change,
with single production of commodities by means of commodities (in-
put matrix A indecomposable) and with labour 1 > o as the only non-
produced input, non-proportional growth can be represented formally
as follows: q° denotes an initial stock, q1,. . .,qr are activity levels
during periods 1 , . . .,T and, simultaneously, gross outputs at the end
of those periods. 6" is total final demand for consumption at the end of
period t; t = 0, . . .,T; so that we have the quantity relationships

q' ' = d'"1 + q'A; t = 1, . . . . T

where qrA = f represents a final stock at the end of the time horizon.
Growth obtains eventually (after T periods) if f > q°. We have bal-
anced growth if q' = (1 + g)q'~', g growth rate, which is clearly only
a special time-path of quantities.

The general form of the time-path of prices is, in undiscounted prices,
using numeraire s, and with the wage paid ex post

(1 + r.;)Ap'-' + w,l = p '
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which admits the special solution for long run prices

(1 + r)Ap + wl = p

with sp = 1, p ' = p '"1 . = p, r's = r. Setting the problem of stability
apart,27 it is clear that we can have the special solution for prices (with
long-run prices and uniform rate of profit) combined with unbalanced
growth. Intertemporal price systems with unbalanced growth therefore
exist and it can easily be shown, using the method developed in Part
Two, that any such price system also is an intertemporal equilibrium
for a consumer with a suitable utility function. A convergence to a
uniform rate of growth need not take place, if it is arbitrarily assumed
that consumption shifts from period to period and that these changes
are foreseen. The time path of employment (which would have to be
full employment in neoclassical equilibrium with a positive wage) is
such that income per capita is stationary - hence the arbitrariness of
the shift of consumption which would be more plausible with rising
per capita incomes or if other causes for changes of consumption like
technical progress were present.

The same path of quantities and prices (unbalanced growth for quan-
tities, uniform rate of profits for prices) is conceivable within a classi-
cal and Keynesian analysis, but there it would have to be asked how
the different levels of investment in different sectors are financed through
a suitable allocation of overall savings generated in each period.

We do not pursue this formalistic exercise any further but turn to
the classical theory of unbalanced growth which is associated with
technical change. An intertemporal system of prices then is not possi-
ble with a uniform rate of profit (unless we are at switch points be-
tween techniques) and it is not plausible either (though such systems
will formally be analysed in Part Two) because technical change (and
technical progress in particular) are difficult to reconcile with perfect
foresight.

In fact, the classical method of analysis did not rely on an intertemporal
price system at all. It should be recalled that Ricardo does not seem to
have thought of uniform rates of growth. Evidence for this is his treatment
of rent. With the growth of accumulation, new lands to grow corn are
being cultivated such that its normal price has to rise spasmodically
each time when it becomes necessary to cultivate a new, less fertile
land. The activity level in the production of the marginal land rises
with demand while the activity levels pertaining to lands already un-
der cultivation are stationary. Incidentally, the spasmodic rises of the
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normal price of corn may be compatible with a more continuous rise
of its market price, if the tendency of the change is roughly foreseen.28

The deviation from balanced growth implied by the use of land is
even more evident in the case of intensive rent where overall growth
implies that the use of one technique contracts while the use of the
other expands all the faster.29

The main assumptions necessary in order to describe the Ricardian
scenario and to extend it to non-proportional growth in manufacturing
industry are as follows:

(a) Demand for consumption goods grows exogenously. Demand may
shift because of changing incomes and/or prices and because ac-
cumulation may be accompanied by changes of needs and tastes.

(b) The rate of profit is given.
(c) The movement is sufficiently slow ('secular') to justify the ne-

glect of difficulties in the adaptation of the labour force, of equip-
ment, of raw materials and of the market price with each change
of method. In the Ricardian case, for instance, one presupposes
that the production of the equipment (which may be specific) for
the cultivation of a new land is anticipated in time.

We thus obtain a sequence of long period positions such that the prices
of the outputs of one are not the prices of the inputs of the following,
as in intertemporal theory, but different.30 It would mean to confuse
the idea of market prices and of normal prices, if successive long-
period positions were connected by one single intertemporal price system.

Of course, each of these assumptions (a), (b), (c) (which are quite
conventional) may be questioned and in part relaxed, at the expense of
introducing complications.

Variable returns to scale pose an analogous problem, except in that
the hypothesis of the uniformity of the rate of profit here requires an-
other justification. One may exclude the case of diminishing returns to
scale with the well-known argument that each technique may be repli-
cated, except if there is a factor in limited supply. If there is such a
factor - let us call it 'land' - rent eliminates the differences of profit-
ability between different activities. The historical forms of transform-
ing the surplus profits in rents are diverse and interesting but not our
concern here.

There remains the case of increasing returns. Given the classical
axiom, it is formally quite simple: We have to find the technique (A, 1)
which minimises costs on the condition that
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q = d(I - A ) 1

p = (1 + r)Ap + w\

where d is the vector of final goods, p the vector of prices and q the
vector of activity levels. But this is only an approximation.

To regard demand as given is a simplification which seems less le-
gitimate here than in the case of constant returns because individual
firms can expand their market by lowering prices. It is not necessary
to be an economist in order to know that it is possible in general to
sell more if there are opportunities to lower the price. Within the clas-
sical approach, one makes abstraction of this property of market sys-
tems because, if long-period positions are to be considered, technique,
output and distribution are regarded as given so that prices can be
derived; effective demand for each good then must be assumed to be
compatible with this price. If change arises, the effect of changes of
prices on demand must be analysed according to the character of the
change which is due, in this case, to the possibility of profiting from
increasing returns, or, in others, to technical progress or to changes of
distribution, and the reaction of demand will be different according to
the type of commodity concerned. I have proposed to start from given
needs and to ask whether changed prices lead to changed methods of
domestic production to satisfy those given needs (see Chapter 14 in
this volume). For instance, the advantages of mass production in the
manufacturing of cars caused an expansion of the demand for vehicles
because it opened up the possibility of satisfying the need for housing
in a new way by moving to the suburbs; the exodus to the suburbs
was not a matter of given preferences but of learning, changing atti-
tudes and changing institutions, not to speak of the new infrastructure;
the process can be described without analysing the shift of the partial
equilibrium (if that exists) of each individual firm.

If we now turn from total demand to that faced by the individual
firms and consider the question of how the firms in an industry subject
to increasing returns divide the output among themselves, we find that
the uniformity of the rate of profit postulated by the classical axiom
cannot always obtain, even as a tendency, for if the barrier to entry
inherent in the returns to scale is high relative to the size of most
firms in the economy, a monopoly position is likely to develop. How-
ever, if the barrier is lower, the firms in the industry will not dare to
charge prices for a considerable length of time which are much above
the level corresponding to a normal rate of profit. This can then be
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Classical Theory and Intertemporal Equilibrium 457

taken as the norm. Behind the idea of contestable markets, there is an
old tradition in economic theory, according to which the exceptions to
the rule of the uniform rate of profit are to be treated as such, i.e. as
special cases; they do not invalidate the method of using the equations
for the normal prices as the system of reference relative to which the
impact of special conditions such as increasing returns have to be as-
sessed. It may turn out that the impact of increasing returns on profit
rate differentials is moderate in most cases. Increasing returns due to
external effects pose a lesser problem (Sraffa, 1925).

Having dealt with the question of returns, we now turn to structural
change proper in the sense of a coexistence of rising and declining
industries. How are these concepts to be defined?

A declining industry is not one which uses an obsolete technique.
For, as long as we consider technical progress in the form of an im-
provement of methods of production, firms cannot use obsolete tech-
niques unless there are others in the same industry which use a more
advanced method - otherwise, the concept of obsolescence would not
make sense. The normal price then is that of the more advanced tech-
nique, if we define the normal price as that of the so-called dominant
technique, i.e. that which minimises costs. Alternatively, one may de-
fine an average of techniques as socially necessary; average techniques
are used in input output-models. In that case, the normal price results
from an average between the prices of advanced firms and those which
are backward.31 At any rate, obsolescence does not concern declining
industries but only declining firms.

An entire industry is in decline only if the demand for its product
diminishes or grows less than on average, whether the product is a
mean of production for other industries about to be surpassed or an
inferior good of which consumers demand less with rising incomes. If
the demand of consumers is interpreted as deriving from households
with given needs which they try to satisfy by means of domestic pro-
duction and if their methods to satisfy needs change, these two cases
really amount to the same: demand diminishes or grows less than on
average because the product demanded is about to be surpassed as a
mean of production by another, either in industrial or in domestic pro-
duction (like lard by butter).

The concept of declining industry then depends on our choice of
definition: if the normal position is defined with regard to the domi-
nant technique, there is no industry in decline insofar as the product
about to be bypassed is not part of the dominant system. But, at least
for processes which disappear slowly, it is better to make reference to
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458 Classical, Neoclassical and Keynesian Theories

the average technique, and we can then speak of a declining industry
as of one which will have to adapt from period to period to the level
of demand which remains.

The formalisation is again extremely simple. We consider only the
case where the demand for consumption goods changes in function of
prices in terms of the wage rate; this means demand d = f(p/w) is a
vector which changes with prices and:

d = f(p/w)

q = f(p/w)(I - A)"1

p/w = (1 + r)Ap/w + I

A dynamic may be introduced in different ways. If productivity grows,
for instance, in the simplest case, in the form of a uniform and pro-
portional reduction of the labour input vector 1, there results a propor-
tional diminution of p/w. If the elasticities of demand are for some
products larger, for some others smaller than unity, the industries pro-
ducing the latter will be in decline, with their normal position being
well defined in each period.

The exercise remains simple because I have assumed that distribu-
tion is given by the rate of profit r and demand by the vector function
f(p/w). Its complexity grows if the change of domestic methods of
production is formalised explicitly. But our goal has only been to present
the fundamental ideas one for one, rather than to combine problems
by considering the interdependence of growth, distribution and demand.

Now it may be asked whether the relative growth and decline of
industries does not have to be governed by a market signal which regu-
lates the mobility of capital, i.e. whether growth and decline of indus-
tries does not have to be governed by unequal rates of profit.32

But unequal rates of profit are not generally necessary, under plau-
sible assumptions. An absence of differentials is just as easily con-
ceivable with unequal rates of growth as in the case of balanced growth.
There may be uncertainty concerning the future evolution of demand
with equal just as well as with unequal rates of growth. In other words,
even a considerable transfer of capital can be induced by arbitrarily
small differentials between rates of profit - making abstraction of costs
of transaction - to the extent that there is certainty about the relative
growth of demand. (We assume circulating capital. If there is fixed
capital, the process must be slow and more or fewer machines are
bought each year.)
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Classical Theory and Intertemporal Equilibrium 459

But it is not even true that the rate of profit is the only indicator of
the growth or of the contraction of a market: There are - if prices are
fixed - the quantities themselves (the latter playing their role as the
accelerator), and there may also be indirect signals like the queue in
front of the meat counter which indicates to the baker in his empty
shop that there are too many bakers in the city and that perhaps his
son should try to become a butcher. In general, such observations are
not fit for formalisation but they justify the axiom of the uniformity of
the rate of profit in classical theory, without there being a similar necess-
ity to postulate the uniformity of the rates of growth.

It may surprise the reader that a chapter on the abstract model of
intertemporal equilibrium and the perhaps even more abstract com-
parison between classical and neoclassical approaches to long-period
positions should eventually lead to such commonplace observations.
The reason is again to be sought in the difference in the methodologi-
cal approach. With his methodological approach, the neoclassical econ-
omist can describe most of his economic universe in terms of formalised
models, and most modern economic theorists see it as their task to
arrive at as complete a formalisation as possible, showing that the same
fundamental principles regulate seemingly diverse activities. Classical
theory, by contrast, disposes only of a relatively small core of formal-
ised theory, surrounded by historical considerations which may occa-
sionally be illustrated, complemented or elaborated by means of formal
models. For the modern neoclassical economist, intertemporal equilib-
rium is representative of his paradigm, relative to which phenomena
such as imperfect competition due to increasing returns may be treated
in a variant of the model by taking non-convexities into account. The
classical economist, starting from long period equilibria, with his axiom
of the uniform rate of profit which can be justified only by means of
diverse models of gravitation, has more direct ways to incorporate the
relevant macroeconomic phenomena like the determination of employ-
ment through effective demand and the influence of monetary factors
on distribution. One can interpret the confrontation between both theo-
ries like a choice to be made in one's methods and assumptions. But
the ultimate question is which approach provides the better orientation
for understanding the problems of economic development: the theory
which predicts economic equilibrium, regulated by supply and demand
for factors of production, hence a full employment except if certain
obstacles arise, or the theory which predicts that the evolution of capi-
talism runs through phases to be characterised, among other things, by
different theories of distribution.
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460 Classical, Neoclassical and Keynesian Theories

18.2 PART TWO: RESWITCHING IN AN INTERTEMPORAL
EQUILIBRIUM MODEL

In this second part of the chapter, we intend to show that reswitching
is possible in intertemporal equilibrium models, and we want to exam-
ine the paradoxical forms of behaviour with which is it associated. We
shall construct intertemporal equilibria with a finite horizon. The time
path of each intertemporal equilibrium will start from a stationary equi-
librium, a transition will take place which involves a change in distri-
bution and a consequent change of methods of production, and the
economy will eventually approach a new stationary equilibrium. The
model to be developed is sufficiently general to allow various forms of
steady and unsteady growth as well.

Figure 18.4 shows the main cases to be considered. A stationary
equilibrium in P, will first be represented as an intertemporal equilib-
rium. After some time, immigration takes place. The normal reaction
is a lowering of the real wage and a transition to another technique,
characterised by a lower capital-labour ratio, such as at P2 in Figure
18.4. The technique used at P2 may be characterised as less mechanised.

But the spectrum of techniques does not necessarily include a less
mechanised technique such as the one shown at P2. If it does not exist
and we have, instead, a technique such as the one which would be
chosen in a stationary state at Po, it is easy to see - and will be shown
in this chapter - that the capital-labour ratio is again lower than in P,
and that a transition in which gross outputs are kept constant involves
more employment at Po than at P,. This suggests that an intertemporal
equilibrium, leading from P, to Po, can be constructed and that it will
involve an increase in employment which absorbs the immigration.
But the equilibrium presupposes that the real wage rises with the vol-
ume of (full) employment. We shall further discuss variants of this
transition, including a generalisation of reswitching which we shall
call employment opportunity reversals, and we shall also consider the
possibility of a transition from P, to Po with an unchanged labour force
which remains fully employed so that the transition is then to be char-
acterised by the dynamic of saving and investment.

We shall therefore discuss the two basic 'parables' of neoclassical
theory - changes of employment with a given stock of capital and
changes of the stock of capital at a given level of employment - in
terms of an 'immigration scenario' and a 'saving scenario', both inter-
preted not as comparisons of stationary states but as intertemporal
equilibria. Reswitching turns out to imply an instability of both see-

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Classical Theory and Intertemporal Equilibrium 461

Figure 18.4 Three wage curves; reswitching between Po and /*,. The
intensity of capital K/L can be read off the figure, as shown for P2, using

K _ FVL _ y - w(r)
L ~ P/K ~ r = tgy

where P is total profit, y is output per head and w(r) the wage rate at rate
of profit r, and where it is assumed that physical net output is the same for
all three techniques and serves as a standard of prices.

narios. Growth paths approaching steady states like that of Solow (1956)
need not be considered since they may in a sense be regarded as
superpositions of both.

We first have to develop a concept of an intertemporal equilibrium
model which is suitable for showing transitions between stationary states
and where technology is represented by a spectrum of techniques. We
shall then study the paths of quantities and prices and the convergence
property of the time path of prices if distribution is kept constant. A
further preparatory section will be concerned with a construction of
techniques exhibiting reswitching and employment opportunity revers-
als. Only the last section discusses the transitions themselves.

18.2.1 An Intertemporal Model

Our intertemporal model will be based on a spectrum of techniques
(A,B,1), where A is the input matrix (with semi-positive rows), B the
output matrix (with semi-positive columns) and 1 the (positive) labour
vector, composed of a finite number of methods of production, to pro-
duce n goods which are both consumption goods and capital goods.
Time is divided into T periods. In each period, an amount L, of labour
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462 Classical, Neoclassical and Keynesian Theories

is available. Activity levels are given by row vectors q', t = 0 T.
Similarly, we have consumption vectors c', t = 0, . . . , T.

At the end of period t — 1, an output of q'~'B is available. It di-
vides into consumption, c'"1, and the inputs for production in period t,
q'A. At the end of period t — 1, goods will be sold at prices p'"1.
During period t, a wage according to wage rate w, will be paid.

These relationships are expressed in the following table:

q'~'
q'.'B

P

q'A

1-1

L,
(A.B.1)

q'

II

q'B

c'
P'

* - . • ,

(A.B.D

q'+1

q'+'A

For most of what follows, we shall be content with single product
systems. The spectrum of techniques for a two sector model, with two
alternative processes for the production of the first good and one process
for the production of the second good, then looks as follows:

A = \a\a\ , B =

At the beginning of the first period, a stock q°B > o will be given.
The amount of labour available will be positive in each period: L, >
0, t = 1, . . .,T. At the end of period T, a final stock of goods f will be
required to exist: f § o. The assumption of a positive final stock of
goods will often be made in order to prevent the economy from shrinking
to nil in the last period and to allow - albeit in an arbitrary manner -
for the possibility of a stationary state with a finite horizon.

There is one consumer, characterised by a utility function U =
t / (c°,c ' , . . .,cr), which is positive and strictly concave. We assume positive
first and negative second partial derivatives, in each variable c], t =
0, . . ., 7"; i = 1, . . .,n. The assumption of an inelastic labour supply
(which is convenient for what follows) could also be replaced by an
elastic labour supply, as derived from the utility function, without al-
tering the essential results, provided a reservation wage was introduced.
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Classical Theory and Intertemporal Equilibrium 463

A programme z = (c°,c',.. .,cr;q\ . . ..q7) S o is called feasible if

q'-'B g c'-1 + q'A; / = 1,. . .,T

q'B g cT + f,

L, g q'l; t = 1 , . . . , T

We assume that the set Z of feasible programmes contains at least
one for which consumption is positive. Z is clearly convex and compact.

An optimum is a programme z €E Z if

(/(c°,c\ . . .,£r) g l / (cV, . . .,cr)

for all z e Z.
A similar, though by no means identical model is described in

Takayama (1985, pp. 580-3). As usual, the optimum may be inter-
preted as an equilibrium and vice versa.

An equilibrium is a programme z = (c°,c',. . .,cr,q',. . .,qr) s 0,
together with prices and wage rates u = (p°,. . .,pr,w,,. . .,wT) s 0
such that, with q° = q°,

(a) the following equilibrium conditions hold:

Reproduction feasible Rule of free goods
q'-'B § f + q'A, (q'"'B - c'"1 - q'A)p'-' = 0; t = 1,.. .,T

qrB S c ' + f, (grB - cT - f)pT = 0,
L, g qi, (L, - q'l)*,, = 0; t = l,...,T

competition maximisation of profits
Bp' S Ap'"' + wy q'(Bp' - Ap'"1 - w}) = 0; t = 1, . . .,T

(b) and such that the condition of the maximisation of utility of the
household is fulfilled:

°,. . .,cT) is C/(c°,. . .,cr)
in the set H of all (c°, . . .,cr) g o
such that c°p° + . . . + crpr g q°Bp° - fpr + w,L, + ... + wTLj-

i.e. such that utility is maximised among all consumption bundles
which can be bought with the budget of the household. Equilibrium
consumption also fulfils the budget condition.
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464 Classical, Neoclassical and Keynesian Theories

It should be noted that the equilibrium conditions (a) primarily reflect
the requirements of reproduction. Overproduction of goods will not
occur because goods are consumption goods as well as means of
production. The wage rate, however, may be zero, if full employment
is not attained. The rule of free goods applies to the labour market.
Competition prevents prices from rising above costs; maximisation of
profits implies that unprofitable processes are not used. The maximisation
of utility of the household (b) is not over the same set as the maximisation
of utility, leading to the optimum. Finally, the budget equation expresses
the fact that all prices are discounted to period zero where the cost of
the acquisition of future goods can be compared with expected incomes
from work and from the ownership of the endowments (net of the
capital to be left over after the last period). We now have:

Theorem:

1. There is an optimum. It is uniquely determined. Each optimum is
an equilibrium.

2. An equilibrium exists. It is uniquely determined. Each equilibrium
is an optimum.

The point of the proof is to show that the maximisation of utility over
Z and over H, with prices satisfying conditions (a), leads to the same
result. The methods of proof are largely familiar. The set of feasible
vectors is not empty and compact. An optimum therefore exists, which
is unique with regard to the c ' because of the strict concavity of the
utility function. We formulate a Lagrange function for the problem of
finding the optimum in order to determine the equilibrium conditions:

L = t/(c°,. . . ,cor) + (q°B - c° - q'A)p° + . . .

+ (qrB - cT - f)pr + (L, - q'l)w, + . . . +(Lr - qrl)wr

where prices and wage rates are unknown shadow prices. We obtain

dL dU , n

if c' > 0. In fact, we assume an interior solution (c°, . . .,cr) > o which
must obtain if marginal utility is sufficiently high for each c) as it
tends to zero, and if inner solutions are possible at all. Without this
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Classical Theory and Intertemporal Equilibrium 465

further assumption, however, phases with zero consumption are formally
possible as the following example shows. If n = 1 and 7" = 1 and if
there is no choice of techniques, we obtain q°B s c° + qlA, q1 = c1 + /,
hence with B = / = 1, and A = a, we obtain q° g c° + q'a, qx =
c1 + /, therefore c' = 0 and c° = 0 if q* = f and q° = of.

Prices are therefore positive for interior solutions, marginal utilities
being positive, and the optimum fulfils the conditions of reproduction
of goods with equalities (no overproduction of free goods). The condi-
tions regarding the labour market also follow from the maximisation
of the Lagrange function (Kuhn-Tucker conditions), but here, unem-
ployment and, in consequence, a wage rate equal to zero, are possible.

Because of the linearity of the constraints, the saddle point theorem
may be applied. We therefore have

L(z,u) § L(z,u),

where (z,u) is optimal and z non-negative. We now put c' = c' and
q' = q' for all t =£ t. The inequality reduces for period t;t = 1, . . .,
T; to:

'-'£/(c°, . . . , c ' - \ c', c'+1, . . . , cT) + (cT'B - c'"1 - qlA)p'
+ (qTC - c' - q'+lA)p' + (L, - q1)w,, § t/(c°, . . . ,cr)
+ (q '-B - c-1 - q'A)p'"' + (q-B - c' - q'+1A)p' + (L, - q'l)vv,

where qr+'A is to be replaced by f for t = T. If we now put c' = c', the
expressions for utility cancel on both sides and we retain

(q' - q')(Bp' - Ap'"1 - H-,1) § 0

From this we obtain first the condition that output prices cannot exceed
costs by successively setting q' equal to q' = e, + q', where e, is the
ith unit vector; i = 1,. . ., m; and where m is the number of processes
in the spectrum of techniques. We then put the components of q' equal
to those of q' everywhere except in any process i where losses occur:
there the corresponding component of q' shall vanish. If q' did not
vanish as well, a contradiction would follow. This yields the condition
of profit maximisation. An optimum therefore fulfils all equilibrium
conditions.

We now add all the equations for the rule of free goods and for the
maximisation of profits, the latter multiplied by —1, so that we obtain
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466 Classical, Neoclassical and Keynesian Theories

q°Bp° - c°p° - q'Ap0 + q'Bp' - c'p' - q2Ap' + . . . + qrBpr -
c V - fpr + Llw] - qllw] + . . . +LTwT - qT\wT - q'Bp1 +
q'Ap0 + w,q'I - . . . - q ' B p 7 + q r A p r i + wTqTl = 0

hence

c°p° + . . . + c r p r = q°Bp0 - fpr + w,L, + ... + wTLT

This shows that the optimum solution fulfils the budget condition of
the household. Since all prices are positive, as we have seen (assuming
an interior solution), the set of goods fulfilling the budget equation is
compact. There exists therefore a maximum for the maximisation of
the household. The maximum of utility of the household is obtained
for the same consumption vector for which the optimum is attained,
since the marginal utilities are equal to prices in the optimum and may
be said to define them, as we have seen, and since the maximisation
of utility of the household in the usual way yields that relative marginal
utilities are equal to relative prices (where prices are still those of the
optimum):

dU . dU

These HT-1 conditions hold in the optimum as well. The budget equations
also hold both for the vector which maximises the utility of the household
and for the optimum. The point where the utility of the household is
maximised (which is unique because of the strict concavity of the utility
function) and the optimum must therefore coincide. It therefore follows
at once both that the equilibrium exists and that the optimum is an
equilibrium.

Any equilibrium conversely is an optimum, for if an equilibrium z
with prices « is given, and if X is the Lagrange multiplier of house-
hold maximisation, Xp] are prices such that conditions (a) and equa-
tions dUldc\ = Xp) hold. Together, they include the Kuhn-Tucker
conditions of the Lagrangian of an optimum, hence z — z, because the
optimum is unique. The equilibrium thus is unique, too (except in that
prices may be multiplied by a positive scalar factor). This completes
the proof.

It may be puzzling at first sight that the Kuhn-Tucker conditions
determine shadow-prices such that dU/Bc) = p] in equilibrium; the
numeraire is given in terms of utility in the optimum, while the
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Classical Theory and lntertemporal Equilibrium 467

maximisation of the household yields the condition dUldc) = \p'l where
A, measures the gain in utility with a change of equilibrium occasioned
by an increase of the budget. The prices obtained for the optimum are
expressed in a numeraire which implies "K = 1. The reason is that the
Kuhn-Tucker conditions yield prices such that they directly determine
the level of consumption. The Lagrange conditions of household
maximisation, by contrast, written as

dU , d U ,. ,

do not determine the level of consumption, as is especially clear in the
case of homothetic utility functions; the level then is determined separately
by the budget equation or directly through Xp\.

We are interested in this relatively simple type of lntertemporal equi-
librium model because it shows that the time-path of quantities and
prices essentially determines an lntertemporal equilibrium, provided the
equilibrium conditions (a) hold and that, (b) a utility function can be
found which attains its maximum for this particular path. This is the
key idea of this chapter. Obviously, we have:

Corollary: Let a strictly concave utility function U and a programme
z — (c° , . . . ,c r ,q ' , . . .,qT) with prices u be given which fulfil the equi-
librium conditions (a) and for which we have in (c°, . . .,cr)

Then f is an optimum with respect to U and (z,u) is an equilibrium.
The proof is obvious, for if conditions (a) hold and if marginal utilities

equal (shadow) prices, the Kuhn-Tucker conditions are fulfilled. It also
follows that, once a path fulfilling the equilibrium conditions (a) is
found, a corresponding utility function, which transforms this path into
an equilibrium, is also easily found:

Example: Let a programme z with prices u be given such that the
equilibrium conditions (a) are fulfilled, with/?' < 1, c\ < 1. The utility
function

u* = n (i + c\ - c\y'
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468 Classical, Neoclassical and Keynesian Theories

renders z an optimum and (z,u) an equilibrium.
To prove this, it suffices to verify the formula for the derivative of U*

^!= £L_ „*
9c; \ + c ] - c \

hence, with c* = c) for all (j,s),

dUVdc) = pi in r13

The assumption p\ < 1, c] < 1 for all /, t is easily to fulfil, using
appropriate normalisations. Additive utility functions of the form
U = 1,(1 + 5)"' v(c') with a unique and constant rate of time preference

8 = (dVldc'i)l(dUldc'i+I) - 1 if c' = c'+l, as conventionally defined,
are not suitable for the analysis which follows. The utility function of
the example we use, U*, is not homothetic so that the rate of intertemporal
substitution

is, for given composition of consumption, not generally independent
of its scale. However, it has the following property:

Property of Utility Function U*: For a stationary state with cp1 = c\,
the rate of intertemporal substitution of the utility function U* =

n( l + c', - c'i)P' in c'r1 = c\,
i.t

P'i = (dU*ldc'-x)l(dU*ldc'i)

is independent of the scale of consumption.
In fact, for c'"1 = c\ and c'" ' = c\,

p\

In such a stationary state, p' corresponds to the rate of time preference
in period t with regard to commodity i, as it is conventionally defined.
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Classical Theory and lntertemporal Equilibrium 469

If we have, moreover, in a stationary equilibrium, the equilibrium rate
of intertemporal substitution e\ (for c'~l = c'~x and c\ = c\), it is
equal to this rate of time preference, i.e. 0 ' = c'. The definition of the
rate of time preference in terms of the slope of the indifference curve
at the 45°-axis is unsophisticated if compared to the more recent
approaches discussed in Part One but adequate for what follows.

The reader may by now feel baffled by our procedure which we
have hinted at in the formulation of the Corollary and the Example. It
consists in the construction of equilibrium paths with finite horizon T
by first starting from the time path of quantities. Second, a price sys-
tem is added. The sequence of consumption vectors, activity levels
and prices must be such that conditions (a) of the equilibrium are ful-
filled. (The essential properties of these paths will be discussed on pp.
470-7.) Third, a utility function is taken (U* turns out to be suitable)
which attains its maximum for the time path of consumption accord-
ing to (b); the corollary shows that it suffices for this to have a strictly
concave utility function with marginal utilities equal to prices for the
consumption vectors of the time-path. One then has an example of an
intertemporal equilibrium the properties of which may be examined.
If it involves reswitching, for instance (technology is discussed on
pp. 477-83), its properties (behaviour of factor prices, stability, etc.)
may be analysed (pp. 483-97) and lead to certain theoretical con-
clusions. The analysis of the problem of capital in models with several
consumers and a formal treatment of stability is left for a later inves-
tigation.

The unusual feature here is the construction of the utility function
which is a datum of the equilibrium according to its definition but
which appears here as something derived. The reader should realise,
however, that our equilibria do not differ from ordinary intertemporal
equilibria in any essential way, once the utility function has been found.
We could in fact have chosen a diflFerent exposition by proposing complete
equilibria in which technology, endowments, terminal stock and a util-
ity function

£/** = f
i. I

appeared as data from the start. It could then have been shown that
the various examples of equilibria, pending on the specifications of
the data, would have had solutions c' with c' = 1 — a'-, and prices p\
would have been found to be equal to p\ = |3'. The examples might
even have looked more impressive at first sight, but the reader would
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470 Classical, Neoclassical and Keynesian Theories

soon have realised that they had been constructed in the manner we
follow here. To be understood is to be found out. The construction
based on U** would only be a camouflage of the construction based
on U*.

By showing how the examples are constructed, we also hope to pro-
vide a method which can be used for other purposes, in particular for
the comparison of the properties of classical and neoclassical equilibria.
Incidentally, a similar approach will be followed on pp. 486-96, where
we show how examples of technologies involving reswitching can be
constructed systematically, rather than simply to give numerical examples.

18.2.2 Time Paths of Quantities and Prices

As already indicated, we want to deal with the problem of capital
primarily in the context of the immigration scenario, i.e. we want to
construct time paths to represent an intertemporal equilibrium which,
after having remained stationary at P, for some periods, then realise a
transition to P2 in consequence of an immigration, with an associated
reduction of real wages, and hence with a maintenance of full employment
because of demechanisation. The real question then is what a transition
from P, to Po with rising employment and - because of reswitching, a
rising real wage - might mean, always in terms of an intertemporal
equilibrium which is, at the same time, an optimum, and such that we
start from a stationary state and approach a stationary state again towards
the end of the time horizon.

The Corollary shows that it suffices to construct paths which fulfil
the equilibrium conditions (a) for all periods. A utility function which
transforms this path into an optimum among all feasible paths, given
initial and terminal conditions, and into an equilibrium with household
maximisation among all consumption vectors fulfilling the budget equation
(b), then can easily be found. The aim of our critique is not to show
that reswitching precludes the existence of such equilibria but that the
equilibrium has features which are so paradoxical that the existence of
the equilibrium means little.

We shall start this investigation by analysing the logic of price for-
mation and of the choice of technique which is implicit in the equilib-
rium conditions (a). Because of competition, prices fulfil

Bp' ^ Ap'"' + w,l

We now assume single production and consider a programme with
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Classical Theory and Intertemporal Equilibrium 471

positive consumptions; reproduction is feasible. Prices are positive (in-
terior solution) but the wage-rate may be zero. For each good it is
necessary to activate at least one process producing it. There therefore
has to be at least one profitable process for each good, according to
the profit maximising condition. For each good we choose one profit-
able process producing it. Taken together, those profitable processes
form a square system AO,I" such that

p' = Aop'-' + wJT

This technique a will then be called 'temporarily dominant', i.e. dominant
in period t. All other processes, not in technique a, in the spectrum of
techniques (A, B, 1), will then make losses and only exceptionally be
as profitable as processes in o. This means that any other square system
forming a technique a, chosen from the spectrum of techniques (A, B, 1),
must fulfil

p' S Aop'- ' + wF3'

This formulation makes it clear that the dynamic of the choice of
techniques and of the formation of prices appears to be determined
entirely, once prices p° 'in the beginning' are known, and once distribution
is given in the form of a fixation of wage-rates in each period. Initial
prices p° and distribution are endogenous variables in the determination
of equilibrium but we treat them as exogenous in much of what follows
because we are interested in the inductive, forward-looking determination
of prices according to the equilibrium conditions (a) in the case of
single production. This determination is particularly simple if there is
unemployment and wage-rates are equal to zero: Given p°, (Ao, 1°)
will be chosen as the technique temporarily dominant in the first period,
and p1 is determined. In the subsequent period, p1 will determine whether
Aa remains temporarily dominant or whether another combination of
processes is (temporarily) superior. Once it is known, p2 is determined.
The procedure is analogous if wage-rates are positive and given in
each period. Technique <T is the cost-minimising technique; it is
convenient to combine the determination of prices and cost-minimisation
by writing

p' = Aop'-' + wf g A a P ' - + w,la

for all rival systems a in the spectrum.
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472 Classical, Neoclassical and Keynesian Theories

The system of quantities influences the dynamics of the choice of
technique via distribution. Distribution may be regarded as determined
endogenously by the rates of intertemporal substitution if full employ-
ment obtains, otherwise the own rates of interest may, given p°, be
considered as determined conversely by technology alone. In order to
justify this assertion, we shall first of all make a convention which
will allow us to regard paths with less than full employment as plau-
sible. If we have unemployment, we must assume that employed workers
receive a minimum wage in order to be able to work and, following
Sraffa's lead (Sraffa 1960, p. 19) that the minimum wage of the workers
is represented in the coefficients of the input-output matrix. Hence, a
positive wage represents something like a luxury wage. The unemployed
retreat to an invisible subsistence economy so that we have an equilib-
rium but without true full employment.

The assumption of the payment of a subsistence wage to the em-
ployed workers in the case of unemployment does not contradict the
rule of free goods, if that is understood properly. Something analo-
gous happens in the case of joint production if there is overproduction
of goods. For if more is produced of a good in a joint production
system than is demanded, as if often the case in reality, especially in
chemical industry, that part of the commodity which can not be used
will be disposed of in the environment. It will be free, if disposal is
allowed. To this extent, the rule of free goods applies in the absence
of disposal costs. The part of the good produced which is to be used
in either consumption or production, by contrast, will be sold at a
positive price which covers the normal cost of transportation of the
good from the point where it can be obtained free to the point where
it can be used. In a like way, labour is costly to use even in the case
of unemployment, and the unemployed receive no payment. The dif-
ference between subsistence and the wage concerns the luxury wage.
It is, in this model, a rental obtained in the case of full employment
where labour is scarce. Its magnitude ultimately derives from the
maximisation of utility which is the cause for the full employment of
labour. Full employment is possible if other constraints, lack of physi-
cal equipment, i.e. the magnitude of q°B, do not prevent it.

The role of distribution will become easier to grasp once we intro-
duce undiscounted prices, as in Part One. For each period, we define a
new price vector and a new wage rate through p ' = p'/sp', w, =
vv/sp'. Then we have p ' = (1 + r j )A o p '~ ' + w,l°, where s is the
basket of goods used as numeraire and where r\ is the own rate of
interest in terms of s: 1 + r\ = sp'"'/sp'. If w, > 0, we can also de-
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Classical Theory and lntertemporal Equilibrium 473

fine p ' = p'/vv, i.e. we can define prices in terms of the wage rate; then
we obtain, after division by w,:

p ' = (1 + r'JA^"1 + 1°

with 1 + r'K = vf,_,/w( (r[,. is the own rate of interest in terms of the
wage-rate).

It is to be noted that, conversely, discounted prices can be calcu-
lated from a sequence of undiscounted prices and own rates. To see
this, let the undiscounted prices p ° , . . .,p~ T, with sp ' = 1; t = 0, . . .,7";
be given, together with wage-rates w , , . . .,wT and own rates of interest
r\,.. .,r f in terms of commodity bundle s. We normalise the discounted
prices by defining p° = p° , therefore by putting sp° = s p ° = 1. Then
we obtain successively, using the definition of own rates

p1 = p 'sp1 = p 'sp°/(l + r\) = p '/(I + r\)
w, = vv.sp' = vv,sp°/(l + r\) = vv,/(l + r\)
p2 = p2sp2 = P2sp'/(1 + r2) = p2/[(l + r)){\ + r2)]
w2 = iv2sp2 = w2sp7(l + r2) = w2/[(l + r,')(l + r2)], etc.

If undiscounted prices are given in terms of the wage-rate, p ' and r'w,
one obtains discounted prices by formally choosing some value for w0,
for instance w0 = 1. Then we obtain

w = 1/(1 + r'J, p° = p°
p1 = p'w, = p V O + r'J = PV(1 + r'J, etc.

In a general equilibrium system, the level of one variable depends on
the level of all the others; seen in this light, there is no unilateral
causation of one variable or group of variables by another. However,
inspection of the system of discounted prices allows us at least to say
that a simple chain of causality can be constructed if we regard the
intertemporal rates of substitution as given. They are equal to the own
rates of interest in equilibrium. Thus, pj = r\. In particular, the own
rates of interest of a numeraire in each period is determined. Given
the own rate r\ in each period t, and prices of the preceding period,
both the wage-rate w, and the n prices p ' will be determined, if we
add the condition for the normalisation of prices to the n price equations:

= (1 + r's)Aap'-> + w , \ ° , s p ' = 1
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474 Classical, Neoclassical and Keynesian Theories

In this sense we may say broadly that time preference determines
distribution: it allows to calculate the wage-rate. The demand for goods
creates full employment, in the absence of other constraints, so that
the wage-rate is positive. The higher the rates of intertemporal substitution,
the greater the demand for immediate consumption of the goods available.
Hence, a lower value is ascribed to production and therefore to the
use of labour for production in the future, i.e. the subsequent period.
The wage-rate thus depends in an indirect way on the evaluation of
the consumer who influences the demand for labour while the supply
is inelastic. There is an inverse relation between r's and wr

The demand for labour and the wage-rate are further influenced by
the choice of technique. The particular form of this influence is not so
easy to assess, however, in the intertemporal model. If techniques are
compared in terms of long-term prices, at a given rate of profit, that
technique will be superior which yields the highest wage in terms of
any numeraire.

This technique, which is 'dominant in the long run', is stable with
regard to simple criteria of competition. Any inferior technique, esti-
mated in terms of the prices of the technique which is dominant in the
long run, i.e. estimated in terms of long-period prices, will show losses
relative to normal profits, defined by the uniform rate of profit. Con-
versely, if a superior method of production is estimated in terms of
the prices of an inferior technique, surplus profits will indicate that it
would be worthwhile to adopt the superior method (Chapter 2 in this
volume).

But the technique which is temporarily dominant need not be the
one which is dominant in the long run since it is estimated in terms of
intertemporal prices which converge only gradually towards long-run
prices. The competitive process therefore leads to the selection of the
method which is dominant in the long run - if at all - only after a
number of periods which is sufficiently large for intertemporal prices
to have approached to the long-run normal prices. To this process of
convergence we now turn.

18.2.3 The Convergence of Prices and of the Choice of
Technique to Long-run Conditions

We may assume that the theory of the choice of technique using long-
run normal prices is known. It suffices for our later purposes to suppose
that a productive technique exists which is dominant in the long run.
What we need is a theorem which guarantees the convergence of the
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Classical Theory and Intertemporal Equilibrium 475

time path of intertemporal prices and of the selection of methods of
production which follows from those prices towards a technique which
is dominant in the long run. Such a convergence does not obtain under
all conditions; we prove it under the condition that distribution is given.
It is enough to consider the case of indecomposable matrices.

Theorem (a): Let a sequence of intertemporal prices be given which
defines the temporarily dominant technique in each period. We assume
it to be indecomposable and such that w, > 0, t = 0, 1, 2, . . . (full
employment). The own rate of interest in terms of s is assumed to be
constant, therefore r\ = r, t = 1,2,. . . . The technique which is dominant
in the long run at r, 8, is denned as the technique for which w in
terms of long-run normal prices

p = (1 + r)Asp + wl6, sp = 1

is largest (it is also assumed that r < R6, Rs being the maximum rate
of profit of technique 8). (This technique is known to minimise costs
in terms of its own long-run prices.) Then we have: whatever the p° s o
in the sequence of intertemporal prices, there is a t' such that 6 is
temporarily dominant for all t>t' and p ' converges to p and w' to w.

Theorem (b): Let w, = 0, t = 1 , 2 , . . . (unemployment, except for
flukes), the other assumptions remaining the same. The technique which
is dominant in the long run is now defined as that for which the maximum
rate of profit Rs in

p = (1 + K5)A6p, sp = 1

is largest among all techniques. (This technique is known to minimise
costs.) Then there is a t' such that 8 is temporarily dominant for all
t>t' and p ' converges to p and r [ to R&.

The 8, the t' and the /?5 are independent of the numeraire chosen.
Case (a) is very similar to Theorem II in Morishima (1964, p. 100);
he proves the theorem for prices in terms of the wage rate. We refer
to his proof (p. 100-3). The proof of case (b) may be sketched as
follows: If p° is given, we obtain successively

P' = Aa(,)P'-'

where a(t) is such that
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476 Classical, Neoclassical and Keynesian Theories

for all techniques p in the given spectrum of techniques. We write
p° = (i.,x, + . . . + |a.nxn, where x, are the eigenvectors of Ag. We
make the generic assumption that the eigenvalues of A5, X, . . Xn, are
all different and that the matrix A5 is primitive. We normalise x, by
putting m = 1 and write p = x, > o on the assumption (without loss
of generality) that A., = 1/(1 + R&) happens to be the dominant eigenvalue
of A6, with

(1 + Rs)Asp = p

We now obtain successively, by definition of a(r),

P' = Aa(,,p'~' S Ajp'"1 = \sA.a{l-l)p'~2

§ (As)
2p'-2 S . . . g (A6)'p°

Therefore

' • - P =
;=2

Now we have |X,,| < A., = 1/(1 + Rs), i + 1, because As is primitive,
and |A,,-C 1 + R&)\< 1; the right-hand side therefore tends to zero for t
to infinity.

Hence, by an extension of this argument (Morishima, 1964, pp.
164-6); ( 1 4 - /?s)'p' converges to p, p' diminishes with time as
p(l + R&y and p' = p'/sp' converges to p = p/sp; r\ converges to /?8.,

• Q. E. D.
A comparison in terms of long-run normal prices thus allows to

decide at once which of two given techniques in the spectrum is su-
perior, using the criterion of the higher wage rate at the given rate of
profit. But if we consider a process of adaptation, using intertemporal
prices, the adoption of the best technique will in general take place
only after a certain time lag. This 'lagging-behind' may involve sev-
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Classical Theory and Intertemporal Equilibrium All

eral changes of methods of production before the system eventually
settles down, with intertemporal prices approaching long run normal
prices pertaining to the technique which is dominant in the long run.

A 'lagging-behind' may take place even in the following simple case:
suppose that we are in a stationary state; the rate of profit is given and
uniform. There is only one alternative method of production, for the
production of one good. If prices are changed by lowering the own
rate of interest in terms of a given numeraire and if that own rate of
interest is then kept constant, intertemporal prices will adapt and first
gravitate to the long run normal prices pertaining to the old system at
the new rate of profit. After relative prices have adapted to the new
rate of profit sufficiently, the alternative method of production becomes
profitable and is adopted. Still at the same own rate of interest,
intertemporal prices will now gravitate to the long-run normal prices
which correspond to the new system. The old technique, let us call it
a, may therefore remain temporarily dominant for some time after the
change in distribution. Only after intertemporal prices have approached
the corresponding long-run normal prices, the transition to the new
technique, let us call it p, necessarily takes place, and intertemporal
prices can converge to the normal prices of technique P at the new
rate of profit. It is plausible that the transition will be made more
quickly, if the system of normal relative prices of technique a does
not change much with distribution and if the structures of commodity
inputs to the two methods are similar, while they differ strongly in the
relative amounts of 'capital' and labour which they use. In that case,
the transition may easily be made in one step since it is engendered
directly by the change of distribution and does not depend to an im-
portant extent on the change of relative prices, consequent upon the
change in distribution.

These considerations make it clear why convergence may not obtain if
the assumptions of our theorem are not fulfilled. If distribution oscillates,
the system may never settle down to the use of a permanent technique.35

18.2.4 A Spectrum of Techniques with Reswitching and
Employment Opportunity Reversals

It is customary to summarise the properties of techniques by drawing
the associated wage curves but there are not always techniques which
correspond to a given arbitrary pattern of curves. For instance, the
wage curves of two systems which differ in the use of one method of
production cannot intersect more than n times if n is the number of
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478 Classical, Neoclassical and Keynesian Theories

commodities they use. We want to analyse how alternative techniques
with wage curves intersecting several times can be constructed
systematically. This will shed some light on the likelihood of reswitching.

It is sufficient to consider single product systems with alternative
methods in the production of one commodity. The comparison is based
on normal prices. The spectrum of techniques is given by (a,,/,), i = 0,
1, 2, . . ., n. Processes 0 and 1 are alternatives for the production of
the first commodity. Hence (Aa,l

a) = (a,,/,); i = 1,. . ., n. Let (A p / )
= (a,,/,); i = 0,2,. .., n. The rate of profit r is given and prices are
determined by

p° = (1 + r)Aap
o + wj°> sp° = 1; a = a,(3

If a is superior to (J at r, we have pa/wa < pp/wp (this may be called
'competitive advantage') and wa > vvp, ('macro-advantage'). The formula
(chapter 2 in this volume, p. 33) p"/p?< /??//>?; i = 2 , . . ., n\ means
that the price advantage is largest in the industry in which the two
systems employ different methods. As indicated in the last section, the
inferior method leads to less than normal profits, measured in prices
of the superior technique, and the better method leads to more than
normal profits, measured in prices of the inferior technique, therefore

(1 + r)aopa + wjo > (1 + r)a,pa + walx = />?
p\ = (1 + r)aopp + wp/o > (1 + r)a,pP + wp/i

The inequality signs are replaced by equalities if both techniques are
equally profitable and wa = vvp.

A change of distribution may induce a change of technique. It is a
central neoclassical idea that an increase of the rate of interest leads to
the use of less capital and, with the accompanying reduction of the
wage rate, the use of more labour. This is reflected in our system as
well, if the change of methods of production is such that we can speak
unambiguously of 'more' or 'less' capital, independently of relative
prices. If we have an increase of r and a reduction of w, a transition
from a method a, to a method a0 with a0 < a, and with lo> l\ will be
unambiguous. Two such techniques have only one switch point in com-
mon (Chapter 11 in this volume, p. 263). Consider the switch point
where p = p™ = pp, w = wa = w^, therefore

(1 + r)aop + wl0 = (1 + r)a,p + w/,
w(/0 - /,) = (1 + r)(a, - ao)p
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Classical Theory and Intertemporal Equilibrium 479

If r is raised and w is lowered, and if relative prices change little, a
cost advantage will appear on the left-hand side of both equations.
This means that the switch implies a transition to a less capital-intensive
technique which can here be defined as such unambiguously
(independently of distribution and prices) because a, > a0.

Reswitching may occur only where a, — a0 has both positive and
negative components. The second equation shows that it presupposes
a considerable change of relative prices.

Using Chapter 3 in this volume, methods leading to reswitching can
be constructed as follows. We consider technique a as given and we
look for the set of possible methods of production (ao,/o) which exhibit
reswitching. We define

Y(rt) = {(ao,/o) § ol/7°, = (1 + r^aop" + wa(r,)/0}

y(r,) is the set of methods which are equally profitable as (a,,/,) in r,.
Yir^ is a simplex in the non-negative orthant of (n+l)-dimensional
space (it is the intersection of the hyper plane W(r,) containing (a,,/,)
which is normal to [(1 + r)(pa)T,wa]

T and of the non-negative orthant).
Now define

Z(rx) = {(ao,/o) E y(r,) 3r2 * r,, 0 < r2 < Ra \pa
t =

(1 + r2)aopa + wa (r2)lQ)

Z(rx) is the set of methods of production which allow reswitching in
that (a0, /0) has a switch with (a,, /,) at r, and a reswitch at some other
rate of profit r2. Mathematically, Z{rx) is obtained as a subset of Y(rx)
(cf. Y(r) in Figure 3.1 in chapter 3, p. 67). It is obtained by considering
the intersection between H(rx) and H{r2), varying r2,r2 i= r,, which
contains (a,,/,). It has been shown that Z(rx) is not of measure zero in
Y(rx) if system a is regular (chapter 3, p. 65).

How likely is reswitching? This question is at last being dealt with
in the literature (d'Ippolito, 1987; Mainwaring and Steedman, 1994;
the latter also discuss the history of the problem). I had regretted that
one measure for this likelihood, which is mathematically straight-for-
ward, i.e. the n-dimensional area of Z(rx) as a share of the n-dimen-
sional area Y(rx), can in principle be calculated, but that it does not
have a straightforward economic interpretation (Chapter 3 in this vol-
ume, p. 67).36 This problem of interpretation has not been fully solved.37

But the papers referred to suggest that the measure of the set of tech-
niques allowing reswitching is not large compared to the measure of
all conceivable productive techniques.
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480 Classical, Neoclassical and Keynesian Theories

Reswitching may be rather unlikely, but there are many related phe-
nomena of capital theory some of which are more 'likely' to occur.
The factor demand for an input may rise as its price rises even if the
rate of interest does not vary. In our context, it is interesting to con-
sider a simultaneous rise of employment and the real wage with a rise
of the rate of profit (Steedman, 1985, p. 166). Consider switch points
between r= — 1 and Ra. We define

X(r,) = {(ao,/o) £ y(r,) 3r2 # r,, - 1 < r2 < Ra | p? =
(1 + r2)aopa + wa(r2)/0}

The alternative techniques defined by X(rt) will become important in a
comparison which slightly differs from that used in the reswitching
examples. In the case of reswitching - and more generally, in most
analyses using wage curves - comparisons are based on the assumption
that the net product d is common to the two or several systems which
are being compared. Reswitching may imply, as shown in Figure 18.4
in the transition from f, to Po, that the wage rate rises as employment
rises. For if technique a is used in P, and p in Po, q

plp = d(I - Ap)''lp

will rise relative to qala = d(I - Ao)"'la, i.e.

wp(0) = d p p / q ¥ = l / q ¥ < l/qala = d p a / q T = w°(0)

Such a change of technique implies that, as above in Figure 18.4, we
make a transition from Pt to />„, passing a switch point, and that another
switch point between the two wage curves being compared must exist
between Po and r = 0. It also means, using a comparison of stationary
states, that K/L falls as r is lowered - this is the paradox which we
shall have to analyse in terms of the intertemporal equilibrium.

But it may also be meaningful to keep gross output constant in making
a transition from technique a to technique p. If gross outputs and ac-
tivity levels q are held constant and if only the methods employed
in one industry change, qlp > qla if and only if /0 > /,. To analyse the
transition, the wage curves are still being drawn in terms of a common
numeraire d which is now, however, not identical with net output. It
is easy to see that /„ > /, if and only if Wp(— 1) < w a ( - l ) . Such a
situation is drawn in Figure 18.5. The transition from f, to Pn involves
both the increase of the real wage and an increase of employment. I
propose to call this an employment opportunity reversal. It is obvi-
ously more likely to occur than reswitching, insofar as X(r,) D Y(rt).

Figure 18.5 shows employment opportunity reversals between three
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r=0

Figure 18.5 Employment opportunity reversals

wage curves. The wage curves are tricky insofar as they look like
those of a surrogate production function between r=0 and the maxi-
mum rates of profit, because they are drawn as almost straight lines
between r=0 and those maximum rates. As far as I know, all empiri-
cal investigations into wage curves were only concerned with the in-
terval [0, /?), not with the interval [—1, R). The question is therefore
not only whether the theoretical measure for the likelihood of employ-
ment opportunity reversals might be substantially larger than that for
reswitching but also whether the empirical investigations into wage
curves, which showed them to be rather like straight lines (e.g. Marzi
and Varri, 1977) might not be flawed because the wage curves might
be less straight and more prone to further intersections for the interval
(-1,0). The interval (-1,0) is typically longer than the interval (0, /?),
since R is, in a sense, the output-capital ratio Y/K which is of the
order of 1/3.

However that may be: reswitching and employment opportunity re-
versals have in common that, as we shall show, prices can be found
such that the transition from /», to Po according to Figure 18.4 or Figure
18.5 is made although an increase of employment is associated with
an increase of the wage rate. In this transition, the choice of technique
is the main paradox. In order to represent it as an equilibrium, the
utility function must be such that this form of behaviour appears as
optimal. The utility function may therefore seem to be artificial. Our
critique, however, is not concerned with the strangeness of this utility
function. Other authors have shown that the concept of utility is extremely
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482 Classical, Neoclassical and Keynesian Theories

general - so general that, to any arbitrary excess demand functions,
there exists a pure exchange economy with a sufficient number of con-
sumers such that appropriately chosen utility functions for those con-
sumers generate arbitrarily close approximations to those excess demand
functions (Debreu, 1983, p. 204). The ordinary assumptions about utility
functions therefore do not allow to exclude the possibility of excess
demand functions for goods which are partly rising and imply unsta-
ble equilibria. In a sense, we are going to reproduce this result for
factor demand functions. The lack of monotonicity of factor demand
curves is perhaps more disturbing than the occurrence of partly rising
demand curves for goods (which are explained in terms of Giffen ef-
fects and the like). Hildenbrand has argued that the heterogeneity of
consumers saves the 'law of demand', i.e. the monotonicity of demand
curves for goods (discussed in Lewbel, 1994). But here we are con-
cerned with factors: The essence of the result is that the paradoxical
character of the equilibrium is primarily due to the paradox in the
choice of technique, not to the utility function: at low rates of profit,
the labour-intensive method is preferred. We also have a paradox on
the side of preferences - more labour is demanded at a higher wage -
but is introduced in order, so to speak, to compensate the first para-
dox; together, they engender an equilibrium which is unstable. Given
Hildenbrand's result, the question of stability of general equilibrium
seems to become a question of the monotonicity of factor demand curves.

In order to demonstrate that the examples which follow can actually
be constructed, it is useful to start from the following simplifications:
we assume n=2. Let Aa > O, Ia > o be given. There will then exist,
given r, < Ra, r, > — 1, processes (ao,/o) in Z(r,) or in X(r,) which are
arbitrarily close to (a,,/,) — and therefore also positive - such that the
wage curves vva (where process (a,,/,) is used in the first industry) and
Wp (where (ao,/0) is used) intersect at the given rates of profit r, and r2,
- 1 < r2 <Ra.

To show this, define the matrix

[wa(r,) wa(r2)

and consider the set

M = {(an,/,,) > o l(ao,/o)V(r,,r2) = (p1(r}),p
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Matrix V(r,,r2) has rank 2. Hence M is a straight line segment containing
(a,,/,) > o. We may therefore choose a (ao,/o) > o sufficiently close to
(a,,/,) such that Zo > /„ therefore such that wp ( -1) < vva (-1) , therefore
such that /?p < Ra (a third switch point - implying that both wage
curves coincide - cannot exist since technique a is assumed to be
regular, Chapter 3 in this volume, p. 56). In this way, constellations
such as the one shown in Figure 18.4 or in Figure 18.5 may rigorously
be constructed.

18.2.5 Different Equilibrium Paths and their Interpretation

1. Steady State with Constant Rate of Profit

We first confirm that steady states of finite duration may be represented
as intertemporal equilibria. Let only technique a be given. Net output
is represented by d = c'; t = 0, . . .,T; therefore ql = ql = L,\ t =
1, . . .,T. We define f = qT — cT = q — d. We assume that the initial
endowments are such that the stationary state is possible: q° = q.
Accordingly, the labour force must fulfil ql = qi = L,\ t = 1, . . .,T.

Diverse price systems are compatible with this artificial stationary
state, according to the utility function. We suppose that r is given,
0 § r < Ra, and we choose undiscounted prices p ' = p"(r), wt =
wa(r). We transform them into discounted prices by putting p° =
pa, p' = (1 + r)-'p', w, = (1 + ry'wt.

We then choose, e.g. according to the example provided, a utility
function U for which we have in (c°,. . .,cT) that marginal utility equals
price, i.e. dllldc] = p\ for all commodities in all time periods consid-
ered. According to the Corollary, the stationary state then is an opti-
mum and an (intertemporal) equilibrium.

If we were to extend the time horizon to infinity, we should find
that the utility function U* of our example would remain bounded, but
there is no room to take up the associated problems of an equilibrium
with an infinite horizon which we touched on in Part One.

2. Steady States with a Rising Supply of Labour and with a Falling
Own Rate of Interest

Like the preceding example, the following is also only provided to
familiarise ourselves with the formal technique' of path construction.
We now assume that the labour supply grows at an exponential rate:
L, = (1 + g)'L0, with q' = c'(I - A)"1 = (1 + g)'c°(I - A)"1 and
with ql = L,. At the end of the horizon, f = qT - cT is given, in the
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484 Classical, Neoclassical and Keynesian Theories

beginning q°, as defined. In the tradition of the analysis of stationary
states, one would usually assume a classical savings function and, with
all profits saved, the golden rule would follow with r=g, implying
also that all own rates of interest would be equal to r.

The generality of the concept of utility allows to represent such a
path for T periods paradoxically with falling own rates of interest,
therefore also with a rising real wage. We start, for instance, with
p° = pa, sp° = spa = 1, and assume r's = (1 + h)~'r so that the own
rates of interest in terms of s fall with a small positive rate h. We then
have to determine w'such that sp1 = 1, where p1 = (1 + r^Ap1"1 +
w}, therefore w' = [I - (1 + r;)sApI-l]/sl. This shows that vv' tends
to rise as rs' falls (the statement is certain to hold generally if s is the
left-hand side eigenvector of A associated with the dominant eigenvalue
of A, i.e. if s is proportional to the standard commodity).

We use the undiscounted prices to calculate discounted prices as
before and introduce a utility function according to the Corollary so
that this path becomes an intertemporal equilibrium and an optimum.
This is possible because of the arbitrary assumption that the rate of
time preference is lower in later periods, with a rising supply of la-
bour. This labour is absorbed because consumption rises in such a
way that output per head is kept constant.

Such paradoxical forms of preferences allow reswitching to happen
in equilibrium - without them, the technology of our example of reswitch-
ing and of an employment opportunity reversal would cause unem-
ployment with the wage rate falling to zero.

3. Increasing Supply of Labour and Rising Rate of Profit:
'Demechanisation' as a 'Normal' Reaction

We are not so much interested in the preferences of our representative
consumer but in an investigation into the substitution of technique which
is induced by price changes which in turn are due to changes in
distribution and of factor supplies. We want to show under what
conditions the central neoclassical idea of a substitutability of 'capital'
for labour may be represented in our framework.

To this end, let our economy be in a stationary state for some time
as in the previous case, i.e. for t=\,...,t', with c'"' = d, q' =
d(I - Ao)"' = q = q°, and with p° = p ' = pa and r = r,, as in P,
in Figure 18.4; of course, q'l = L,;t = 1, . . .,f'. Suppose there is a
less capital-intensive technique (ao,lo), with a0 < a,,/0 > /,, which is
not profitable in />, however; this means, for f = l , . . .,/' we have
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(1 + r,)aop'-' + w,l0 > (1 + / •> ,£ ' - ' + w,ly = p',

Because of a0 < a,, /0 > /,, it is clear - independently of prices! -
which technique employs less capital per man. At the end of period t'
we still have p ' = p°, but in the subsequent period, a change of
distribution occurs, accordingly also of technique and of consumption,
because our representative consumer will have more labour at his disposal
than before: L,. + , exceeds Lr. One expects a fall of wages and a rise
of the rate of profit, at least in neoclassical theory, for a classical
economist would not be surprised if distribution remained constant and
persistent unemployment developed. In an intertemporal equilibrium,
the adaptation of intertemporal prices will be gradual; own rates of
interest rise first. We assume that rj + ' = r2, corresponding to point
P2 in Figure 18.4, and that r[ remains constant thereafter.

We saw in section 4 above that this 'normal' reaction in distribution
entails a 'normal' reaction in the choice of technique. We consider the
side of quantities, assuming that the technique changes between t' and
t' + 1. For simplicity, we keep gross outputs constant. Hence we have
c'' = q'' - q' +lAp = q(I - Ap). If the difference between any two tech-
niques is not too large, we can be certain that consumption remains
positive. As a matter of fact, in this case, c' will remain constant, after
having risen in both components, since a0 < a,. On the other hand,
we assume immigration to be such that L, — ql13, t = t' + 1, . . .,7";
ql15 > ql". This transition will take place at once if the rise of r\ + ' rela-
tive to r''s is - and can be - sufficiently large. The effect of 'lagging
behind' which we discussed earlier is, at any rate, not very likely to
happen because less capital is being used in a physical sense and more
labour such that the introduction of the new technique primarily de-
pends on the change in the distributive variables themselves and not
so much on a consequent change of relative prices. If r2 corresponds
to point P2 in Figure 18.4, we must have for t = t' + 1 to t = T,
starting with p ' = p",

= p\

The path so constructed is again turned into an equilibrium by replacing
the undiscounted prices by discounted prices and by choosing an
appropriate utility function. The rise of the consumption vector with
the change of technique does not imply a rise of consumption per head,

p '
(1
t -

=
+

= t'

+

+ 1, ...,T

+ vv,
i > (

F, where
1 + r2)aop'-'
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486 Classical, Neoclassical and Keynesian Theories

since labour also rises. If we measure in terms of normal prices at
r=0, using s as a numeraire common to the price systems a and p\ we
obtain

- A.XI ~ Ao)-1° _
- wotu;, a a, p

hence the labour value of consumption per head falls in the transition
from a to p\

4. Reswitching: Gross Outputs Given

In the preceding (3), in this (4) and in the following example, gross
output levels are constant, the technique changes with immigration
between periods t' and t' + 1, and consumption changes once at the
end of period t'. In case (3), undiscounted prices are long-run prices
of technique oc up to the end of period /', they start to adapt to the
long run prices of technique (5 from period t' + 1 onwards. A 'lagging
behind '-effect requires an earlier start of the adaptation of prices in
cases (4) and (5).

To see this, we now assume that the alternative technique (J is cho-
sen such that (ao,/o) with /0 > /, is superior at r0, corresponding to PQ

in Figure 18.4. There are two switch points: one between r = 0 and
r = r0, corresponding to Po, and another between r0 and r = rx, corre-
sponding to />,. The third method of production, superior at P2 in Fig-
ure 18.4, is supposed not to exist. We have the same stationary state
as before in P] such that c'"' = d, q = q' = d(I - A)"', with q° = q
and with q i = L, for t = 1, . . ., t'. Afterwards, consumption changes
to c' = q(I - Ap) for t = t\ . . .,T. We fix f = c r - qAp.

Since a, - a0 has one positive and one negative component - oth-
erwise, reswitching would not be possible - one component of c' will
rise and one fall. It remains true, however, that c' > o if (ao,/o) is
sufficiently close to (a,,/,) - here we need the assumption, mentioned
above, that (ao,/o) is 'close' to (a,,/,). We assume again that the in-
creased labour supply at the disposal of the consumer happens to be
such that full employment is possible, i.e.

q ' , ° = L ( = . . . = q l ° = L, < q'' + 'lp = L,+1 = . . .= LT

Turning now to prices, we have to be aware that a 'lagging behind' in
the introduction of the new technology is to be expected in the case of
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Classical Theory and Intertemporal Equilibrium 487

reswitching. For reswitching, contrary to the example discussed in the
previous subsection, demechanisation, presupposes in an essential way
that not only distribution changes but also relative prices: Reswitching
cannot happen if relative prices are constant and wage curves straight
lines. We know, on the other hand, from the theorems on the conver-
gence properties of intertemporal prices, that the technique which is
dominant in the long run must become temporarily dominant after a
finite number of periods.

The solution to the problem of constructing a time path with
reswitching therefore is as follows: We start with a stationary system
for which p° = p ' = p", w, = wa, r's = r,; t = 1, . . ., t", with t"
smaller than t', i.e. the change in distribution has to happen in a period
t", with r\ = r0; t > t", and f" has to be calculated to be such that for
t" <t<t'

pl+l = (1 + ro)a,p' + w,+ I/, < (1 + ro)aop' + w/+l/0

i.e. such that method (a,,/,) remains profitable after the change of dis-
tribution until the change of technique occurs because of immigration
(which sets the date for the change). Thereafter we have

(1 + ro)a,p' + w,+ 1Z, > (1 + ro)aop' + w,+ ,Z0 = p\+{

In consequence of the transition to the new method, the old method
must appear to be unprofitable. We therefore have first what we shall
call an 'anticipated change in distribution', then an adaptation of rela-
tive prices, then the choice of the new method of production (this date
is fixed exogenously through immigration) and finally an adaptation of
prices to the new steady state - an adaptation which will be the better
the larger is T. I do not rule out that other cases, with a simultaneous
change of distribution and of the method of production, i.e. with t' =
t", can be constructed, but the path proposed here seems to be charac-
teristic, as is confirmed by numerical examples.

One has again to convert undiscounted prices into discounted ones
and to apply the Corollary in order to obtain the intertemporal equilib-
rium with reswitching. The increase in employment which corresponds
to the transition which we have considered is possible because less
capital is being used in terms of intertemporal prices. This simply fol-
lows from the fact that /n > /,, with activity levels being kept con-
stant, and with the wage rate having been raised, so that the saving in
cost must be due to the diminished cost of capital, although the input
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488 Classical, Neoclassical and Keynesian Theories

of one commodity per unit of output rises. (This consideration also
confirms that reswitching is associated with a strong change of rela-
tive prices.)

Clearly, this equilibrium is highly unplausible. The assumption of
perfect foresight is particularly difficult to sustain. The lagging behind
implies that the market participants have to set the price signals to
themselves, by changing distribution in anticipation of the immigra-
tion, so as to ensure that the change of technique occurs timely. It is
unplausible from a common sense point of view, but also with regard
to customary assumptions in stability analysis, that the real wage rises
in consequence of an anticipated increase in the supply of labour. It is
unplausible from the point of view of neoclassical theory that capital
diminishes, measured in the short-run prices, as the rate of interest is
lowered. The equilibrium exists formally because the various anoma-
lies compensate each other. What the construction really means is that
the underlying theory is flawed: If the equilibrium exists, it presup-
poses unplausible preferences and, if these are accepted, it is unstable.

A formal analysis of instability is beyond the scope of this paper
but a simplified argument suffices to clarify the point. Consider a pro-
cess of tatonnement, which is still often regarded as the established
form of stability analysis although influential authors have seen it in
an awkward corner since about 1960 (Fisher, 1983). But it seems diffi-
cult to adapt disequilibrium processes such as the Edgeworth process
or the Hahn process to the present framework. Even tatonnement is
often explained only for exchange economies; among economies with
production, a linear technology raises specific difficulties (see Arrow
and Hahn, 1971, p. 280 and p. 316, and the correction proposed by
Mukherji, 1974). We first assume a tatonnement in which the auction-
eer cries wage rates equal to wa, prices p" and r, in the periods from
t" to t'. If this was done sequentially (violating the assumption of si-
multaneity of price determination) he would not notice a mismatch of
demand and supply in the labour market. If he then cried the 'correct'
higher wage rate and a lower own rate of interest at f", the consequent
change of prices would come to late to induce the change of technique
which could absorb the increased labour supply.

But we do not even have to abandon the assumption of an auction-
eer who cries all prices and wages rates at the beginning in period
zero. Assume that there is no lagging-behind. If he cries correct prices
and wages rates for all periods except /' + 1 and if he proposes a low
wage rate and the corresponding own rate of interest, which rule in
the initial periods in equilibrium, i.e. wa and r,, with the associated
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Classical Theory1 and Intertemporal Equilibrium 489

prices at the end of period t' + 1, he will notice unemployment (the
full employment method will not be adopted). Hence he will lower
the wage rate, raise the rate of interest and make matters worse. In the
previous case of demechanisation (3), the lowering of the wage and
the raising of the rate of interest would - within limits - have been
the correct response which induced the choice of the less mechanised
technique. In view of the fact that it appears generaly to be difficult to
establish stability in equilibrium models with production, and in par-
ticular if stability analysis is based on tatonnement, we must be con-
tent to emphasise this difference of reswitching with respect to models
with well-behaved technologies.38 One has to conclude that if the tech-
nology is such that employment can be increased only through tech-
niques which imply reswitching, the more plausible outcome is
unemployment, and that the full employment equilibrium is only of
formal relevance.39

5. Employment Opportunity Reversals

The path for employment opportunity reversals may be constructed
just in the same way as in the preceding case of reswitching. The
figure of the corresponding wage curves will look like Figure 18.5;
this indicates incidentally that we may even have a series of employ-
ment opportunity reversals such that we move up a ladder of wage
curves, each eligible at a higher wage-rate and associated with a higher
level of employment. The only difference concerns the capital-labour
ratio; this can be read from the figure if net output is kept constant, as
explained in the following case (6). With employment opportunity re-
versals which are not cases of reswitching, the intensity of capital in
terms of normal prices then will rise in the process, not fall, if the
relevant switch points are between - 1 and 0 and not between 0 and
the actual rate of profit.

6. Reswitching with Net Output Given

We may also construct a path such that net output is kept constant in
the transition, i.e. such that q' = d(I - Ao)~' prior and q' = d(I - Ap)"'
after the change of technique, with c' = d for all time periods except
t' where we have q' = c' + q'+lAp, therefore c' = d(I - Ao)~' -
d(I - Ap)-'Ap. We then obtain d(I - Aa)"'l" < d(I - Ap)~' lp, i.e. the
required increase in employment, if and only if wa(0) > vwp(O), as we
saw on p. 480. This case therefore concerns reswitching as defined
in the literature. We again assume that immigration is such that it
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490 Classical, Neoclassical and Keynesian Theories

corresponds to this increase in the demand for labour engendered by
the appropriate change of distribution and the consequent change of
technique. The construction of the series of undiscounted prices fol-
lows the same principle as before, including the 'lagging behind' of
the introduction of the technique which follows several periods after
the anticipated change in distribution.

The advantage of keeping net output constant is twofold. First it
allows to separate the effect of a change of time preference from the
effect of a change in the composition of output (taste). Here, we only
have the former. Second, it implies that we can measure the capital-
labour ratio on the wage curve, following the well-known procedure
indicated in Figure 18.4, with the result that we observe a lowering of
the capital-labour ratio in the transition from P{ to Po. We therefore
may say that the intertemporal equilibrium shows a transition from
one steady state to another (provided T is sufficiently large) such that
a rising real wage rate is not only associated with a rise in the demand
for labour through a 'perverse' substitution effect, but also that the fall
of the rate of interest is associated with a fall of the intensity of capi-
tal, measured in normal prices. This confirms the earlier assertions that
the comparison in terms of steady states is applicable to intertemporal
equilibrium situations.

7. Without Full Employment

What happens if the technical methods available, given initial endow-
ments, do not allow us to absorb the available supply of labour by
means of the appropriate substitution of techniques? This would hap-
pen, for instance, in the situation indicated by P, in Figure 18.4 if the
technique corresponding to P2 was not available and if the consumer
was not ready to reduce his time preference so as to make the transi-
tion to Po. Obviously, the wage must fall to the subsistence level for
those still employed. The path of prices, once started, is now deter-
mined independently of utility considerations, according to theorem
(b). Prices are determined by Aop' = p'+1 and the own rates of interest
must approach the maximum rate of profit, as long as full employ-
ment, in the true sense of the term (cf. p. 472), is not restored.

Without alternative methods of production of the form we described
as 'demechanisation', there would be little hope for stabilisation in
this case, according to the logic of neoclassical theory, if a new sta-
tionary state is to be approached quickly. In order to return to full
employment, with only technique a available, accumulation with un-
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Classical Theory and Intertemporal Equilibrium 491

changed methods of production would be necessary, i.e. it would be
necessary to raise activity levels q'+1 relative to q' repeatedly by cur-
tailing consumption per head c', where q' = c' + q'+lA. Whether this
growth was balanced or not, the full employment ceiling might even-
tually be reached. With own rates of interest tending to /?„, the rates
of intertemporal substitution would be higher than before the immi-
gration. A higher rate of interest means that a lesser amount of con-
sumption today has to be sacrificed to obtain a given amount tomorrow,
i.e. savings in fact increase. But if utility on the equilibrium time path
is a maximum with respect to utility function U* and if a stationary
state with p{ tending to Ra is approached, the rates of time preference
p,' would be equal to Ra. With the corresponding utility function, a
state of high 'impatience' would stabilise and discourage saving. The
construction of a utility function U* with a different outcome (lower
consumption and more accumulation at high rates of intertemporal
substitution) is formally possible but which utility function should we
choose as likely?

Perhaps the reader will protest against this consideration in which
the utility function is constructed so as to explain what happens on a
path tending towards a stationary state without full employment. The
argument is different for a given utility function with a low rate of
time preference, e.g. equal to the rate which prevailed prior to the
immigration, i.e. equal to r,, for then future consumption will be in-
creased and present consumption diminished as we move up the in-
difference curve with a rate of interest rising to Ra, above the rate of
time preference. But - unless we have an additive utility function with
a constant rate of time-preference 8 < Ra - the question may still be
asked whether Ra will be high enough to generate not only some accu-
mulation but accumulation up to a state of full employment. The fol-
lowing outcome would be consistent with neoclassical premises: The
consumer (or the consumers, if we may take our assumption less liter-
ally) supplies more labour (is more diligent - this corresponds to im-
migration). The falling wage does not check the increased assiduity
and the increased rate of interest does not lead to a significant in-
crease of saving. Hence the necessity for neoclassical theory to stress
substitution of less mechanised methods of production as the way to
full employment. In fact, it is the relevant way to full employment,
within it, since every increase of the rate of interest is sure to lead to
more employment through demechanisation. But this leads back to the
question whether the spectrum of techniques is essentially like that of
the surrogate production function.
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492 Classical, Neoclassical and Keynesian Theories

8. Mechanisation: Growth With a Constant Labour Force

We want to return to the problem of reswitching, but now the labour
force is to be kept constant and we want to examine what reswitching
implies for the process of accumulation. In order to clear the ground
for this savings scenario, we first examine a case of mechanisation
which is induced by the desire to save, not by a reduction of the labour
supply. The alternative to the existing technique, a, now consists in
the introduction of a process (a0, /0) such that /0 < /, and a0 > a,. The
alternative technique p therefore is unambiguously more mechanised.
We are looking for a transition at the end of period t' such that em-
ployment is kept constant. This means q'+ l lp = q'l° = L and, more
generally, qT* = L; t = 1 t'\ and qlp = L\ t = t' + 1,. . .,7. We
assume that consumption is stationary up to the beginning of period
t': c' = d; t = 0, . . ., t' — 1; and that the proportion in which goods
are consumed is kept constant after the change, therefore c' = |i.d; t —
t' + 1,. . .,7. As in the earlier examples, q° = q1 and f = qT - (id to
secure the stationarity of the system at its beginning and at the end. From

L = q'l" = d(I - A J - ' l " = q V = fld(I - Ap)-'lp

we obtain, using wa = l/dp(r) in terms of standard d (not in terms of
standard s):

= d(I - A.)"1!" = dpg(0) _ wp(0)
** d(I - Ap)-'lp dpp(0) wa(0)

Mechanisation means that the wage curves wa(r) and vvp(r) intersect
once and only once. We start at a rate of profit r2 on the right of the
point of intersection and move to a rate of profit r, on the left of it
(the reverse of the case of demechanisation (3) above). Therefore wp(0)
> wa(0), n > 1 and c° = . . . = c''"' < c '+ l = . . . = cr For c'\ we
obtain

= q'' - q''+2Ap = q'' +

= d + ed - Ed(I - Ap)-' + d(I - Aa)"' - d ( I - Ap)"1 < d

using e = n - 1 > 0, Ap > Aa, therefore (I - Ap)"1 > (I - A a r ' =
I + Aa + . . . > I. This is the true neoclassical parable: the society

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25



Classical Theory and Intertemporal Equilibrium 493

decides to accumulate. The decision is expressed in a lowering of time-
preference. The own rates of interest fall from r2 to r,. The change of
distribution induces a change of technique (for the reasons expounded
earlier, we may suppose that both changes occur simultaneously, with-
out 'lagging behind'). More capital, in physical terms (therefore also
in price-terms) is required, less labour is needed per unit of output. To
preserve full employment, this accumulation takes place at the expense
of a once-and-for-all reduction of the level of consumption (again: both
in physical terms, c' < c'" ' < c'+1, and in price-terms). As a result,
consumption will permanently be higher, vindicating the sacrifice.

Undiscounted prices are equal to the long run prices of oc at r2 from
t = 0 to t'. In period t' + 1, we have (reckoning all prices in terms of
the same standard d)

p'l + ' = (1 + r,)App'' + w,.+1l
p, with p ' = p«(r2)

and p[+[ < (1 + r,)a!p' + w,.+)/,

Prices p ' then converge towards p\rx) for t = t' + 1, t' + 2, . . . It is
not difficult in this case to evaluate the change also in terms of long-
run prices, if d is chosen as our standard of prices. Net consumption
(or net income) per head in terms of long-run prices then is, for t =
0, . . .,t' - 1 , equal to

dpa(r2) 1
2) = J_ =

•" q1a L d(I - A

and for t=t' + 1 , . . . . T equal to

_
y> ~

Since w^(Q) = (1 4- e)wa(0), there is a permanent gain in net income.
The capital-labour ratio rises from ka = (y] — vva(r2))/r2 = (wa(0) —
wa(r2))/r2 unambiguously to *p = (yT - wp(r,))/r, = (wp(0) - wp(r, ))//•„
if the wage curves do not deviate a great deal from straight lines, as
can be seen in Figure 18.4. This means, once more, that the neoclassi-
cal parable presupposes that relative prices do not change (or do not
change much) with distribution. The fall of the rate of profit leads to a
rising intensity of capital.
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494 Classical, Neoclassical and Keynesian Theories

9. Reswitching with a Constant Labour Force: Accumulation at a
Rising Rate of Profit

The fundamental idea must be the same as in the preceding case (8):
the consumer wishes to attain a permanently higher level of consump-
tion through accumulation at the same level of employment. Reswitching,
however, will make this possible only through a 'perverse' movement
of factor prices. If our notion of equilibrium included the requirement
that factor prices and factor supplies be normally related, an equilib-
rium with reswitching (rising rate of interest with rising intensity of
capital) would be just as impossible as the immigration scenario (ris-
ing supply of labour at a rising rate of wages). Since the concept of
general equilibrium of supply and demand is wider, we must say that
an equilibrium with reswitching exists but that it is unplausible and, in
a sense, unstable.

We suppose that the economy initially is in a stationary equilibrium
at Po according to Figure 18.4, using a technique called a which con-
sists of processes 1 and 2; technique P uses process 0 and employs
less labour: /0 < /,. Figure 18.4 can be used for the long-term com-
parison because consumption is still assumed to change proportionally
in the transition from technique a, with c' = d in Po to technique P
with c' = nd in />,. As in the previous case of mechanisation, full
employment entails a rise of consumption, for, with employment kept
constant, L = q T = d(I - Aa)~

l\a = \/wa(fi) = q ¥ = nd(I - Ap)"'lp

= |i/Wfi(0). Since there is a switch not only between Po and Z5, but also
between Po and zero, we have wp(0) > wa(0) and |i > 1. As in the
previous case, c° = . . . = c '" ' < c' +l = . . .= cT. The fall of c' is now
not quite unambiguous; one obtains again, by the same transformation
and using (i = 1 + e,

c' = d + ed - ed(I - Ap)"1 + d(I - AJ" 1 - d(I - A ^ 1

We should be sure to have c'' < d if Ap > Aa and (I - Ap)"' > (I -
Aa)~' but reswitching is not possible if a0 — a, is either positive or
negative. However, since clearly d(I - Ap)~' > d, we expect c' < d.

We conclude that the transition from Po to P, so far is like mechanisa-
tion: a drop of consumption in one period allows a permanent gain in
all later periods at constant employment through a transition to an-
other technique which exhibits a higher capital-labour ratio, measured
in long-term prices. The sacrifice of consumption (c' < c''"J) is tanta-
mount to an increase of real gross saving in t' from q' ~' — c '" ' to q'
— c', since q' = q'~\ and results in a permanent gain.
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Classical Theory and Intertemporal Equilibrium 495

Prices are stationary from t = 0 to t = t" < t'. In t", distribution
changes because r0 rises to r,. If prices have adapted sufficiently by
the time we reach t', we may also be sure that savings in price terms
(q' - c')p' have increased in t', relative to t' — 1. Undiscounted
prices start to gravitate to long-run prices of technique (5 at rate of
interest r, from /' + 1 onwards. Undiscounted prices then are con-
verted to discounted prices.

The paradox is in the fact that the more capital-intensive technique
is chosen at the higher rate of interest. We are again content to isolate
the specific instability due to the perversity. It does not invalidate the
critique but simplifies the argument if we assume that no 'lagging be-
hind' takes place, as in (4). We now avoid aggregate concepts like
'saving' and 'capital' for a while, 'at the cost of some tiresome circum-
locution', to be conducted in a neoWalrasian context. Microeconomic
analysis and the use of the rate of interest presuppose that goods used
as inputs ('capital') are priced and aggregated within firms and indus-
tries but not that they are aggregated across industries, however useful
that may be for our understanding of macroeconomics.

In this view, the transition is engendered by a shift of preferences
between periods, i.e. by an abstention from consumption in t' which
one may regard as the 'cause' of the change of technique (mediated
through a change of prices) in the same way as the 'immigration' caused
demechanisation. 'Immigration', of course, is only a facon de parler,
since the consumer makes an intertemporal choice in supplying his
labour, just as his 'saving', i.e. c' < c'~' < c'' + \ is here an act of
intertemporal choice. The utility function which we use to transform
the path of quantities and prices into an intertemporal equilibrium ac-
cording to the Corollary must be such that the rates of intertemporal
substitution are equal to r0 for all periods up to t' and to equal to r,
thereafter, i.e. after the introduction of technique P (no lagging behind).

We now assume that the auctioneer cries undiscounted equilibrium
prices in all periods except t' + 1. In t' + 1, he cries the same prices,
rate of interest and rate of wages as in equilibrium in period t'. As a
result, producers in both cases (mechanisation and reswitching) do not
change the method of production in t' + 1. They make neither profit
nor loss. Given the labour supply and endowments, and assuming that
consumption does not change noticeably for t = 1, . . ., t' — 1, pro-
ducers are able to supply an amount of consumption goods c' at the
end of period t' equal to c''"', with c', = c''"' > c', i.e. the abstention
from consumption need not take place because there is no investment
in an alternative method of production.
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496 Classical, Neoclassical and Keynesian Theories

The specific difference regarding stability between mechanisation and
this savings scenario with reswitching then simply is this: In the case
of mechanisation, the consumer demands more consumption goods c'd

+l

at the end of period t' + 1 than in equilibrium and less at the begin-
ning, because the rate of interest announced by the auctioneer (r2) is
higher than in equilibrium (r,). Since c'd < c' < c's, the auctioneer will
lower prices in t' relative to those in t' + 1 and hence lower the rate
of interest and raise the wage rate in t' + 1 so that distribution changes
in the right direction, from r2 towards r,, favouring mechanisation in
t' + 1, as in equilibrium, hence a movement results towards equilib-
rium. But the announcement of the auctioneer will have the opposite
effect on the consumer in the case of reswitching. The announced rate
of interest in t' + 1 (r0) now is lower than in equilibrium (r,) so that
Cj > c'. Hence the auctioneer has no or only a small inducement to
change the rate of interest from r0 towards r,. Subsequently, the de-
mand of the consumer is still higher - he would get c'+1 = c'+2 = . . .=
|id in equilibrium, while there has been less accumulation. Excess demand
for goods in t' + 1 results, hence higher prices and a lower rate of
interest in t' + 1. This would be stabilising for mechanisation but
destabilising for accumulation with reswitching. An intertemporal equi-
librium with reswitching is thus possible according to the savings sce-
nario, but only if the ordinary neoclassical relation between factor prices
and intensities is dropped and if a specific instability is admitted.

10. Conclusion

It has been shown in Part Two that transitions involving reswitching
and employment opportunity reversals can be represented within
intertemporal equilibrium models. In our examples, the paradoxical
relations between the distributive variables and the intensity of capital
do not preclude the existence of equilibria with properties which run
counter to generally accepted notions of stability. A rising supply of
labour is absorbed by raising the real wage rate. Accumulation at con-
stant full employment is made possible with a rise of the rate of inter-
est. If normal reactions prevail, the factor prices should move away
from these equilibria which we have constructed.

Various models of disequilibrium might be considered in order to
analyse the instabilities in detail, but they would be complicated. In
particular the 'lagging behind' effect would require the analysis of a
sequence of markets in disequilibrium. Instead of analysing instability
in Part Two in detail, we have summarised known results about the
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stability of intertemporal equilibria of a special type in Part One: if
the horizon is shifted to infinity (in order to avoid the problem of the
terminal stock with finite horizons), if recursive preferences are intro-
duced so as to relate time-preference to the level of consumption and
if there is, as in Epstein's model, only capital, the equilibrium path
approaches a state which is independent of the initial endowments of
different consumers. We were then able to show that the normal behaviour
of factor demand was an essential aspect of the process of conver-
gence. In Part Two, where labour comes in and with it an additional
reason for the demand for a factor rising with its price, the instability
was made plausible in an equilibrium which could be shown to exist
(for one consumer) because of the artificial introduction of the utility
function. In the presence of a technology in which full employment
could be preserved in the face of an increase in the supply of labour
only by raising the real wage, the consumer was made to desire just
that. I have preferred to show that reswitching may imply equilibria
with implausible features and instability rather than to combine as-
sumptions for which equilibrium is impossible.

Taking the approaches of Part One and Two together, I hope to have
shown that the problems of capital theory, which basically had been
known only in the context of long-period equilibrium, are relevant to
intertemporal equilibrium as well after all, though clearly more work
is required in order to investigate the different forms which the prob-
lems may take in different general intertemporal equilibrium contexts.
With more restrictive assumptions about technology and preferences,
not only stability but also existence would be at stake. The phenom-
enon of employment opportunity reversals indicates that reswitching
may turn out to be only the leading species in a larger genus of prob-
lems of capital theory. Finally, the method introduced in Part Two of
constructing examples of general equilibria by constructing first the
time path of quantities, then that of prices and distribution and of finally
combining both into an equilibrium through the choice of an appropri-
ate utility function will, I expect, turn out to be capable of further
applications.

Notes

1. The article by Hahn dates from 1982 (Hahn, 1982b). The answer by Dumenil
and Levy appeared in 1985.

2. Schefold (1990c) and Chapter 15 in this volume.
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3. Fisher (1896). Cf. also Samuelson, Tobin and Schefold (1991) and Dorfman
et al. (1994).

4. Sraffa (1932).
5. Garegnani (1976).
6. Neumann (1990), p. 41.
7. Here. I neglect the possibility of utilising the 'overtaking criterion' of von

Weizsacker. Cf. von Weizsacker (1965).
8. Epstein (1987). Cf. also Lucas and Stokey (1984).
9. See Epstein (1987), p. 332.

10. See Epstein (1987), p. 334.
11. Dorfman, Samuelson and Solow (1958). •
12. Caspari ([1991] 1996).
13. It appears in his book of 1896 mentioned above.
14. This is the argument which Joan Robinson would repeat often in her oral

teaching ('If you do not have equilibrium today, why should you have
equilibrium tomorrow?'). I have discussed it in Schefold (1985a).

15. See the article by Sraffa (1932) and the consequent exchange in the Economic
Journal. Cf. also Kirzner, Kurz and Leube (1995), especially the contri-
bution by Kurz and my Introduction to the volume.

16. Fisher sent Sraffa his book on the Rate of Interest (1930), with a personal
dedication, and there are some notes by Sraffa in the margins (this copy
is now in the Sraffa Library at Trinity College).

17. Garegnani (1990a).
18. Burmeister (1980).
19. Epstein (1987), p. 341.
20. Dechert and Nishimura (1983) discuss an optimal growth path in a one-

sector model with a production function exhibiting increasing returns. Under
certain conditions, the optimal policy may consist in depleting the stock.

21. I shall not base my reconstruction on the particular model proposed by
Samuelson (1962) who used a two-sector model with a variable quality
of the capital good but rather on linear models of the type proposed by
Sraffa. Cf. Schefold (1989), pp. 288-99.

22. The following proof was first given in my contribution to Samuelson,
Tobin and Schefold (1991), p. 19. See also Belloc, Gehrels, Meyer and
Schefold (1991).

23. The equilibrium to be constructed in Part Two will simplify the exposi-
tion by means of the assumption that the rate of time preference is per-
manently affected so that there is no return to the old position.

24. Blanchard and Fischer (1989).
25. A good survey is provided by a special number of the journal Political

Economy. Studies in the Surplus Approach, 6, 1-2 (1990), dedicated to
the convergence to long-period positions.

26. We have omitted models with overlapping generations and more than one
sector because the conditions required to obtain unique and globally stable
equilibria are more restrictive than is commonly thought, according to
Galor and Ryder (1989); see also Galor (1992).

27. In one interpretation, the price system is stable, the quantity system un-
stable (dual instability hypothesis).

28. A different picture emerges if technical change is modelled not as a se-
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quence of shocks through sudden changes of methods employed in agri-
culture or in other sectors but as a continuous process, in continuous time,
represented by a rising productivity of industries (see the work by Pasinetti,
in particular 1981).

29. Schefold (1989), Chapter 20.
30. I discussed this at some length for the case of a sequence of long-period

positions which shift because of the presence of an exhaustible resource,
in Schefold (1989), Chapter 19.

31. Chapters 7 and 13 in this volume.
32. This question was posed by Bidard and Masson in a Comment to the first

French version of this paper.
33. The demand functions to be derived from U* are obtained by distinguish-

ing the prices of the general equilibrium, now denoted by p J, from prices
p\ which may deviate from p\ and to which the household adapts in par-
tial equilibrium. The nT equations

Xpl = #£/*/( 1 + c\ - cj) = dU*ldc\

treating commodity (n,T) as numeraire, yield after elimination of X

The budget equation may be used to eliminate c\ so that one obtains

+ w.L, + ... + w T L T - £
O\ s)*(i,
0, s)*(n, D

34. We here choose an upper index for time and for techniques in the case of
vectors and a lower index in the case of scalars and matrices in order to
avoid a confusion with the powers of scalars and matrices.

35. Similarly, fluctuations of demand could formally induce fluctuations not
only of activity levels but even of techniques employed in the case of
joint production. The concept of the permanent state or, more generally,
long-period analysis, remains important in spite of such exceptions.

36. Salvadori (personal communication) challenges the usefulness of prob-
ability measures of reswitching radically, using the argument that it is not
obvious why Euclidean measures should be adopted: there are homeo-
morphic transformations <p such that the Euclidean measure of cp(Z) be-
comes nearly as large as that of <p(K). We only can say that the measure
of a is positive (because Z(rx) is not of measure zero and (p is homeo-
morphic) and smaller than that of a. But the linearity of the system with
respect to prices and (if returns are constant) to quantities may possibly
serve as a justification of the Euclidean measure.

37. Among the problems which remain we have: Which properties should
(Aa, 1°) have? Which (Ap, I11)? Is it not necessary to prescribe a certain
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500 Classical, Neoclassical and Keynesian Theories

distribution of zeroes? Mathematically, input-output matrices are positive
with probability one but it is essential in input-output analysis that not
all outputs are suitable as inputs in all processes. Perhaps, the analysis
should be restricted to large 'sparse' matrices with few positive elements,
since, the more we disaggregate Leontief input-output tables, the more
zeroes we shall encounter among the input coefficients. Another problem
concerns the large number of wage curves with which we ought to be
dealing. If ten methods are in the book of blue-prints of each industry
and if there are 500 industries, the number of wage curves is 10500. How
many switches would that give?

38. We add some precision without moving towards a full analysis. Without
lagging-behind and omitting the dash we have t = t' = t". We use
undiscounted prices. Equilibrium prices at the beginning of period / + 1
are still those of the initial stationary state, p' = p", while the own rate of
interest has fallen to r's

+> = r0 (in the case of demechanisation risen to
r's+' = r2). Equations (1 + r;+1)App' + wl+ll* = p '+ l , sp'+1 = 1, then
determine vP,+l and p'+1.

The auctioneer now cries a disequilibrium rate of interest r*'+l = r,, of
the wage w*+1 = wa and disequilibrium prices for the end of the period
p*'+1 = p°. In consequence, technique a is cost-minimising in period t + 1
so that the demand for labour is less per unit of output than in equilibrium,
as indicated.

But what about the other reactions? The labour supply is inelastic. In
order to determine the reaction of the consumer, discounted prices are
needed. His rate of intertemporal subtitution in terms of numeraire s is
p's

+l = sp'/sp'+l and equal to r's
+l = r0 in equilibrium. But the auctioneer

announces. /•*'*' = r, > r0. The analysis of indifference curves yields that
consumption therefore increases at the end of period / + 1 and dimin-
ishes at its beginning, relative to what happens in equilibrium. Since p' =
p*', this is achieved through a lowering of prices at the end of the period,
sp*'+1 < sp'+1, and the primary effect is an increase in consumption at the
end of period t + 1. It causes producers, who make neither profits nor
losses at prices p*'+1 with technique a, to demand more labour at the
beginning of period / + 1; hence we have a stabilising effect here.

It can be made arbitrarily small, however, by choosing an appropriate
utility function according to the Corollary, given the same technique. For
the indifference surface of the utility function only needs to have the pre-
scribed slope for the equilibrium value of consumption, otherwise it may
be such that the indifference curves become almost straight lines in a
small neighbourhood of equilibrium so that they are almost like the isoquants
of a production function with fixed proportions. The consumer will then
change his consumption plans only a little in response to the disequilibrium
prices and the increased labour supply will not be matched by a corre-
sponding increase in demand. In consequence, the auctioneer will lower
the wage rate further which would be the right thing to do if a less
mechanised technique was available (since the profitability of less mechanised
techniques increases) but which leads away from equilibrium here.

39. Perhaps it needs to be stressed that the instability is here not provoked by
what is regarded as the main problem with ordinary tatonnement pro-
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Classical Theory and lntertemporal Equilibrium 501

cesses, i.e. by repercussions of a disequilibrium price in one market on
the equilibrium in other markets and in the absence of gross substitutabil-
ity, but by what happens in the market under consideration itself: the
labour market is here like that of a Giffen good, only the reason for the
perversity is more deeply rooted in technology. The point may be illus-
trated by considering a price adjustment process proposed by Mukherji
(1995) which is locally stable for all regular competitive equilibria. It is
analysed in terms of twice continuously differentiable excess demand func-
tions, Z;(p); j = 1 , . . . , n; in an economy with n goods. The price adjust-
ment process is defined in continuous time / as

It turns out that the presence of all excess demands, weighted by the
derivatives of those excess demands, is fundamental to guarantee conver-
gence. The mathematical existence of a convergent adjustment process helps
to underline the economic problem of finding 'plausible' or 'realistic' ad-
justment processes which would also converge. Mukherji's process indi-
cates that a price adjustment in market i is generally necessary (dp/dt ?
0) for convergence even if market i is already in equilibrium (Z,(p) = 0).
We have largely disregarded these indirect effects. On the other hand, the
formula also shows what is necessary for convergence in market i if all
other markets are approximately in equilibrium. (If they are in full equilib-
rium, market i is also in equilibrium because of Walras' law.) Then, (dp,l
dt > 0 for Z,(p) > 0 if and only if dZ,/dp, < 0, i.e. if and only if i is not
a Giffen good.

We may add a little realism to these abstract considerations by observing
that a tatonnement process is similar to a non-tatonnement process with
trade at disequilibrium prices if these prices out of equilibrium react much
faster than quantities so that endowments remain close to initial endow-
ments until equilibrium is reached (Negishi, 1994).

Now it is quite conceivable that traders in a fairly competitive market
are aware of snob effects so that they will adjust prices upwards in the
face of excess supply, if these snob effects are alone responsible for a
'perverse' slope of excess demand functions: fur coats remain unsold, their
prices are raised promptly and, lo and behold: stocks eventually get sold.
But such a perspicacity of agents is not to be expected on our labour mar-
ket. Why should an immigration induce producers to switch to a more
labour-using technique, in the face of unchanged prices? The sellers of
furcoats need to know the psychology of their clients. Our producers would
have to know all about the economy: technique, consumption and labour
market conditions. As it turns out (see previous footnote): It is the choice
of technique in response to a change in distribution, not consumption
behaviour, which is responsible for the instability.
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19 Schumpeter as a Walrasian
Austrian and Keynes as a
Classical Marshallian*

19.1 SCHUMPETER: RIVAL OF KEYNES

'Schumpeter and Keynes were two outstanding economists of their time.
Neither felt that there was much room for the other.' I am grateful to
J.K. Galbraith for this characterisation of the two persons whom we
celebrate (in 1983); in fact, their theories seem to exclude each other
as much as the policies they advocated. Keynesianism represented a
provocative challenge for the more traditional - though in his own
way also unorthodox - Schumpeter. In order to learn as much as pos-
sible from the opposition, it seems appropriate to take the less well-
known Schumpeterian view and his system as our our point of departure.

In his research, Schumpeter consistently aspired to elevate economic
theory to the ranks of a 'pure' science. He believed in a core of econ-
omic theory which was applicable to primitive, medieval, capitalists
as well as socialist economies. It was his essentially Walrasian formal
theory of the static state.1 As everybody knows, he had on the other
hand an astounding historical knowledge which he displayed not only
in his many writings about the history of economic doctrines (Schumpeter,
1914 and 1954) but also in his works on economic history and his
sociological essays such as his Imperialism, Social Classes (Schumpeter,
1955). As a Doctor utriusque iuris by formation, an amateur of math-
ematics and a founder of econometrics he certainly did not have a
one-sided 'economistic' view of the world. But he attempted to keep
the different perspectives methodologically separated - that of law, of
history, of economics - and united only in application. We may today

* I should like to thank V. Caspari for valuable suggestions in form of both a prepara-
tory paper and discussions. I am also grateful for discussions with Dr R. Dickler and
with participants of the Marx-Keynes-Schumpeter Symposium (held 7-10 September
1983 at the Rijkuniversiteit of Groningen, Netherlands). Originally published in The
Economic Law of Motion of Modern Society. A Marx-Keynes-Schumpeter Centen-
nial, edited by H.-J. Wagener and J.W. Drukker (Cambridge: Cambridge University
Press, 1986) pp. 93-111.
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Schumpeter and Keynes 503

be inclined to view Schumpeter's intellectual development as a 'life-
long struggle to escape from Marx' (Robinson) - among other things
because of the prominent place of his critique of Marx in his most
popular book, Capitalism, Socialism and Democracy (Schumpeter, 1950b),
because of his discussions with socialist authors and because of his
political attempts to attenuate socialism in practice when some of the
students whom he had met in Bohm-Bawerk's seminar at the Univer-
sity of Vienna (Otto Bauer, Rudolf Hilferding) became, like himself,
ministers of socialist governments in Austria and Germany. But even
the most casual reading of Schumpeter's early economic work reveals
what was most natural, given his originality: Schumpeter had quarrels
on all fronts. He just as much was engaged in a struggle with the
historical school, and with a special variant, Knapp's Staatliche Theorie
des Geldes, which sought the foundation of economic categories (in
particular of money) in legal institutions. Schumpeter's aim was not to
ignore the historical and institutionalist perspective but to combine it
with the theory - in his case a variant of Walrasianism - not in order
to modify the theory according to historical circumstances but in order
to analyse specific developments simultaneously from different points
of view.

The outstanding example of his approach is, of course, given by his
Business Cycles (Schumpeter, 1939). The sociology of the entrepre-
neur (who is not an exclusively capitalist phenomenon but who ap-
pears in specifically capitalist disguises and who uses the specifically
capitalist institution of credit) provides one important bridge between
historical and analytical considerations.

Schumpeter was thus opposed to a one-sided approach to economic
phenomena which would rely exclusively on either analytical or his-
torical considerations, but he was just as strongly opposed to ad hoc
theorising which elevates models adapted to special circumstances to
the rank of abstract general theories.2 In methodology Ricardo was his
arch enemy who 'piled one simplifying assumption upon another un-
til, having really settled everything by these assumptions, he was left
with only a few aggregative variables between which, given these as-
sumptions, he set up simple one-way relations so that, in the end, the
desired results emerged almost as tautologies. For example, . . . profits
"depend upon" the price of wheat'. This reproach is what Schumpeter
called the 'Ricardian Vice', and he levelled it primarily against Keynes
who was - among other things - accused of having illegitimately pro-
claimed as a 'General Theory' a dangerous and inconsistent model of
'England's aging capitalism' (Schumpeter, 1954, p. 42; and 1951).
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504 Classical, Neoclassical and Keynesian Theories

It is arguable that Schumpeter neither grasped the significance of
the classical method behind Ricardo's 'assumptions' nor the logic of
the theory of effective demand. But his endeavour to apply each scien-
tific discipline according to its merits and to avoid facile generalisations
reflected without doubt the fundamental personal principles of a uni-
versal mind aspiring to find objective standards.

This does not mean that Schumpeter was incapable of partisan ac-
tion in deed and in writing. To get hold of what he stood for it suffices
to open any of his books anywhere. On the other hand, very interest-
ing material about Schumpeter's practical political ambitions have re-
cently been brought to light by Christian Seidl (1982). Seidl has traced
some letters and three secret memoranda written by Schumpeter dur-
ing the First World War while he was professor in Graz. It is clear
from this that Schumpeter took an active part in attempts to formulate
a policy for the Austro-Hungarian Empire to obtain greater indepen-
dence from Germany, if necessary by means of a separate peace. In
view of Schumpeter's postwar activities it is to be stressed that he
primarily aimed at the maintenance of the monarchy and the empire,
that he sought an equitable solution for the aspiration of the different
nationalities within the empire and that it was to be a new conserva-
tive party, to be led by the upper nobility, which was to realise the
programme. The spirit of the whole is illustrated by proposals such as
that of a crowning of the King in Prague.

This is to be contrasted with Schumpeter's postwar activities. The
first was his participation in the Sozialisierungskommission in Berlin
for the nationalisation of key industries which he later defended, say-
ing that if someone wanted to commit suicide it was useful if a physi-
cian was present. The second was holding office as the Minister of
Finance in Renner's socialist government of Austria with the politi-
cally impossible task of stabilising the currency, of subsidising the
consumption of the poor, and of solving the problem of war debts.
'We have only one ambition, which must be served by financial policy,
too: to obtain bread for the people' (speech of 2 April 1919). He pro-
posed a capital levy in his memorandum Die Grundlinien fur die
Finanzpolitik der nachsten drei Jahre (Schumpeter, 1919). But in the
end he had to resign to inflationary financing of the deficit.

Seidl is right to suggest that the socialists might have found
Schumpeter's activity as an expert unacceptable if they had known
about his confidential war-time pamphlets.

Schumpeter, unable to return to the University, attempted a career
as a banker after his retreat from the government, failed, was rescued
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Schumpeter and Keynes 505

by an offer of a chair in the University of Bonn and became there and
later at Harvard the celebrated academic with the - as Leontief (1950,
p. 103) says in his memorial - 'often expressed conviction that sci-
ence and politics, the urge to understand and the drive to act, far from
being complementary, are actually incompatible'. We might add the
hypothesis that the sadness about the demise of the monarchy as well
as the experience of the intrigues in which Schumpeter was involved
as a politician (Haberler, 1951, p. 34) are the background to his cyni-
cal though not untruthful theory of representative democracy in his
nowadays most popular book, i.e. Capitalism, Socialism and Democracy.

It has been said that Schumpeter felt Keynes to be so much superior
to him that he could not bear it: the continuity in Keynes' political
and cultural environment, his art of expression, his skilful combina-
tion of theory and practice in economics and politics, the seemingly
effortless transition from the formulation of hypotheses to their appli-
cation, were beyond Schumpeter's reach. The details do not need retelling.

Yet these gifts, in which Keynes excelled in his time as much as
Ricardo and Marshall in their own, were in part turned into a reproach
when Schumpeter spoke of the 'Ricardian Vice'. I quote at some length
from Schumpeter's review of the General Theory (Schumpeter, 1951,
p. 153):

The unfavourable reviews in a sense but testify to the reality of that
success, and I for one, being about to write another of those
unfavourable reviews, heartily rejoice in this implication and wish it
to be understood that what I am going to say is, in its own uncon-
ventional way, a tribute to one of the most brilliant men who ever
bent their energies to economic problems. . . .

Speaking to us from the vantage ground of Cambridge and from
its author's unique personal position, defended by a group of ardent
and able disciples, the book will undoubtedly dominate talk and thought
for some time.. . .

It is, however, vital to renounce communion with any attempt to
revive the Ricardian practice of offering, in the garb of general scien-
tific truth, advice which - whether good or bad - carries meaning
only with references to the practical exigencies of the unique histori-
cal situation of a given time and country. This sublimates practical
issues into scientific ones, divides economists - as in fact we can
see already from any discussion about this book - according to lines
of political preference, produces popular successes at the moment,
and reaction after - witness the fate of Ricardian economics - neither
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506 Classical, Neoclassical and Keynesian Theories

of which have anything to do with science. Economics will never
have or merit any authority until that unholy alliance is dissolved.

And later, in the History of Economic Analysis (Schumpeter, 1954,
p. 1171), we read:

But he was Ricardo's peer also in that his work is a striking exam-
ple of what we have called above the Ricardian Vice, namely, the
habit of piling the heavy load of practical conclusions upon a tenu-
ous groundwork, which was unequal to it, yet seemed in its simplic-
ity not only attractive but also convincing.

This was, first of all, an objection concerning a method of reasoning,
as we have seen above. Second, there was a political motive. Schumpeter
had by will and by destiny been exposed to more varied cultural influ-
ences and social tensions, he had broader historical outlook and a greater
disposition to study authors outside the main stream.

Schumpeter's historical outlook did not make it impossible for him
to recognise the Keynesian vision as a viable and lasting system of
political economy, as was the case with some conservative economists.
But according to Schumpeter's political interpretation it was going to
be 'Labourism' not capitalism (characterised as 'the civilization of
inequality and of the family fortune' - Schumpeter, 1950b, p. 419).
Accordingly, his theory caused him to believe that the result would be
stagnation.

With this, we come to the third and main objection which will alone
concern us in what follows: while most neoclassical economists even-
tually came round and accepted the possibility of an underemployment
equilibrium, Schumpeter never did. The possibility of a coexistence of
a welfare state with capitalist enteprise did not mean that Keynes' theory
was true. There was one curious agreement: 'I wish, however, to wel-
come his purely monetary theory of interest which is, as far as I can
see, the first to follow upon my own' (Schumpeter, 1951, p. 156).
Otherwise, there seems to have been something in Schumpeter's con-
ception of economics which made it impossible for him to swallow
the concept of effective demand. What was it?
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Schumpeter and Keynes 507

19.2 SCHUMPETER'S THEORY OF CYCLICAL
DEVELOPMENT

The dichotomy between micro- and macroeconomics is modern and
can by no means be regarded as a traditional division of labour among
economic theorists. The microtheorists postulate that the explanation
of economic laws must be given in terms of decisions of individual
agents. The theory for them is therefore to be based on units for which
decision rules can meaningfully be defined. A theory based on aggre-
gates such as 'the workers', 'the consumers' can according to this con-
cept of the social sciences not yield an explanation since aggregates
are not capable of action (this was emphasised already by Menger in
his opposition to Schmoller). Aggregates are admissible if they are
obtained by summing up as the results of individual decisions. Such
aggregates do not yield information beyond what we know about indi-
vidual units.

This method had been practised already by Walras, Menger, Pareto
and others, but Schumpeter helped to elevate it to the status of a prin-
ciple and coined its name: it is the 'Methodological Individualism'
which he treated in the sixth chapter of Das Wesen und der Hauptinhalt
(Schumpeter, 1908). But in the first methodological dispute between
the historical and the Austrian school the 'historians' objected to the
'atomism' of the 'Austrians'. Today, his reductionist programme
has' become increasingly popular; it might be called the 'Walrasian
illusion'.

Schumpeter's analysis is based on a static system in which the rate
of interest is zero. This starting point he regarded - and indeed it is —
as absolutely essential in his system. Production proceeds by means of
land, labour and produced means of production. Competition elimi-
nates profits which are the source of interest. All costs are thus re-
duced to those of land and labour. Time preference is admitted as a
possible cause of interest even in a static state but regarded as ines-
sential and therefore excluded by means of a simplifying assumption.
From a modern point of view Schumpeter's account of how the satis-
faction simultaneously is assured in a static system corresponds to a
standard neoclassical model (despite his sceptical rejection of the im-
portance of time preference) but it is interwoven with most interesting
and challenging considerations about the relationship between pure
economic theorising according to the school of methodological indi-
vidualism and historical factors. This aspect cannot be treated here but
it may be important to stress again that Schumpeter is not only trying
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508 Classical, Neoclassical and Keynesian Theories

to convince the theoretical economist but also - perhaps primarily -
the adherent of the historical school.

Schumpeter recognises the importance of exogenous historical fac-
tors but points out that there is an endogenous force of economic de-
velopment - the ideal is explicitly borrowed from Marx (Schumpeter,
1934, p. 60) - which takes place in the productive sector and is not
primarily induced by changes of preferences. It is, of course, technical
progress which is represented as the adoption of 'new combinations'
by 'entrepreneurs'. Here Schumpeter, speaking of Marx, admits that
'my structure covers only a small part of his ground' (1934). In fact,
in Marx technical progress results from various internal contradictions
(if one prefers, tensions) in the system. For instance: given the length
of the working day (that is, given a limit to the production of absolute
surplus value), surplus value can only be increased by means of changing
the work processes, by intensifying cooperation between workers, by
organising a better division of labour and by substituting machines for
workers. That is, total profits are to be raised by means of a labour-
saving technical change (see Chapter 11 in this volume). Another form of
technical progress (the saving of raw materials) is discussed by Marx in
the context of movements of capital to increase individual rates of profit.

Schumpeter was right against Marx in emphasising that the rate of
profit to be earned at given prices is the sole theoretically relevant
criterion for the adoption of new methods, although his theory of the
cycle might have gained if he had developed the Marxian phenom-
enology of different forms.

Schumpeter's key variable for the discussion of change was the en-
trepreneur who had played only a subordinate role in Marx. One reason
was that Marx was looking for a materialistic, 'objective' explanation
of entrepreneurship; hence his stress of the macroeconomic determi-
nants of technical progress - the necessity to produce relative surplus
value. Another reason was, perhaps, that any stress of the creative function
of entrepreneurs as individuals under capitalism would have led to the
question of how the dynamic, innovative, therefore unique, but also
destructive aspects of entrepreneurial activities could be accommodated
in a more or less egalitarian socialist society.

In Schumpeter's system, on the other hand, the entrepreneurs (inde-
pendent businessmen or administrators) realise productive inventions
by drawing produced means of production from old to new uses. We
cannot enter into the discussion of the sociology of Schumpeter's
entrepreneur - he is not thought to be motivated exclusively by ratio-
nalist principles - but we must point out that for Schumpeter the change
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Schumpeter and Keynes 509

in the methods of production is characteristically financed by means
of credit in a capitalist society. Interest flows from the repayment of
the surplus profits made by means of the adoption of new methods of
production at prices of the old stationary equilibrium. Interest is there-
fore essentially a phenomenon of capitalist production; a planner in a
socialist society could have new combinations ordered to be under-
taken through a direct reallocation of the means of production so that
credit would not have to intervene and interest was not necessary. It is
this type of interest on productive loans which rules the roost accord-
ing to Schumpeter and not the interest on consumptive loans (where
time-preference may play a role). Interest is therefore a monetary phenom-
enon arising in the context of the disequilibrium engendered by waves
of innovations. According to Schumpeter the profit (we should say quasi-
rent or extra-profit) due to innovative investment exists also in a com-
munist society even if it does not appear in monetary form in a fully
planned economy, but interest on production would be meaningless
where money-markets do not exist and time-preference is absent.

Schumpeter retained many of Marx's basic insights, but, of course,
without adopting the classical theory of value. In his theory of devel-
opment the abstract principle of the production of 'Relative Surplus
Value' is replaced by the endeavour of entrepreneurs to reap profits by
underselling their competitors. The theory of exploitation is negated
because there is no fixed standard for the real wage so that, in the
absence of rents, prices are lowered until the purchasing power of the
workers absorbs the whole product in the static state. There is no sur-
plus in the static system (or the 'circular flow') because there is no
monopoly which would allow the capitalists owning the means of pro-
duction to prevent the wage from rising to the level determined by the
balance between the disutility of work and consumption (Schumpeter,
1934, p. 22). And indeed, if there is no time-preference and free com-
petition unimpeded by increasing returns to scale and indivisibilities
of capitalist enterprise, it is difficult to see how profits could be posi-
tive in an economy which is not growing. Schumpeter's proof of his
contention that profits are zero in the static society consists in an effective
and comprehensive survey of existing theories of profit which all lead
to the conclusion that profits must be zero under the assumptions which
he has chosen. The many arguments raised against this idea (first by
Bohm-Bawerk) were answered in his 'Eine "dynamische" Theorie des
Kapitalzinses1, and Samuelson's authority confirms that Schumpeter's
argument is impeccable from the neoclassical point of view (Samuelson,
1943, 1951).
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510 Classical, Neoclassical and Keynesian Theories

But then profits do arise when capitalists obtain credits to finance
new methods of production ('combinations'). After the introduction of
the new methods, real wages and rents rise as soon as competition
lowers prices in accordance with the gains in productivity so that fac-
tors incomes absorb the temporary profits (to the extent that they can-
not be converted themselves into permanent new rents because of a
natural or artificial monopoly); profits persist only for a while and supply
the money-market with interest as repayments of credit.

Interest is therefore determined by supply and demand for credit on
the investment market. There is a listing of possible new combina-
tions, each with its perspective rate of return, and they will be realized
to the point where the marginal investment project yields a return just
above the rate of interest. Schumpeter's dislike of the concept not-
withstanding (1954, p. 1176), this is an investment function with a
marginal efficiency of capital - even though Schumpeter was, of course,
absolutely right in emphasising that his determination of the level of
investment, given the rate of interest, referred to underlying causes of
the investment process and not simply to 'expectations,' about which
he had this to say in his Keynes review (Schumpeter 1951, p. 154b):

The emphasis on expected as against actual values is in line with
modern tendencies. But expectations are not linked by Mr Keynes
to the cyclical situations that give rise to them and hence become
independent variables and ultimate determinants of economic action.
Such analysis can at best yield purely formal results and never go
below the surface. An expectation acquires explanatory value only
if we are made to understand why people expect what they expect.
Otherwise expectation is a mere deus ex machina that conceals prob-
lems- instead of solving them.

Schumpeter's own account of the investment process in his Business
Cycles is to be assessed below. The disagreement is more apparent
than real insofar as Keynes accepted the Schumpeterian view of in-
vestment in Chapter 27 of his Treatise (Keynes, 1971-89, VI).

The supply of funds is provided by the credit system - in Schumpeter's
view by the banks. If we express Schumpeter's early concepts in terms
of the national income accounting concepts, we find that the savings,
equal to the investment to be made, are 'forced' savings, since time-
preference is ruled out. The static state is, as a matter of fact, one of
full employment. The demand generated by the investors, the 'New Men
with New Ideas', is financed by the banks. The increase in purchasing
power leads to a rise of the prices of goods produced by means of 'old
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Schumpeter and Keynes 511

Figure 19.1

methods' relative to factor incomes so that consumers are compelled to
buy less in real terms than in the static state.3 The underutilised fac-
tors can now be used for the introduction of the new methods. (It is
therefore bank credit which permits a reallocation which might be
commanded under socialism.) The new methods of production, through
being more productive (this term Schumpeter held to be more general
than roundaboutness, but it is the 'Austrian' aspect of his doctrine),
result partly in a cheapening of the goods which were already on the
market, partly in the replacement of those goods. Prices can fall again.

But prices are not lowered at once. The differences between 'old'
costs of production and new ones yield quasi-rents - in Schumpeter's
words simply 'profits' which must first be used to repay the debts to
the banks. After that (provided we have only one wave of innova-
tions), prices are lowered; and in this deflation, the rate of interest
tends back to its zero level as the system settles down to a new static
equilibrium; the revolution of methods of production, of habits and
tastes, and of social strata has run its course.

We can thus draw the diagram in Figure 19.1 for saving and invest-
ment in Schumpeter, where saving is not necessarily voluntary, and
where it is essential that the savings schedule goes through the origin
(i-interest). How long is the long run when the rate of profit is uniform
because profits are zero? This is a question which will be asked later.
Meanwhile we have, as in a Keynesian short period, only quasi-rents.

All difficulties with the concept of a uniform positive rate of profit
disappear because Schumpeter simply denies the existence of such a
rate. It cannot exist because there is no permanent equilibrium of a
uniform positive rate and also because a factor 'entrepreneurship' which
might justify a positive equilibrium rate of profit as a factor income is
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512 Classical, Neoclassical and Keynesian Theories

not measurable. This is his crucial contention. Schumpeter's point can
be illustrated by applying his arguments to the classical model. To this
end, we assume the static system to be stationary. If we adopt the
classical point of view, in an economy in a stationary state there must
be a uniform rate of profit and - if labour is homogeneous - a uniform
rate of wages. If real wages are not fixed and competition prevails, the
rate of profit can be positive only if there is something which prevents
prices from falling relative to money wages under conditions of full
employment. So far, Schumpeter and any of his opponents must agree.
In Marxian theory it is the monopoly of the means of production, based
on the indivisibility of plants and equipment - hence increasing re-
turns - which prevents the workers from becoming capitalists and forces
them into the unequal bargain in which they have to sell their labour
power at a fixed price which cannot rise permanently because unem-
ployment is the normal state of affairs. Barring such monopoly, it might
be the level of demand which determines the margin between prices
and costs (including depreciation), given the money-wage and a mark-
up on direct costs. However, the operation of the Anglo-Italian theory
of income distribution of the Kaldor-Pasinetti type is not plausible in
the stationary state since the level of effective demand cannot explain
the variation in capacity utilisation in the stationary state with full
employment as it may do in a growing economy which is demand-
constrained, where investment is going on and where adequate savings
are not forthcoming otherwise. At any rate, zero net investment im-
plies zero net profits, and a Kaleckian variant of this theory would be
based on a 'degree of monopoly', hence again on imperfect competi-
tion. One might fall back on Sraffa's hint according to which the mon-
etary rates of interest regulate the general rate of profit. If firms are
indebted to the banks, their receipts must cover the costs of interest
payments. The rate of profit cannot be lower than this rate of interest.
But Schumpeter seems to believe that there is a tendency towards an
excess supply of credit in the stationary state because of the 'elastic-
ity' of the banking system which is there to supply credit even if there
is, in the absence of investment, no new demand. Hence the rate of
interest itself cannot be kept up above zero. Moreover, it is not plau-
sible in the stationary state that firms finance the purchase of produced
means of production through banks when the costs are covered period
after period by receipts.

Schumpeter's assumptions concerning the static state appear there-
fore to be consistent even outside marginalism, if we insert them (as
far as that is possible) into a classical and/or Keynesian framework.
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Schumpeter and Keynes 513

The ugliest and least realistic aspect of this intellectual exercise seems
to be the abstraction from increasing returns and indivisibilities. But if
we ask not for some but for perfect competition, the result is fairly
clear and seems to imply that Schumpeter is immune against a critique
of his concept of capital along the line of the Cambridge debate about
the production function and Walras' model of capital formation and
credit; the relevant concepts of the rate of profit and of capital simply
are not there. On closer look, one observes that the problems of capi-
tal do not even reappear with an attempt to arrive at a consistent
formalisation of the investment process, since all accounting is done
in terms of prices of the new or the old stationary state, therefore at
the same (zero) rate of profit.

The dreadful loss of realism involved in this heroic abstraction is
not my concern yet. Schumpeter elaborated his basic idea mainly in
two directions. One, that of business-cycle theory, is well known in
the Anglo-Saxon world. There is Schumpeter's own publication in English
(his Business Cycles) as well as a useful survey (Clemence and Doody,
1950). I will comment upon it later. But Schumpeter developed the
monetary side with equal intensity. Money and finance were the chief
objects of his teaching in Bonn. It has been said by his biographer and
pupil, Erich Schneider, that his book on Das Wesen des Geldes could
not be published in 1930 because Keynes had anticipated all his es-
sential ideas in the Treatise on Money (Schneider, 1970, p. 56). It would
require more space to check the truth of this conjecture. I, for one, am
sceptical, since Das Wesen des Geldes (which has been published post-
humously in 1970) is based on a manuscript which, unlike earlier
sketches,4 stops short of the presentation of Schumpeter's monetary
theory of interest which he had regarded as one of his main achieve-
ments before 1914, when everybody else - Keynes included - believed
in a determination of the rate of interest by the 'real' system. The
question of priority was thus settled and Das Wesen des Geldes might
yet have been completed to include his monetary theory of interest. It
enlarges the important earlier articles mainly in regard to banking.5

For the benefit of readers who do not have access to the German
texts the following extremely brief indication may be given. Schumpeter's
work roughly covers the ground of books I, II, IV and V of Keynes'
Treatise, but the monetary theory, too, is Walrasian. For Schumpeter
money is a title - any title - for goods in a social accounting system
such as might also be used in a socialist society where services ren-
dered entitle to obtain goods. It is possible that money exists only in
the abstract form of the accounts themselves although Schumpeter does
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514 Classical, Neoclassical and Keynesian Theories

not regard this as the historical origin of money, which he thought
was in the use of the precious metals.6 What mattered for Schumpeter
was not the historical origin of money but its economic logic, and in
this he was decidedly antimetalist (money is not the most liquid com-
modity) and nominalist. But he was, to the dismay of some contempo-
raries, also resolutely anti-legalist. A commodity currency or state money
were 'only' institutions to 'secure' the accounting system. He also ar-
gued against the use of supply and demand concepts in monetary theory
- the purchasing power of money must already be given when people
demand it (Schumpeter, 1970, p. 233). Money includes not only gold,
notes and deposits but also bills, even government bonds if they are
used for making payments (Schumpeter, 1952, p. 62). The quantity
equation holds but the quantity of money is not exogenously supplied.
Whether prices rise with an increase in credit or of newly discovered
gold depends not on the level of employment - the starting point is
always an equilibrium situation - but on how the quantity of money
rises, in particular on whether the additional purchasing power is used
for consumption (which is inflationary) or for investment (which is
also inflationary at first but which leads, through the process of 'forced
saving' and the financing of 'new combinations', to a rise of produc-
tivity and eventually to a symmetrical deflation). Competing banks are
able to lower interest, to enlarge credit and to create purchasing power
- in principle, without limit. It was therefore not Schumpeter's mon-
etary theory but his concept of equilibrium between real forces which
led him to take a sceptical view of monetary policy for the purpose of
raising effective demand. To stabilise the price level, he withdrew his
theoretical nominalism for practical purposes. In 'Die goldene Bremse
an der Kreditmaschine' (Schumpeter, 1952) he argued that the gold
standard was, after all and despite its atavistic shortcomings, useful
for the prevention of inflation. What an anticlimax to his revolutionary
and mercantilist monetary theory of interest!

Schumpeter's tools of economic analysis come into their own when
they are combined for the explanation of the business cycle. This is
the best-known aspect of his work. New combinations appear in the
form of waves of innovations which engender a business cycle during
which profits rise and become the cause of secondary innovations and
eventually of profits accruing even to firms using backward methods
of production because of the general rise in the level of prices in the
boom. The boom comes to an end with a deflation, when credits have
to be paid back and a general fall in economic activity, if not a crisis,
sets in. The point is that only this depression leads to a new equilibrium
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Schumpeter and Keynes 515

in which prices are reduced to the level corresponding to the new methods
of production. Old methods are eradicated. The depression is therefore
indispensable in order to lead back to a healthy state of affairs in which
new entrepreneurs will be enabled, on the basis of 'correct' prices, to
assess their changes for the adoption of new combinations in the next
wave of innovations. Financial panics do not cause the crisis; they are
more or less inevitable by-products of a necessary process of adjust-
ment (Schumpeter, 1952, p. 98).

One of the first objections (raised by Lowe in the 1920s) against
Schumpeter's theory of the business cycle was that the length of the
cycle could not be determined. Schumpeter's later work on business
cycles gave a differentiated answer. He had first tried to use five, later
he adopted the well-known three-cycle hypothesis. When it turned out
that the equilibrium was to be attained at the end of a Kondratieff-
cycle stretching over some 55 years, it seemed that the concept had
been strained.

Yet it ought to be pointed out that Schumpeter's Business Cycles
gave a very detailed explanation of the crisis of 1929 and the subse-
quent evolution of the Depression. Malignant readers may surmise that
Schumpeter calculated the periods of his three cycles from the first
Kondratieff (beginning 1786) to the last so as to get his dramatic su-
perposition of a downward Kondratieff, Juglar and Kitchin in 1929,
and the weakness of the New Deal in the 1930s, but it should then
also be observed that a prolongation of the scheme leads, with a little
benevolence, to surprisingly good predictions of postwar developments.
At the time of writing Business Cycles, Schumpeter wanted to reduce
the three-wave pattern to one common cause, the cycles of innovation,
but he later thought about different explanations for the Kitchin and
one may toy with the idea that the length of a Kondratieff corresponds
to two generations, inviting sociological explanations, the Juglar cor-
responds to the old trade cycle which must have something to do with
fixed capital, and the multiplier-accelerator remains for the Kitchins.

In better moods I abhor such speculation. What I regard as least
satisfactory in the Schumpeterian system - granted all his assumptions
- is the curious contrast between the exclusive use of equilibrium con-
cepts in theoretical analysis for all purposes and the 'empirical' find-
ing that the wave lasts 55 years, hence the (implicit!) conclusion that
the economy is anywhere near equilibrium only twice in a century.
This was probably not foreseen in 1911 when Schumpeter made no
explicit reference to the length of the cycle that apparently meant the
old trade cycle.7
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516 Classical, Neoclassical and Keynesian Theories

19.3 WALRAS' THEORY OF CAPITAL: A LEGACY
REPUDIATED

When Keynes proclaimed a theory based on the /S-relationship, in which
unemployment was a state which could be attained in an equilibrium
and was not associated with a temporary deviation from an equilib-
rium, he caught the attention of the economists. Both in view of the
modern evolution of general equilibrium theory and in view of the
fact that the Walrasian Schumpeter represented the investment process
as a departure from equilibrium, it is remarkable that Walras himself
attempted to formulate an equilibrium for any given phase in the pro-
cess of accumulation.

Walras treated the process of investment and saving in his model of
capital formation and credit (Walras, 1954, formalised by Morishima,
1964 and Diewert, 1978). There are fixed coefficients of production.
Stocks of factors (including inherited capital goods) are used to pro-
duce consumption goods and new capital goods. Prices must cover
direct costs plus depreciation plus interest according to a uniform rate.
It follows that there are two methods to determine prices of capital
goods: on the one hand, there is the supply price deriving from the
scarcity of the capital goods relative to the requirements for produc-
tion which arise from the demand for consumption goods. On the other
hand, the prices of new capital goods must correspond to the hire-
prices of stocks of the same capital goods which are already there.

The rate of interest is such that savings in terms of the numeraire-
commodity are adequate to finance the purchase of new capital goods,
i.e. investment.

This model leads to a famous difficulty which was first pointed out
critically by Garegnani (1960) - though it had been noticed earlier -
and which may be illustrated as follows: suppose that a certain quan-
tity of bread is to be produced by means of flour and ovens. Flour is
in short supply, there is an excess of ovens. Walras was only dimly
aware that under such circumstances there is no room for the produc-
tion of new ovens; yet all capital goods must be reproduced. The con-
tradiction shows the discrepancy between the hire-price of the stock of
ovens (which tends to zero with an excess supply) and the price of
production of new ovens. Morishima (1964) gave a proof of existence
of an equilibrium for the Walrasian model of capital formation and
credit by using inequalities instead of equalities. As John Eatwell (1975b)
has pointed out, the proof of existence is valid but it means that only
those capital goods will be produced which are in short supply so that,
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Schumpeter and Keynes 517

in the example under consideration, ovens would not be reproduced.
In general, the rate of profit could trivially be uniform in such a model
because only one capital good, namely that which limits production by
being in short supply, will be reproduced. Alternatively, if equalities
were to be used, one would have to assume that capital is malleable
and that ovens could be transformed (be substituted for) flour. (The
critical argument must be modified - but continues to hold - if there
are variable instead of the fixed coefficients of production as suggested
by the example.)

It ought to be clear that, from the point of view of long-period equi-
librium in which market prices and prices of production are supposed
to coincide, the stocks of capital goods to be used up in production
should be counted among the unknowns. The long period is defined as
a state in which the supplies of means of production are just adequate
for the requirements of production. In each line of production, the same
rate of profit is earned and, in neoclassical terms, the capitalisation of
the incomes determined by demand and supply for the stock of each
capital good per period defines a set of relative prices which is equal
to that derived from the structure of cost of production, taking account
of depreciation, and using a positive rate of interest for capitalisation.
(This concept of long-period equilibrium is also applicable to classical
theory, although it is in this case preferable to speak of a 'long-period
position' in which the rate of return is the same in all lines of produc-
tion, with input prices being equal to output prices, but in which there
is not necessarily full employment.)

It is well known that the concept of long-period equilibrium was
replaced by the temporary equilibrium method developed by Hicks and
others. I have not been able to determine whether Schumpeter departed
from the Walrasian method of long-period equilibrium because he was
aware of the inconsistency in the Walrasian model of accumulation.
He made it clear in History of Economic Analysis that he disagreed
with the Walrasian theory of interest and, therefore, also with Walras'
model of capital formation and credit.

But Schumpeter certainly did remain faithful to Walras in so far as
he retained the Walrasian concept of the supply of stocks with its con-
sequent rejection of a Marshallian supply curve based on the flow of
'expenses of production'. In a Walrasian model the quantities of each
primary factor are given. The owners decide, according to their prefer-
ences, the prices of factors and of consumption goods, how much they
wish to offer. It is characteristic for this construction that the tech-
nology influences the determination of factor prices only indirectly.
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518 Classical, Neoclassical and Keynesian Theories

The demand for each factor derives from the demand for consumption
goods. As Wicksteed had shown, the offer of the factor consists in the
difference between the available stock and the demand of the owner
himself. In a sense, there is therefore no supply curve at all but only a
demand for each factor as a fixed stock, comprising the demand by
the owner as well as the derived demand from others: 'We have found
that we are compelled to consider the schedule of supply as a value
curve. There are therefore two demand curves which intersect and not
a demand curve and a supply curve which would be essentially differ-
ent' (Schumpeter, 1908, p. 235, my translation).

In his History of Economic Analysis (and similarly in 'The Instabil-
ity of Capitalism', Schumpeter, 1951) Schumpeter consequently denies
the relevance of returns to scale for the determination of cost curves
for 'we have derived, from the marginal utility principle, a new "law
of decreasing returns", which is independent of any physical law of
decrease, and which will assert itself even in the face of a physical
law. of increasing returns' (Schumpeter, 1954, p. 917).

This seems to be entirely logical from the point of view of a subjec-
tive theory of value. All factor incomes have the character of scarcity
rents; there is no interest on a factor 'capital'. Tools and machines
used in known processes are valued at factor costs (of land and labour)
because they are not scarce. The owner of a tool cannot expect to gain
by withholding it from the process of production, because more tools
can be produced and time-preference is zero. The tendency to an in-
creasing supply price in spite of increasing returns to scale must there-
fore derive from the competing derived demands for labour and land.

One should in this context not be confused by the fact that the 'cir-
cular flow' in Schumpeter is said by him not to be 'stationary' but
'static' (cf. Schumpeter, 1908, p. 397). His 'static' system must have
the properties of a stationary state; it is called 'static' only in order to
indicate that there are endogenous forces which cause it to depart on a
dynamic path. Schumpeter prefers not to call it 'stationary', on the
other hand, because the stationary state implies a perennial replace-
ment of worn-out equipment with new equipment of the same kind,
while he held that replacement usually involves some innovation. His
'static' system therefore represents an economy which maintains its
stocks and temporarily lacks the impetus to create new means of pro-
duction. The static system is a stationary state only in the sense of a
standstill of indefinite (but probably brief) duration. It is clear that
a real economy could only approximate this state of affairs (cf. ibid.,
p. 421).
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Schumpeter and Keynes 519

Schumpeter's approach seems to avoid the known difficulties of the
theory of capital which stem from the consideration of production, but
at the expense of sacrificing the theory of the production of new capi-
tal goods (and there may be other pitfalls in the reasoning, relating to
the stability of his circular flow). Equilibrium becomes the initial and
the terminal state which the economy reaches after long waves of re-
percussions of innovations. Schumpeter knew that the logic of his ar-
guments requires the fundamental data of the equilibrium (preferences
and endowments) to alter during the process of adaptation. It is, for
instance, essential that entrepreneurs are able to influence preferences
when they introduce new goods. But if the process of reaching the
equilibrium determines the terminal state, it is difficult to see what use
such a concept of equilibrium can have, as Joan Robinson ([1974]
1979) has emphasised. Moreover, Schumpeter's claims to have found
a new dynamic theory is questionable; he really compares static sys-
tems, and the details of how the transition from one static system to
the other affects the outcome dynamically are never worked out with
analytic precision. Schumpeter promises to show how the stream of
profits is converted into interest but a rigorous analysis of the corre-
sponding process is never given since his monetary theory is also based
on general equilibrium.

19.4 KEYNES: MARSHALL, LIQUIDITY PREFERENCE AND
LITTLE ELSE?

By claiming that the very state of unemployment could be analysed in
terms of an equilibrium of a specific type, Keynes made his theory
much more attractive for economists who seek to analyse the real world
by means of stringent concepts. The first approach to the Keynesian
determination of employment is based on his principle of effective demand
as stated in Chapter 3 of the General Theory. The aggregate demand
curve reflects 'the proceeds which entrepreneurs expect to receive from
the employment of N men' while the supply curve shows 'the aggre-
gate supply price of the output from employing N men'. Asimakopulos
(1982) has questioned this construction by pointing out that the entre-
preneurs cannot be expected to know their proceeds; they determine
output (that maximises expected profits) acting on expected prices, which
are independent of their individual rates of output.

In the derivation of the supply curve the problem of aggregation is
also crucial. At any level of total employment, the supply of individual
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520 Classical, Neoclassical and Keynesian Theories

industries will vary depending on the proportion of employment allotted
to it. The levels of employment of individual industries may be de-
rived, for instance, on the basis of an assumption regarding the rela-
tive prices at which each industry can be expected to sell a given
quantity of its product. Kregel (1980), Asimakopulos (1982), Parrinello
(1983) and others have discussed the theory of effective demand in
terms of the intersection of such aggregate supply and demand func-
tions, with expectations about prices playing a decisive role, for with-
out expectations, the aggregation could only be based on a prior analysis
of simultaneous general equilibrium, and employment and proceeds
could not be related.

Yet the difference between this approach and that of the French equi-
librium school does not seem to me to be all that important. The role
of price expectations is taken up by the assumptions about fixed (ad-
ministered) prices; they prevent the attainment of a full employment
equilibrium. One can then show how a state of unemployment even
with increasing returns to scale obtains if prices are such that the real
wage is too low at the given level of investment to exhaust the total
product (Schefold, 1983b).

But neither representation of Keynes' principle of effective demand
(along a Marshallian construction of his aggregate demand and supply
curves or the modern crude - if instructive - 'dis'-equilibrium ver-
sion) shed much light on the difference in the concept of equilibrium
used by Schumpeter and Keynes which we set out to investigate. The
appropriate concept of equilibrium has to be defined at a more disag-
gregated level. We had seen that there was a conflict between the analysis
of exchange in terms of stocks of capital goods and in terms of flows
of produced investment goods in the Walrasian model, and that
Schumpeter avoided the problem by taking the static system as his
point of departure.

A similar difficulty exists in Marshall's short period. Capital in the
short period is here a stock by definition. Marshall therefore treats
fixed capital like land: it does not yield profit according to uniform
rates but a rent, the quasi-rent. Circulating capital goods are produced
and are therefore inputs as well as outputs. There is a uniform rate of
interest included in the cost of the production of circulating capital
goods in the short period, but the income derived from fixed capital
goods depends on the use which can be made of them within the period
under consideration. This contrast is most characteristic of Marshallian
analysis and appeals to applied economists. The task of reproducing
the stock in the long period induced Marshall to visualise the long
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Schumpeter and Keynes 521

period ultimately as a true stationary state. Since it was not possible
to transform the capital stock into a flow, the capital stock was in this
tradition later made an endogenous variable which had to be deter-
mined (cf. Pigou, 1943).

It may be remarked at this point that our theoretical outlook today
is completely different since Sraffa has taught us to transform fixed
capital into a flow by means of the joint production approach. A trac-
tor is no more a stock than seedcorn, for both seedcorn and tractor are
transformed within the period under consideration into corn, straw and
a tractor which is one year older. This trick, together with the device
of distinguishing market prices from prices of production, replaces the
evasive concept of equilibrium by that of a state of self-replacement.
At any one time the structure of production (at normal conditions of
capacity utilisation) defines, together with a distributive variable such
as a given rate of profit, a set of prices of production. Market prices
may be different from prices of production but the latter are important
nevertheless as centres of gravitation. A long-period position is a state
of self-replacement in which this gravitation is operating and, to this
extent, it is a long-period equilibrium.

Deficiencies in the old form of the classical theory of value as well
as the need to take account of the principle of utility had induced
Marshall to abandon part of the classical approach. It was out of the
question to analyse the supply of 'factors' in terms of a labour theory
of value and nobody seemed to be aware that the supply of 'factors'
leading to the production of consumption goods is really the 'produc-
tion of commodities by means of commodities' where the phrase 'de-
mand and supply' is misleading when we are dealing with basics. Marshall
proceeded sequentially. The quantities of factors are not considered as
given (except the stocks of land and fixed capital) but, given factor
prices, cost functions can be derived for each produced mean of pro-
duction under ceteris paribus conditions. Functions for the supply price
are derived from these cost functions which are to reflect the costs of
production within a theory of demand and supply (the supply price is
here a function of quantity produced, while a supply curve shows vice
versa the quantity supplied as a function of the price). It should be
clear that the existence of returns to scale must become an important
consideration in the Marshallian context while they play only a subor-
dinate role within a Walrasian approach.

The prices of the factors in fixed supply are thus residually determined
by capitalisation of the quasi-rents which they happen to earn. The
prices of factors which are produced within the period are cost-determined.
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In his model of capital formation and credit Walras had attempted to
reconcile both aspects and had failed. In a Walrasian model without
production of capital goods or in an Austrian model the prices of fac-
tors only depend on the uses which can be made of them, or, in Aus-
trian formulation: the prices of goods of higher order (factors) are
determined by the prices of goods of lower order (consumption goods).

The point is that these residual incomes (quasi-rents) play a crucial
role in the theory of effective demand.

19.5 WHO WON?

Let the stocks of fixed capital (which earn quasi-rents) and of labour
be offered in fixed quantities in our Marshallian model of the short
run. The expenditure on consumer goods will cover their direct costs
and therefore yield the income of wage earners which will be spent on
consumer goods. If workers do not save and capitalists do not spend,
the demand for investment goods will generate the quasi-rents accru-
ing to the capitalists. This idea is descernible in Keynes' Treatise}
Marshall himself did not quite put matters in the Kaleckian fashion.
As Volker Caspari showed in his dissertation (Caspari, 1989), there is
a propensity to save implicit in Marshall which depends on the rate of
interest. Entrepreneurs hold expectations about the level of their quasi-
rents. The quasi-rents, discounted at the ruling rate of interest, deter-
mine the value of investment which is equal to savings at that rate of
interest. Marshall assumes full employment, to be realised because prices,
wage rates and the rate of interest are flexible. A given labour force is
employed because wages are flexible downwards. Consumption out of
wages and quasi-rents corresponds to what remains, at the given level
of employment, when the level of investment has been determined which
is made equal to savings by the rate of interest. The similarity be-
tween this and the determination of the rate of interest in Schumpeter
(e.g. 1934, p. 192) is due to the fact that Schumpeter's departure from
equilibrium replaces the Marshallian short run.

Now we can see the changes which Keynes introduced in order to
explain unemployment. First of all, he simply dropped the full-em-
ployment assumption. Second, the rate of investment was made to de-
pend on expectations concerning quasi-rents which are volatile. This
component of demand could be regarded as a datum for some pur-
poses; it then determined, together with the consumption function, a
level of employment, as can be shown by means of the standard multiplier
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formula or the more sophisticated schedules for aggregate demand and
supply referred to above. The change here concerned the savings func-
tion (propensity to consume). Third, the level of employment followed
from that of national income and determined the real wage (marginal
product); the money wage was conventional. But, since the full-em-
ployment condition had been dropped, an equation was missing and
this was provided by the new monetary theory of the rate of interest
which closed the system. This conclusion is not in the least new and
does not therefore require further elaboration.

Keynes' theory became an effective challenge to traditional economic
teaching because unemployment was represented as an equilibrium and
because the equations defining this equilibrium were still in terms of
demand and supply and not all that different from the well-known
Marshallian apparatus. Apart from the consumption function, the main
change was introduced in the money market with the introduction of
liquidity preference. Yet the implications were the opposite of those
derived from traditional theory. It was precisely this seemingly cheap
transformation of received doctrine for radical purposes which offended
Schumpeter as a historically conscious purist of economic theory. Where
Schumpeter had anticipated the fury of modern neoclassicism by try-
ing to isolate the core of economic theory, Walrasian general equilib-
rium, and had made the most daring constructions to deduce the theory
of money and the business cycle, starting from the static conditions in
order to reveal the logical coherence of the whole, Keynes had patched
together bits and pieces from the Marshallian short period (in itself
not the most rigorous model) and added what seemed to Schumpeter
ad hoc definitions. Was that a 'General Theory'? And were not liquid-
ity preference, propensity to consume, inducement to invest, all con-
cepts themselves in need of theoretical foundations?

In a sense, from his point of view, Schumpeter was right in his
assessment, but we have been led to conclusions which are opposed to
those which he wanted. We have learned a great deal about the limita-
tions of the General Theory (Kaldor, 1983), hence about limits to its
generality. Kalecki's work has allowed us to replace the propensity to
consume by the classical assumption about savings so that the effec-
tive demand links investment and profits. An endogenous determina-
tion of the supply of money had turned out to be more important than
variations in the velocity for the criticism of the quantity theory. It is
true that Keynes introduced a new way of thinking and cleared the
way for these and other subsequent developments. He was and still is
far the greater economist. If it is Schumpeter's objection that these are
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all partial amendments of the received Marshallian and Keynesian
doctrine, two conclusions (or a compromise) remain possible for those
who do not share the Walrasian illusion: either we admit that econ-
omic reality is not to be explained on the basis of one coherent theory;
there are many models which are somehow complementary; their ap-
propriate combination is - as far as theory is concerned - a question
of art rather than of systematic method. Or there is another foundation
of the theory of value. Perhaps the classical theory of value is useful
in combination with some other models; this is my own working hypo-
thesis. But the confinement of pure theory to general equilibrium with
full employment as in Schumpeter, regarding everything else as a de-
parture, has been discredited and the project of integrating Keynesian
ideas with a neoclassical microeconomic equilibrium foundation so as
to obtain one General Theory is not what Schumpeter expected to hap-
pen. The converse operation, the introduction of Schumpeterian ideas
about the investment process in the Keynesian framework, has proved
more fruitful.

Notes

1. Cf. 'Eine "dynamische' Theorie des Kapitalzinses', originally published in
1913, reprinted in Schumpeter (1952, p. 427).

2. Cf. also Leontief's 'On Implicit Theorizing' (Leontief, 1966, 1, p. 58).
3. This is called 'forced saving' in 'Zinsfuss und Geldverfassung', originally

published in 1913 (Schumpeter, 1952, p. 23); see also 'Das Sozialprodukt
und die Rechenpfennige', originally published in 1917/18 (Schumpeter, 1952,
p. 108).

4. Mentioned in note 3.
5. For a summary of Schumpeter's later work on money see Marget (1951).
6. Laum's book on primitive money Heiliges Geld and the work on transac-

tions in the oriental empires, collected later by Polanyi, appeared only after
'Das Sozialprodukt und die Rechenpfennige' (Schumpeter, 1952), i.e. after
the First World War.

7. That is the Juglar, see the Preface to the English edition of Theory of
Economic Development (Schumpeter, 1934).

8. It was even more explicit in Rustow's dissertation of 1926- (see Kaldor
(1983) - whereas investment causes profits in Schumpeter, too, but the
profits are used to pay interest and savings are forced.
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20 Ecological Problems as a
Challenge to Classical and
Keynesian Economics*

Special ecological problems such as that of man's influence on the
productivity of land are an old theme in economics. A brilliant early
and systematic account of the consequences of environmental disrup-
tion for modern society was given in K.W. Kapp's The Social Costs of
Private Enterprise (1950). However, the suspicion that the exhaustion
of raw materials and the main energy carriers (hydrocarbons) might
set definitive limits to growth reached world prominence only with the
report of the Club of Rome (Meadows et al, 1972). The model of the
Club of Rome formalised in a way impressive to the layman (and sus-
picious to the specialist) what had seemed obvious to a small number
of observers before and seems plausible to a great many today, namely
that the resource constraint (or the constraints arising from environ-
mental pollution) will, even if population does not grow indefinitely,
eventually force a reversal of the present trend of a general average
rise in the standard of living in the world as a whole and, in particu-
lar, in industrialised countries.

The reaction of the economists to the report were mixed. Some thought
that ecology had nothing to do with economics and others that it was
going to be the primary concern of our science. Among Cambridge
economists Joan Robinson (1977) wrote her famous 'What are the
Questions?' in which the environmental issue was one of the main
arguments to defend the thesis that Keynesians now ought to ask what
kind of work is to be done when all are employed rather than how full
employment is to be reached. Kaldor (1974) was a good deal more
sceptical and stressed that neither a happy nor a dismal future could
be excluded with certainty; he seems now more ready to agree that a
very important issue had been touched whatever the technical short-
comings of the report.

* Shortened version of a paper presented at the Conference on the Dynamics of Em-
ployment and Technology: Theories and Policies, University of Udine (1-3 September
1983). First published in Metroeconomic, 37 (1985) pp. 21-61.
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526 Classical, Neoclassical and Keynesian Theories

The radicals tended to believed that only capitalist countries were
concerned. Today we can see that the problems have grown much big-
ger, that some have been solved but that our capacity for finding solu-
tions barely keeps pace with the discovery of new difficulties. While it
was thought some time ago that only the advanced western countries
faced the problem of pollution, it is now clear that eastern countries
are just as much affected and that in many cases the Third World,
independently of the system adopted, is worst hit.

I shall begin with a review of some examples. Secondly I shall ask
which role nature plays in classical theory. Thirdly I shall look at con-
ceptual instruments and discuss the validity of some theorems of environ-
mental economics which are rooted in neoclassical theory.

20.1 LOOKING AROUND

20.1.1 Five Layers of Environmental Disruption

Much damage has been done by playing with the meaning of 'scarce
resources'. Let me try to provide an ordering of 'resources', on a scale
ascending from simple minerals to the most complex resource which
is the knowledge embedded in our culture.

Finite Resources

Neoclassical economists have gone to great lengths in order to prove
that a growing scarcity of individual resources will generate price changes
which in turn induce processes of substitution such that no essential
constraint to growth need arise for an indefinite future. The prediction
may well be better than the details of the reasoning. As long as enough
energy is available - of which more below - the degradation of re-
sources due to their dissipative use in the environment can in principle
be overcome for every single commodity by recycling its elements,
ultimately from the sea.

However, this rather theoretical argument does not prove that the
total system for the production of commodities by means of commodi-
ties will be, or remain, productive with known technologies at all times.
If, with diminishing returns to mining, more and more steel is needed
to produce coal and more and more coal to produce steel, the energy
cost of materials rises simultaneously with the material cost of energy
so that the surplus is diminished and the commodities get more and
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Ecological Problems as a Challenge 527

more expensive in terms of labour. Such a trend has so far not pre-
vailed over technical progress for the economy as a whole. But it does
seem as if the supply of some resources was indeed so short as to
worry the engineers because of limited substitution possibilities for
certain machines (cf. Chynoweth, 1976). Specific materials may be
indispensable for some advanced technologies. It has e.g. been sug-
gested that the nuclear breeder, which looks like an unexhaustible source
of energy, is in fact only a limited resource because the wall contain-
ment requires rare materials where the supply could last only for decades.

Concern about the potential exhaustion of irreplaceable resources
may nevertheless be unnecessary since the substitution of materials
within a given technology may be complemented by the substitution
of technologies which render the same services. This is not reflected
in the analysis of exhaustible commodities. Moreover, most models
representing the optimal time path for the exhaustion of finite resources
along the lines of Hotelling's (1931) analysis suffer from the defect
that they consider only the production of one commodity in isolation
so that the repercussions of a more or less simultaneous exhaustion of
several commodities on each other are not grasped. If Hotelling's rule
is analysed within a Sraffa system with an exhaustible basic, the inter-
dependence of the different industries can be shown to lead to changes
of relative prices which cannot be assumed to be foreseen. As a matter
of fact, the theory of exhaustible resources is irrelevant for the analy-
sis of actual movements of prices of raw materials (alternative expla-
nations have been proposed by Davidson, 1979; for the case of oil see
Roncaglia, 1983).

Energy

The possibilities of substitution among materials are extremely varied,
but they often imply an increased use of energy. The substitution of
energy by savings of energy, that is the maintenance of a given level
of services rendered by energy with a diminishing use of primary en-
ergy, is feasible. It is advocated by all sensible experts, and polices for
the saving of energy should be strengthened. But it seems plausible
than there are limits to such savings. Very simple scenarios for the
world as a whole are sufficient to show that a heavy price in terms of
forced adaptations of natural and social systems must be paid for over-
coming the energy shortage which will develop with a growing population
aspiring to approach a western standard of living. It is possible that a
'back stop-technology' (Nordhaus, 1974) exists. A back stop-technology
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528 Classical, Neoclassical and Keynesian Theories

would be a form of supplying energy for an indefinite time into the
future at a sustainable cost and at a rate sufficient to meet the energy
demand rising from a growing population with a growing standard of
living and increasing energy requirements deriving from the necessity
to substitute exhaustible resources.

It is well known that the supply of fossil fuels (coal in particular)
could last for several centuries at current rates of extraction, even if
only proven reserves are taken into account. There are 28 years to
exhaustion at present levels'of consumption of proven reserves in the
case of oil, 48 years in the case of natural gas and 260 in that of coal.
But total reserves are much higher, though uncertain. It is to be noted
that 28 per cent of proven reserves of coal are in the USA, 24 per cent
in the USSR and 14 per cent in China (UN Yearbook of World Energy
Statistics).

However, to rely on fossil fuels alone would not be a feasible solu-
tion because of the CO2 problem (see below).

Atomic power is also a lasting source of energy. The supply of ura-
nium for the use of light-water-reactors on a world scale would last
perhaps for a century or more, if the price of uranium was allowed to
rise by factor of ten in order to make use of ores of lower concentra-
tion, but it is one thing to have a few light-water-reactors in countries
where a specialised manpower exists and another to have many in the
same country or indeed all over the world, including in places where
the political and social conditions are less stable. Atomic power sta-
tions are more heavily guarded and the workers operating them are
more closely supervised than in any other major industry outside the
military area, the social tensions arising for such a system, if operated
on a big scale, are undesirable (Rossnagel, 1983) and the problem of
the final storage for the wastes has not been solved satisfactorily. Per-
sonally, I would regard the limited growth of such a system for baseload
electricity (which excludes the market for heating) as acceptable but
not a greater extension, and I remain opposed to the breeder with
reprocessing of fuels because of the danger associated with an exten-
sive use of plutonium. Solar energy is available in vast quantities and
can be used in many forms but the conversion into forms of energy
which may be readily transported (hydrogen) and in particular into
electricity is very expensive and may well remain so even if the mass
production of solar cells results in further reductions of price (see Bockris
and Justi, 1980).

What I want to stress is this: if one accepts the environmental con-
straints on the use of fossil fuels, if one rules out the extensive use of
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Ecological Problems as a Challenge 529

nuclear power and in particular breeder systems (which would take a
very long time to build up anyway) and if one is sceptical about the
promises of researches in technologies where already a fair amount of
work has been done, very modest scenarios for the world as a whole
emerge. One is the 'optimistic' scenario of W. Hafele of the Inter-
national Institute for Applied System Analysis, the second his 'pessi-
mistic' scenario - both worked out by 'technological optimists' and
advocates of nuclear power in a global study involving a vast number
of collaborators for several years. HSfele's methodology can be criticised
on several grounds, in particular in regard to his treatment of the potential
of savings. But his main point cannot easily be dismissed. The scenarios
imply a rise of the standard of living which is modest in relation to
promises made when the fury of growth raged two decades ago. They
are based on detailed calculations and disaggregated according to seven
world regions. The constraints imposed by the energy supply (and other
factors) allow a growth rate of world GNP which exceeds that of world
population of 1.29 per cent by 2.15 per cent in the case of the high
scenario, and by a mere 1.08 per cent in that of the low one. Even the
optimistic scenario would therefore not carry average income per head
beyond the Western European standard of 1975.

Geochemical Cycles

By Geochemical Cycles I mean the reproductive cycles of chemicals
on earth on which life depends such as the cycle of water, of oxygen,
carbon etc.. These cycles are to some extent products of the evolution
of life. They interact in a complicated fashion. Substantial disruptions
of these cycles on a world wide scale are a recent phenomenon. The
best known example is the increased production of carbon dioxide stem-
ming from the burning of fossil fuels, but also from large scale defores-
tation. The level of concentration of carbon dioxide in the atmosphere
before massive industrialisation was 290 ppm and the level has risen
to 330 ppm in 1975 (Flohn in Stumm, 1977). Exponential growth of
the concentration could within fifty years lead to substantial changes
of the global climate directly through the 'green house effect' (ingoing
sunshine passes through an atmosphere rich in carbon dioxide but out-
going infrared heat radiation is to a greater extent reflected back to the
earth). The indirect effect results from a changed albedo when the ice
cover of the arctic sea melts. The temperature at the northern pole
could rise by as much as 10 per cent, the global average temperature
by as much as 2-3 per cent with a consequent lasting shift of the
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530 Classical, Neoclassical and Keynesian Theories

climatic zones such as has not occurred within the last 150 000 years,
if not the last 106 years. Some regions might benefit in the long run
but a period of decades in between could be characterized by extremely
unstable weather conditions harmful to all.

It is to be stressed that other gases result from industrial activities
which similarly affect the climate such as nitrogen oxides which are
also a by-product of artificial fertilisation (Flohn, 1977). Their individual
effects on climate are smaller, less well known and far less discussed
than those of CO2 partly because even the total effect of the other
gases is estimated not to be contributing more than one half to the
change of reflectivity of the atmosphere, and because the cycles
themselves are less well understood, but partly also because of political
reasons: they do not provide a simple argument in the debate about energy.

Many other local and global problems could be enumerated in this
context such as the fight for clean water (which has chances to be won
in the advanced countries). I should like to mention acid rain because
it now constitutes a hotly debated issue in central Europe. The sulphuric
content of rain has been recognised for a long time as a threat to
forests and lakes (many lakes are dead already in Canada and in
Scandinavia). The sulphur emissions also damage human health, buildings,
historical monuments, even books in libraries. But in the last five years
a very dramatic and unexpected acceleration of the dying of trees has
taken place in the forests of Germany and of the surrounding coun-
tries. The reasons are not all known, but sulphur dioxide transported
in clouds and washed out in rain is certain to play a major role in the
process. About half of the sulphur dioxide stems from the burning of
fossil fuels in the production of electricity, and, for each country, again
about one half is exported and one half imported by the wind. The
emissions vary widely between countries. Table 20.1 shows the emis-
sions of SO2 in per capita terms and per unit area for West Germany
and the surrounding countries.

A simple attempt to reduce local smoke pollution in the last two
decades, namely the introduction of high chimneys, has helped to ag-
gravate the problem of pollution at the continental scale while pollu-
tion was successfully reduced within cities. This in itself is remarkable.
It is even more interesting to follow the discussions about possible
measures of relief. In Germany, people feel concerned about their forests
and popular pressure has been very intense. It is clear that not only an
industry (forestry) and an activity of consumption (recreation) are at
stake but the biological equilibrium of an ecosystem as well as the
local climate, water supplies, the retention of the soil, etc. The utilities
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Ecological Problems as a Challenge 531

Table 20.1 SO2 emissions per capita and per area

Country

West Germany
East Germany
Czechoslovakia
Austria
Switzerland
France
Luxemburg
Belgium
Netherlands
Denmark

kg SO2/cap.yr

58
238
213

57
20
62
83
82
35
89

kg/104 m\yr

142
370
250

51
30
60

103
265
120
106

Source: Hampicke (1983)

have argued, correctly, that the causal mechanisms which have lead to
the acceleration of the sickness of the forests are not well known and
that one half of the immissions are imported. They have somehow
managed to turn this into an argument against the introduction of mea-
sures to lower the sulphur content of smoke. Other arguments were
the costs (coal fired power stations are under severe competition while
coalmining is a declining industry). Even the producers of sulphur dio-
xide filters were anxious that the utilities should be given enough time
to install the devices because a rapid programme for desulphurisation
would constitute a less durable market. Many biologists, on the other
hand, are of the opinion that only a warlike mobilisation of resources
could prevent a massive dying not of single trees but of forests. The
issue has not been decided, although emission limits have been set
(for the US discussion, see Hileman, 1983).

Finally I should like to mention various forms of the degradation of
the soil in this context. The massive introduction of artificial fertili-
zers implies the abandonment of old measures of field rotation, is dis-
ruptive for the environment and reversible only within periods of several
years. Loss of topsoil through erosion and desertification are dramatic
problems in the Third World which are to a large extent caused by
erroneous or inadequate farming policies.

Biological Resources

This leads to the loss of biological resources. A spectacular accelera-
tion of the loss of species has taken place. This is a matter of great
concern even on utilitarian grounds because of the irreversible loss of
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532 Classical, Neoclassical and Keynesian Theories

genetic information involved. The lost species might have been useful
for pharmaceutic purposes, for increasing the resistance of domestic
plants and animals by means of cross-breeding, but mainly because of
the rapidly increasing threat of the collapse of local eco-systems about
which we are very ignorant.

The outstanding example of a dangerous and irresponsible depletion
of a biological resource is provided by the tropical forests which are
being cut at a rate of one per cent per year. This process seems to be
irreversible except in a biological lifespan. The gains are of short du-
ration since the soil is, once it has lost its protective woodcover, washed
away quickly in many places so that the gain of arable land is not
permanent.

Social Preconditions of Human Creativity

It has become fashionable to point out that pre-industrial man was
already capable of environmental disruption. The deforestation in the
Mediterranean in antiquity and the Middle Ages and large-scale Stone
Age extinctions of mammals are frequently cited examples. In fact,
the pre-industrial cutting of virgin forests and irrigation remain the
two largest man-made transformations of the eco-system. However,
analysis of pre-industrial societies also confirms the visual impression
that they were on the whole well capable to preserve their environ-
ment or to adapt to it because of accumulated experience, a different
balance, maintained by tradition, between conflicting interests and a
greater sense of harmony, whereever that came from.

Industrialisation has changed our ability to transform the environ-
ment, the accompanying social reorganisation generated incentives and
the strategy of mitigating inequality by means of economic growth
provided a justification. The formal system of law, of economic insti-
tutions, of education and politics which all helped to promote the trans-
formation should now be used to limit its damages. But even if everybody
as willing to save materials and energy, to keep air and water clean,
and to let the wilderness grow, an essential task would remain: to shape
our environment where we interact with it so that it becomes part of
our cultural heritage. Our concern is not merely to construct cities as
centers of civilisation on the one hand and to keep virgin forests on
the other. Important also is the ability to develop a diversified multi-
functional landscape in between.

Few people are sufficiently aware that landscapes have a history
(Hoskins, 1955). The task of developing the landscape cannot be solved
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Ecological Problems as a Challenge 533

merely by endowing individually creative planners with adequate fi-
nancial means; it involves not only economic problems but also the
social structure underlying it. An example may held to illustrate the
point. It is provided by results of a Swiss research group which works
for the Man and Biosphere Project of UNESCO (MAB 6). For the
analysis of the transformation of the landscape in a mountain valley
one needs various natural scientists, agricultural engineers, economists,
experts of tourism, anthropologists, historians, etc. because the devel-
opment of the landscape cannot be separated from that of the village.
It turns out that preservation depends on a delicate balance between
agriculture and tourism which is indispensable to supplant the former
in spite of subsidies. State transfers are a necessary, but not a suffi-
cient condition for the preservation of the kind of farming in marginal
areas on which the local eco-system has come to depend. Without a
certain affection for the traditional way of life the balance would soon
collapse, as it has done in some regions, with deplorable consequences
such as soil erosion and a deterioration of the forest on the one hand,
and an excessive mechanisation of tourism, ugly buildings etc. on the
other. Since modernisation is inescapable, the question becomes to work
for social conditions which allow to develop human creativity in pres-
ervation. Ultimately, the ecological problem is a cultural one.

20.1.2 Different Economic Systems

By approaching the problem of the environment from the point of view
of resources in the literal and figurative sense I have not given a com-
plete list of the issues which are usually treated under this heading;
e.g. I have not mentioned noise. Different conceptual systems yield
different 'lists'.

The theory will be taken up below. Since the emphasis has so far
mainly been on problems of advanced western countries, at least a
few words must be said about the rapidly growing importance of envi-
ronmental threats to developing countries and planned economies. They
are, of course, very unequally affected by deforestation, soil erosion
and desertification. The extent to which these degradations take place
depends very much on social organisation.

The transition to high yield crops e.g. increases the food supply but
at the expense of the creation of an ecologically less stable equilib-
rium which is more demanding in terms of skills, machinery, fertilisers,
etc. Large plantation often use chemicals (e.g. weed killers), which are
produced in advanced countries although their use is forbidden there.
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534 Classical, Neoclassical and Keynesian Theories

Examples of failures of well-intended reforms in the Third World
are well known. Recently, reports about ecological mismanagement in
China have reached the West which are more surprising and which
raise serious doubts about whether China will continue to be able to
feed the population, let alone whether a substantial growth of the sup-
plies at a sustainable rate up to the standard of industrialised countries
will be feasible. While there can be no doubt that very successful (and
well publicised) strategies for development such as extension and mech-
anisation of field irrigation, introduction of high yield grains, and biogas
converters have been undertaken, there have also been alarming ten-
dencies in an opposite direction. An analysis of China's energy sup-
plies reveals that only about one quarter in 1979 derived from fossil
fuels, hydroelectricity etc.; the remainder (300 million metric tons of
coal equivalent) had to come from biomass energies. It has been cal-
culated (Smil, 1982) that crop residues, dried dung and firewood yield
2.5 kilograms of coal equivalent a day per rural family, yet almost
twice that amount seems to be consumed by an average rural house-
hold each day.

The difference has to be explained by massive deforestation, the burning
of crop, bark, treeroots, and yet three out of five rural families suffer
from recurrent shortages of fuel. It seems that many of the biogas
converters do not work because of neglect and of lack of skill.

The soil erosion has been accelerated by attempts to convert grass
land into arable land. Between 1957 and 1977 China has lost 33 million
hectars - an incredible 30 per cent of its 1957 farmland.

Only about 20 per cent of this figure can be explained by the use of
land for other development purposes. The losses have partially been
made up by massive reclamation campaigns in many parts of the country
and, of course, yields per area have risen. Pollution from industrial
sources and consumption is now also rising and the water, which is
very scarce in many aeras, is being heavily polluted. The danger is
that environmental constraints may become limits to growth before the
stage of full industrialisation has been reached.

The environmental problems of eastern Europe are also enormous.
As an example, one may mention that the German Democratic Re-

public and Czechoslovakia hold world records in the output of sulphur
dioxide per head, with the result that the forest is dead on hundreds of
thousands of hectars in the Erzgebirge which once had been a recrea-
tional area. People living in Northern Bohemia in destroyed landscapes
are not allowed to leave since the production of lignite must continue.

It is not easy to form a balanced opinion about environmental prob-
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lems in the USSR. The secret memorandum from Russia by B. Komarov
(1979) seems to have been written by a competent author. It reports
appalling stories about air pollution according to which the maximum
admissible concentrations of toxic substances are in some cities ex-
ceeded by a factor of up to one hundred (p. 33). Pollution is estimated
to be twice that in the US (per unit of real BSP), and rising. Similar
results hold for water, soil etc. Lakes, such as the Aral are in a critical
state and a vast destruction is taking place in Siberia often without
commensurate benifits (e.g. logging of precious trees to fulfil planning
requirements when transport is not available). On the other hand, un-
deniable efforts to limit pollution by setting legal norms and planning
abatement industries are taking place (c.f. the report of the Foreign
Ministry of the FRG, Hohmann and Seidenstecher, 1973). There exists
great concern for the preservation of endangered species, in particular
in view of their genetic potential (Elias, 1983).

20.1.3 Are Our Measures to Improve Matters
Counterproductive?

There can be no doubt that the possibility to identify environmental
damages at the grassroot level, to have open discussions and to bring
pressure on authorities from below is an essential condition for solv-
ing the problems which we have at hand. But some suspect that even
popular pressure and the readiness of institutions may not be enough
and that somehow the problems will eventually grow faster than our
problem solving capacity. Such a sweeping thesis can neither be proved
nor disproved. Ivan Illich (e.g. 1976, 1978) has made impressive at-
tempts to show that our economic efforts in a number of areas are,
beyond a certain level, increasingly counterproductive: the expenditures
on health grow but life expectancy does not, private expenditures on
traffic grow but transportation times increase. Similarly, one could argue
that we undertake more to improve the environment and it deteriorates.

The system of economic production is not for the first time accused
of subverting its proclaimed purpose. Adam Smith identified the para-
dox of the division of labour which increases riches but which debili-
tates the worker. The social movements of the 19th century mainly
saw the growth of inequality. Keynes, closer to our problem, once
remarked in a similar vein about the counterproductive character of
capitalist ideology: 'This view was the utilitarian and economic - one
might almost say financial - ideal, as the sole, respectable purpose of
the "community as a whole; the most dreadful heresy, perhaps, which
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536 Classical, Neoclassical and Keynesian Theories

has ever gained the ear of a civilised people. Bread and nothing but
bread, and not even bread, and bread accumulating at compound interest
until it has turned into a stone' (Keynes, 1971-89, vol. 28, p. 342).

However, Keynes chose to pursue a different line of argument. The
passage was written in the year in which the General Theory appeared
and ushered in the age of growth. While Keynes, in his General Theory,
defended the control of the volume of investment in order to achieve
full employment, he avoided admonitions as to its content and purpose.

The destructive potential of the economic process was in fact al-
ready the essential concern of the 'romantic' economist Adam Miiller
in the early 19th century. But its extent and importance has become
clear only recently. The discussion about the counter-productivity of
the economic process may be interpreted as the expression of a great
uncertainty which now prevails. It is not clear whether economic theory
will have to undergo a fundamental transformation in order to meas-
ure environmental damages, to analyse its causes and to prepare for a
different course in the future. Similar transformations have happened
repeatedly when new important problems of economic policy came
about. Perhaps, traditional theories can be adapted; then the question
is which.

20.2 CLASSICAL ECONOMIC THEORY AND
ENVIRONMENTAL ISSUES: SOME HERETICAL
SPECULATIONS

A necessarily simplified representation of nature is implicit in every
economic theory which deals with processes of production.

The neoclassicals assume a list of 'factors' to be given which can
be used to produce a 'set of goods' according to well defined meth-
ods. The equilibrium in the market may for a variety of causes not be
attainable or it may not have all the desired properties. For instance,
there may not be complete information, in particular, it may be necessary
to formulate plans contingent upon future states of nature, and there
may be external effects. But the theorist starts from a set of functional
relationships which gives a complete description of the possibilities of
production.

It is significant that classical theory starts, by contrast, from the
concept of commodities, not from that of factors or goods, and that
only the methods in actual use and not all alternatives are considered
as given. The importance of the concept of factor follows from the

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25
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neoclassical theory of distribution; it requires the possibility of substi-
tution and hence of alternative methods of production. The theory here
seems to impose a certain structure of the reality of nature which was
in part questioned from the point of view of economic logic in the
debate about the supply function in the 1920s (homogeneity, divisibil-
ity, absence of returns to scale, etc.). Today we can see that the struc-
ture of the theory which was devised to prove the existence of a full
employment equilibrium can also be used to prove that, within the
same economic logic, environmental problems can be solved by means
of the internalisation of external effects which lead to changes of rela-
tive prices and processes of substitution.

The classical theory does not provide such a reassuring answer.
This may be illustrated by means of an argument taken from the

theory of joint production (see Chapter 7 in this volume): in activity
analysis the full 'set of blueprints' is usually considered as given and
the activities to be used and the goods to be produced at positive prices
are separated from the activities not to be used and the goods to be
overproduced in one act of finding a simultaneous equilibrium, as if
the market or a planner were ever capable to perceive the full interde-
pendence, not only between the processes which we actually use through
the practice of daily production, but also between those which we might
use. The classical procedure of introducing alternative methods one by
one seems more cautious. There is no pretence that all possibilities of
substitution are taken into account or even well defined so that the
possibility of the internalisation of external effects is not automatically
suggested.

But the difference is deeper than the argument about the counting of
equations suggests. A critical development of classical theory reveals
not only the element of power in the distribution of the product be-
hind the market process, but also the violent character in the appro-
priation of nature accompanying the production of commodities. To
see this, it is necessary to discuss the relationship between single and
joint production.

It is well known that Marx distinguished the work process from the
process of valorisation (Marx, [1867-94] 1969, vol. 1, Chapter 5; Marx,
1954, Chapter 7). The work process (translated by Engels as 'labour
process') is a conscious transformation of things by means of tools
according to a plan in order to obtain one specific product (a use value).
In the process of valorisation the value of living labour adds to that of
raw materials and tools used, up to the value of the commodity; 'value'
is produced by labour.
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538 Classical, Neoclassical and Keynesian Theories

Joint production is here not taken into account. One reason for this
is that the labour theory of value does not seem to allow to ascribe
values to joint products of one process without artificial conventions.
All accounting systems which might ascertain the price of a commod-
ity on the basis of its 'true' cost of production also run into this diffi-
culty and must have recourse to rules of a different kind in order to
define the relative price of two joint products. The difficulty led John
Stuart Mill ([1848], 1965, pp. 569-73) to invoke the principle of sup-
ply and demand, and not the classical principle of cost of production
as he saw it, in order to deal with joint production, and this confirmed
Jevons (1871, pp. 197-202) in his conviction that his new theory of
marginal utility was definitely superior to the one it was supposed to
supersede. Today we know that joint production could have been taken
into account. Sraffa (1960, pp. 43-6) has pointed out that the coexist-
ence of several methods of production may give a determinate solu-
tion if the number of processes used is equal to that of the commodities
produced but the possibility of this social determination of relative
values was not perceived by the classical authors in the nineteenth
century, although it may have been operating 'behind the backs of the
producers'.

Nonetheless there is a truth in the point of departure chosen by Marx.
It is plausible to assume that entrepreneurs will often introduce a process
of production with the aim of conquering one particular market for
one commodity. The innovation will replace preexisting methods (capi-
talist or artisan), and by-products will at first be dispensed with. Marx
therefore called the by-products 'excretions of production' (Marx, [ 1867—
94] 1969, vol. 3, p. 110; Marx, 1954, p. 101) and held it to be a
characteristic feature of capitalism that the 'excretions of production'
are wasted and not recycled. If capitalists were sufficiently cunning to
perceive a use for the by-products and sold them, the prices charged
by them were more or less arbitrary and led to extra-profits.

Today we can see that capitalist enterprises can make use of by-
products just as well, sometimes better than a traditional agrarian so-
ciety where the recycling of materials is observed according to traditional
rules based on experience. The method of production planned by an
entrepreneur usually aims at the joint production of several commodi-
ties. However, the planning of a process of production may also take
account of substances which do not have to be marketed as commodi-
ties but which are drawn from, or released into, the environment with-
out monetary costs, and which are known by the engineers. For instance,
every producer of cement knows that the production process involves
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the release of carbon dioxide into the atmosphere. It is not likely that
producers of cement will ever have to pay for that emission since ce-
ment will, when it is later used and bound, absorb just as much carbon
dioxide from the atmosphere in the process of hardening as was re-
leased during the process of production. The 'transportation' of this
carbon dioxide in the atmosphere is, and probably will remain, free.
We might call such a substance a 'good' since it is identified in the
planning process, well defined and therefore in principle capable of
becoming a commodity although this will not happen because carbon
dioxide is abundant, and because producers and users of cement, taken
together, do neither deplete nor increase the stock in existence.

Sraffa's theory allows us to take planned methods for the joint pro-
duction of commodities into account and to discuss conditions under
which goods may be turned into commodities and - in the case of
overproduction - vice versa. The disagreement with the neoclassicals
mentioned above concerns the extent of the alternatives to be consid-
ered. But a similar question regards the assumptions to be made about
the substances or complex resources which are influenced by a method
of production although we have only limited knowledge of them, or
none at all. It is, of course, more attractive both for the practitioner
and for the theoretical economist to treat the world of goods as known
in order to derive optimal rules for conduct and policy as, e.g., in the
theory of exhaustible resources where an optimal path of depletion is
derived on the assumption of perfect foresight, knowledge about sub-
stitutes etc. But what really matters is the moral question of what we
should do in view of our uncertainty about the complex resources which
we cannot integrate into our plans of reproduction of commodities and
goods. Indeed, in order to prevent a facile escape (theory of risk) it
would perhaps be better to speak of ignorance rather than of uncertainty.

Classical theory does not pretend to deal with complex resources on
the same level of abstraction on which it explains relative prices, and
this I regard as a merit. For by starting from commodities rather than
from goods, classical theory emphasises the potentially violent charac-
ter of the process of production according to a goal-oriented plan based
on limited knowledge. To qualify as a commodity in this theory, a
good must be homogeneous and produced by one or more well de-
fined methods of production, and it must have a definite use value as
an input to other methods of production (unless it is a pure consumption
good). The goal-orientation is not purely subjective; the commodities
have to be standardised in order to fit into a scheme of reproduction
of commodities by means of commodities.
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In order to understand the logic of reproduction, it must be noted
that it is not only for simplicity of exposition that Sraffa starts with
single product systems. For if he started with joint production, he could
not postulate an equality between the number of commodities and that
of processes. Without already having derived the concept of price of
production, at a uniform rate of profit, he could not exclude the co-
existence of more methods than there are commodities which were
sufficient to produce the surplus in the proportions socially required.
Competion leads to the choice of the most advantageous combination
of methods but the argument requires a prior explanation of the con-
cept of price. The start from single product systems, on the other hand,
is justifiable since single product methods must usually be the result
of the first plans to conquer the market for a commodity as we have
seen above. If the surplus is then at first assumed to be distributed to
the individual industries (whatever the form of the surplus and the
distribution within the industries), we obtain the familiar equations of
a selfreplacing state without a surplus:

K P . + BaPb + ... + KaPk = APa

• • • + Kkpk = Kpt

The existence, uniqueness and positivity of the prices pu, pb,. .., pk

follows, as is well known, from the fact that the output of each com-
modity is exactly divided among the different industries to serve as
inputs, and from the fact that the input-output matrix is indecomposable
(the system is basic). A specific structure of production is therefore
here regarded as the 'cause' of the existence of values. Sraffa calls his
first model that of an 'extremely simple society', but it is far from
being that of a primitive economy; single production implies goal-ori-
ented planning and excludes multiple creation according to traditional
forms of cooperation, homogeneity excludes individuality, and the market
exchange process redistribution by command or gift.

There is no space for an analysis of the meaning of this concept of
value and price. It is remarkable, at any rate, that Sraffa introduces
next systems with a surplus made (hence there is now room for non-
basics or luxury goods). The visible surplus is now divided according
to the rule of a uniform rate of profit but labour is not explicitly reckoned
among the means of production. The system reads in familiar notation

(1 + *)Ap = p
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where A is the input-output matrix which yields a surplus, R is the
uniform rate of profit and p is the vector of prices. Wage labour is
introduced only in a subsequent step, and joint production, as I have
already indicated, much later. One may take this sequence only as an
expression of the didactic method to get from the simple to the more
complicated but I have elsewhere tentatively put forward the hypoth-
esis that this development corresponds to a logic of capitalist evolu-
tion. The concept of price of production is to be developed from a
specific notion of simple commodity production. The existence of a
surplus distributed according to a uniform rate of profit is the distin-
guishing feature of capitalist production. The latter transforms the work
process so as to generate wage labour which is not the defining basis
but the result of the evolution of this economic system. Joint produc-
tion of commodities and the multiproduct firm represent a sophisti-
cated further development which makes it increasingly difficult to
formulate the conditions for an objective determination of prices.

Here I am only interested in the beginning and the end of this chain
of reasoning.

The core of the theory is the materially produced commodity. Every-
thing is based on a prior reduction of what we find in nature to homo-
geneous resources, without regard to the total quantities which are
available or to the complex interrelationships which we observe in natural
production. A rigorous classification and standardisation is presupposed,
without regard to the individuality of the object found.

At the other end, we perceive a glimpse of the complexity of the
system in which waste products are turned into commodities and re-
cycled, and are still subject to an objective determination of prices.
Several methods for the production of the same group of commodities
may coexist; an outstanding example of ecological interest is field ro-
tation. Thus the process of competition leads to a selection of methods
according to a logic which may make sense from the economic point
of view but which is one-dimensional. The consequences can be worked
out e.g. in the theory of rent where it is found that competitive pricing
leads to a specialisation of different lands. The homogeneisation which
is presupposed at the level of commodities reappears at the level of
the choice of techniques.

Of course there are also many forces working against homogeneisation
and standardisation which have been much discussed by many econ-
omists. But product diversification, as a direct opposite, is, in the present
economic system, associated with imperfect competition. The forces
of increasing returns lead to local concentration and the growth of
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542 Classical, Neoclassical and Keynesian Theories

commercial centres with distinct characteristics. But these forms of
creating individuality are not likely to generate by themselves a better
adaptation of the economic processes to their natural environment.

One may argue that the standardisation of commodities in itself is
harmless, a precondition of progress and not even imposed by man:
the classification of organisms in species is the basis of biological
evolution. And what has pollution to do with the standardisation of
commodities anyway?

To this one can only reply that standardisation is formally opposed
to the recognition of individuality and that organic complexity is the
greater the higher the level of evolution. It is a law of quantum mech-
anics that different elementary particles cannot be distinguished and
therefore do not have an individuality (they cannot be marked or num-
bered). While different quantities of the same metal do not represent
individualities for us, trees and animals do unless we treat them as
objects of production or consumption. It may be true, nevertheless,
that standardisation will for a long time remain the precondition of
coordination and technical advances. But one should then regard it as
a social or environmental cost of progress. The same has always been
accepted in the case of labour, for even labour is homogeneous in
classical theory but the possibility of a reduction of manifold forms of
work to simple, average labour has always been regarded as a critical
assumption, i.e. as one which helps to approximate reality, but which
expresses a dark fact of economic life. Who would not wish that each
member of society should have the possibility to shape work and lei-
sure according to his or her individual abilities? As it happens, most
are compelled to conform not only according to humane traditions but
also according to more formal rules. If neoclassical economists insist
on the heterogeneity of labour, they could also use their theory to
emphasise the diversity of objects traded according to individual tastes.
As matter of fact, neoclassical economists can always treat homogene-
ity as the extreme form of perfect substitutability, where the degree of
substitutability depends on individual estimates. In a sense, the classi-
cal economist could only wish that neoclassical ideology corresponded
to reality, but classical theory, be it right or wrong, denies that the
market operates in a neoclassical way in its essential functions.

To summarise: as I indicated in the first part, there is a hierarchy of
'resources', and the environmental problem is the more difficult the
more complex are the resources. The classical approach to the theory
of value implicitly contains the hypothesis that resources, if they play
an essential part in the system, must be commodities, therefore stand-
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ardised and not 'complex', and that all other interrelationships, even if
we know them, are not taken into account in a competitive market
process. We may add that, if the book of blueprints can in principle
not be known and standardisation is a maxim of rational planning,
then the relative performance of competitive and centrally planned
economies is only a question of degree.

20.3 NEOCLASSICAL APPROACHES AND TWO OF THEIR
CLASSICAL COUNTERPARTS

The assumptions which can be made about subjective preferences are
very variable so that neoclassical theory can claim to describe a mar-
ket equilibrium where the consumers feel that they live in harmony
with their environment and where individuality and diversity are re-
spected, as well as a state in which 'negative external effects' occur
and where consumers feel these to be obnoxious. The negative exter-
nalities often concern public goods.

Accordingly, typical neoclassical proposals to deal with environmental
problems fall into three broad groups (Kneese, 1977; Hampicke, 1983):

1. It is suggested that property rights to environmental goods should
be clearly defined and instituted. If there are no transaction costs,
bargaining between the parties concerned will lead to a Pareto-optimal
allocation under certain restrictive conditions (Coase). Since a great
number of parties tend to be concerned in reality, this bargaining is
usually not realistic. Often, the property rights cannot be defined. If
the property rights can be defined, it is difficult to see how a just
and equitable distribution of these rights could be realised. How-
ever, the advantage of the approach is that the norms as to the
degree of pollution to be allowed can be set by the individuals con-
cerned themselves.

2. In Pigou's initial version of the Theory of Welfare the state must
intervene to impose taxes which give incentives to avoid environ-
mental damages and allow to compensate inflicted parties for the
damages they suffer through subsidies. The norms are in principle
still to be set by the individuals; the processes of production are
supposed to be adapted without direct state intervention.

3. However, many authors now accept that critical decisions as to the
degree of state intervention cannot be avoided because of the com-
plexity of the sources of emissions and the number of people concerned

10.1057/9780230372405 - Normal Prices, Technical Change and Accumulation, Bertram Schefold

C
o

p
yr

ig
h

t 
m

at
er

ia
l f

ro
m

 w
w

w
.p

al
g

ra
ve

co
n

n
ec

t.
co

m
 -

 li
ce

n
se

d
 t

o
 R

M
IT

 U
n

iv
er

si
ty

 L
ib

ra
ry

 -
 P

al
g

ra
ve

C
o

n
n

ec
t 

- 
20

14
-0

5-
25
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in most relevant cases. One might add that the process of the for-
mation of preferences is to some extent of political nature anyway.
The measures which can be adopted to realise the target which has
been set in a political process fall into several groups.

(a) It is a fact of experience that the state usually tends to impose
direct regulations. These can be justified where well defined
ecological thresholds can be proved to exist, and, of course,
for reasons of administrative expediency. In many cases it then
is a draw-back that there is no incentive to constrain the pro-
duction of the pollutant beyond the limit set by the regulation.

(b) It is conceivable that the state takes over particularly sensitive
industries such as radioactive waste disposal. This is no suffi-
cient condition for environmentally harmless procedures although
it may in those cases be necessary where the task is beyond the
financial possibility of private enterprise.

(c) At the other extreme, it is possible that the state determines
limits for emissions and distributes licences (or certificates) which,
taken together, define a maximum of environmental damages
of a certain kind which are to be tolerated. The parties con-
cerned can negotiate those licences between them. The market
so established may have properties of allocative efficiency in
the competitive case. The state should retain the right to alter
the limits set in the licenses whenever new research suggests
that the total amount of the pollutant released should be further
reduced. A number of economists favour this proposal. It has
an undeniable liberal appeal. But others find the moral of it
difficult to swallow (the 'right' to pollute). Moreover, there is a
special problem of distribution (pollution may tend to get lo-
cally concentrated), control may be difficult and the institution
may not only be hampered by imperfect competition: it may
actually worsen it.

(d) This means that taxes and subsidies (set in a political process)
are the measures to which one will often eventually return. Differ-
ent criteria according to which they are established should be
well distinguished since they may lead to different results. For
instance, a tax should penalise the quantity of pollutants emit-
ted and not be levied in proportion to the output produced. The
neoclassical micro-theory seems to be most successful in this
area of environmental economics.
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A careful and detailed analysis is called for to determine whether
the results so obtained are specific to neoclassical theory, whether they
can also be obtained within the classical framework and what should
be said in those cases where the results differ. I surmise that most
prescriptions regarding the first case a (regulations) and the last d (taxes
and subsidies) can be expressed in a language common to both theor-
etical orientations and that they will not conflict with each other. The
reason is that the relevant problems concern the choice of the methods
of production.

The analytical task can get quite complicated if, e.g., a political decision
sets an ambient standard. This is to be distinguished from an effluent
standard. An effluent standard sets a limit to the discharge of indi-
vidual producers whereas an ambient standard sets a norm for the total
discharge which is to be tolerated in a given environment. If a certain
ambient standard is set, it is necessary first to work out effluent stand-
ards for producers in different locations according to our scientific
knowledge about the transfers of pollutants in the environment. Then
a system of incentives has to be devised which leads to the observ-
ance of limits of the discharge of pollutants on the part of individual
producers in accordance with the ambient standard.

I may mention two examples of a classical representation of en-
vironmental problems which have at length been dealt with in neo-
classical analysis. The first concerns the introduction of pollution
abatement industries into a Sraffa system. The pollutant (e.g. sulphur
dioxide) is a commodity sui generis as soon as it is to be used as an
input to the pollution abatement industry. The first equation shows how
electricity is produced by means of coal, labour and other inputs; sul-
phur dioxide (SO2) is a by-product. The second equation is the pollu-
tion abatement industry (which may be operated within the same firm):
a machine uses sulphur dioxide, labour and other inputs to produce . . .
nothing - or, rather, no commodity. (It is therefore assumed that the
physical outputs of the abatement process - e.g. gypsum - are not
sold to other industries.)

coal and . . . and labour -> electricity and SO2

machine and SO2 and . . . and labour —> —

In order to preserve the structure of single product industries, Leontief
has preferred to show pollution abatement by means of introducing
negative coefficients. This leads to equations of the following type where
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546 Classical, Neoclassical and Keynesian Theories

coal and negative sulphur dioxide (i.e. sulphur dioxide as an input
which is to be destroyed) and labour and other inputs are used to pro-
duce electricity; the second process shows the destruction of the nega-
tive input:

coal and (-SO2) and . . . and labour -» electricity

machine and . . . and labour —> (-SO2)

Although the convention used to eliminate the joint product by means
of adopting negative inputs is justified in this case, other conventions
for reducing joint production to single product industries as in applied
input-output analysis are not. Even here a curious time-reversal is implied
by writing the waste to be disposed of on the right hand side: the
abated sulphur in the second equation in the second group is produced
(abated) after it has been 'used' as an 'input' in the first equation, i.e.
something can be 'used' before it is 'produced' as a single product. I
therefore propose to adopt the first group of 'equations' with joint pro-
duction. Production abatement industries are then industries which produce
no commodity, or, formally, zero amounts of all commodities. It is
clear that prices of production cannot all be positive in such a system.
As a matter of fact, the price of sulphur dioxide will always be nega-
tive. The producers of electricity have to pay for the sulphur dioxide
they produce. The payment according to the price determined in the
system will just suffice to finance the abatement activity at the ruling
rate of profit.

To see this, let C, Lc, E, S be the amounts of coal, labour, electricity,
sulphur dioxide used and produced in the first process and M, LA the
amounts of machine and labour used in the second process (abate-
ment) and pc, pE, ps, pM the corresponding prices, w is the wage rate,
r the rate of profit. The prices pc and pM can be considered as given
from the system as a whole together with w and r, the two equations
under consideration are there to determine the prices pE and ps. One
then has

(1 + r)(Cpc + . . .) + wLc = EpE + Sps

(1 + r){MpM + Sps+ ...) wLA = 0

In order to determine the price of electricity, the first equation has
to be multiplied by 1 + r and to be added to the second so that one
obtains (since sulphur dioxide cancels out)
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Ecological Problems as a Challenge 547

(1 + r)2(Cpc.. .) + (1 + r)(MpM + . . . + wLc) + wLA = EpE

which determines the price of electricity; it will be positive between
zero and the maximum rate of profit if there are no anomalies in the
system. The negative price of sulphur dioxide will then be determined
by the second equation above like that of an inefficient old machine
which cannot be truncated. It is therefore clear that the abatement in-
dustry is a basic industry, that sulphur dioxide is dispensable, not sep-
arately producible, and that it is formally treated like an intermediate
good in a fixed capital system.

It can be seen that the tax on sulphur dioxide would according to
this approach have to be such that an amount of money slightly lower
than the annual tax would be sufficient to finance the running costs
including amortisation of an abatement industry. This does not mean
that the abatement industry would have to be built; an alternative would
be for the producer of electricity to choose a different method of pro-
duction which resulted also in a lower output of sulphur dioxide. In
most cases, only a given percentage, say one half, could be targeted to
be abated. This could be taken into account by assuming that the input
of SO2 in the abatement industry was one half of the output of SO2 of
the electricity industry. It is rather obvious how the analysis would
have to be extended in order to take this problem of the choice of
technique into account.

On the other hand, the damages avoided are not considered here in
order to determine the necessary extent of the abatement. In textbooks
about environmental economics it is usually postulated that abatement
should be carried to the point where marginal abatement costs are equal
to the cost of the marginal damage avoided. I do not want to discuss
the aggregation problems involved in estimating these marginal cost
curves. Leontief's form of writing the equation for the abatement in-
dustry shows the total cost for the abatement of a given quantity of
sulphur dioxide. The difficulty is with the estimation of the marginal
damage avoided. How is this to be calculated e.g. in the case of sul-
phur dioxide which damages trees, therefore forests and ecological habitats
with their survival value for rare species, their recreational value, etc.
which also damages lakes and rivers with analogous consequences,
which damages buildings and works of art, which damages books and,
last but not least, is a risk to human health? I should not believe in a
figure given for marginal damage costs in this case, whoever the econ-
omist who presented it, but it may exist in other cases in which, how-
ever, the analysis might be adapted by considering the quality of the
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548 Classical, Neoclassical and Keynesian Theories

pollutant to be abated as variable. It turns out, at any rate, that there
are no substantial differences between classical and neoclassical theory
as far as this type of analysis is concerned.

My other example is taken from the theory of exhaustible resources
which has been mentioned above. Since I have worked it out else-
where (Schefold, 1989, pp. 218-31), following Parrinello (1983), I only
want to summarise some results. If a resource is expected to get ex-
hausted within a certain number of years and a substitute is thought
then to be available, the methods of production to be used at that time
will determine the price of the substitute and the relative prices of all
other commodities. The exhaustible commodity must have a cost of
production lower than the substitute; its price will, as it is gradually
exhausted, appreciate in such a way that the stocks of the exhaustible
commodity earn a normal profit. Hotelling's (1931) results which have
been much discussed recently in neoclassical literature can therefore
be reproduced in a classical framework. The main differences between
the neoclassical and the classical treatment are that in the latter the
quantities to be produced are at each point of time assumed to be
given directly as representing social needs and not derived from pref-
erences. Further, I have thought it appropriate to express the differ-
ence between prices of production and market prices by assuming that,
within each given period, prices of production of all commodities (in-
cluding the exhaustible commodity) are defined to be constant while
the rental of the stock of the commodity (or of the mine or of the oil
well etc.) are assumed to appreciate from the beginning of each period
of production to the end. But prices of production rise spasmodically
from period to period; whether market prices follow the prices of pro-
duction by smooth interpolation or whether market prices also rise
stepwise remains open for further discussion.

The main advantage of the classical approach lies in the fact that it
allows, for the first time, to consider the interdependence of all prices
of the economy while the neoclassical approaches were concerned with
partial equilibria. It can then be shown that all commodity prices must
move according to a complicated pattern in order to make it possible
for the exhaustible commodity to follow Hotelling's rule. Perfect fore-
sight for the anticipation of these price movement seems an imposs-
ible assumption to make, and, if this argument is accepted, it has been
shown that Hotelling's theory for the pricing of an exhaustible resource
is not plausible.

For this and other reasons it seems justified to stick to the older
classical tradition of treating the rents of mines in the same way as
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Ecological Problems as a Challenge 549

those of land. The result is analogous to that obtained in the previous
case. It is not impossible to reproduce most of the neoclassical ideas
within the classical framework but the typically classical approach is
both simpler and closer to applied economics than the neoclassical. In
the previous case marginal damages avoided could be introduced, but
only marginal costs of abatement proved a really practical concept which
fitted quite naturally into the system. Here, the appreciation of stocks
according Hotelling's rule could be modelled, but the traditional theory
of the rent of mines turned out to be more practical and theoretically
more convincing. The traditional classical focus on the side of 'cost of
production' and the determination of the quantity produced (or ab-
sorbed) as 'socially determined' has been vindicated in both cases.
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